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Abhstract

This report describes two methods used to derive the quadratic coefficients of the perspective projection of a conic
section lying in an arbitrary plane in the three space onto the image plane, The content of that report should be
especially useful for the scan conversion phase of a new graphic primitive on the Pxpl5 graphics system {Fuchs
891, namely the conic spiine defined fonts embedded in three space . I will first state the problem, describe how this
work relates to the scan conversion of conic fonts and define some notations. I will then determine the equation of
the conic section that is obtained by perspective projection using the two methods. The second method, although
slower at first sight, provides much more intuition as to how the coefficients of the initial conic section get
transformed. It also gives a clear insight on how the different parameters affect that transformation. Fmally, it is
much clearer to program since it uses only matrix multiplications.

Introduction

In a recent paper, we presented an algorithm used for the fast rendering of fonts on the Pxpl5
graphics system [Fuchs 89, Tardif 89]. This technique provides a decomposition of any character
as a difference of convex regions whose boundaries are composed of straight line segments and/or
arcs of conic. Each arc of conic is in turn represented by a set of quadratic coefficients. Yet, this set
of coefficients determines the equation of the arc of conic with respect to a coordinate system
attached to the plane where the character lies. Although the theory tells us that conic sections are
invariant under projective maps, it would be interesting to have an efficient method to compute the
quadratic coefficients corresponding to the conic section obtained by perspective projection onto
the image plane. This is precisely the purpose of this report to provide efficient methods for the
determination of the quadratic coefficients of a projected conic section. Using the Quadratic
Expression Evaluator in the processor enhanced memories of Pxpl5, the area bounded by the
projected conic section is then scan-converted by simply broadcasting its corresponding set of
quadratic coefficients obtained by the methods described in this report.

1 This work supported by the Defense Advance Research Projects Agency, DARPA ISTO Order
No. 8090, the Nationa! Science Foundation, Grant No, DCI-8601152, The Office of Naval Research,
Contract No. N0014-86-K-0680, and U.S. Air Force Systems Command, Contract No. F33615-88-
C-1848,
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Notation

We consider the Euclidean space E3 and the eye space coordinate system (O, e, €5, e3) where O
is the camera origin, e3 is the viewing direction. " By convention, (X, y, z) will only be used to
designate the coordinates of a point in the eye space coordinate system. We assume that the
equation of the image planeis z = 1.

Consider an arbitrary plane P in the Euclidean space E3 and a coordinate system (T, u, v) defined
on that plane. Now, consider a conic section C lying on P. We assume that the equation of C in
the "local" coordinate system (T, u, v) is determined by the quadratic coefficients

(A,B,C,D,E, F).

We want to obtain the quadratic coefficients (A', B', C, D', E', F) of the projection of that conic
on the image plane with respect to the coordinate system (O, e1, ¢5). These coefficients could then
be sent to the frame buffer for parallel evaluation at all pixels. The situation is depicted in the
following figure.

Geometrically, the solution to our problem consists in finding the equation of the curve C' that is
the intersection of the plane z = 1 and the surface S obtained by casting rays from the camera
origin O to all points of the conic section C. Hence the problem amounts to finding the equation of -
the surface S.
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Determination of the equation of the surface S:

Method 1.

Before we treat the general case, we solve the problem in the case where P is perpendicular to
the Z axis. The equation of the surface § which is easily derived in that case will be used in the
more general case.

case 1: When P is perpendicular to the Z axis:
The equation of the surface S is very easy to determine when the plane P that supports the
conic is perpendicular to the z axis (equation z = h). To see this, let's examine the following

figure:

Let (€, 1) be the coordinates of a point expressed in the coordinate system (T, u, v). The equation
of the conic C in (T, u, v) is:
AE,+B11+C+D§2+EE,1] +F2=0;

If (xT, yT) denotes the coordinates of T in (Op, €1, €), the equation of C is then:

AGx-x) + B-yp) + € + Dixx)? + Bex)(yyp) + Fo-ypP=0;
We immediately deduce the equation of S in the eye space coordinate system:

A(hx/z - x7) + B(hy/z - y1) + C + D(hx/z - xT)2 + E(hx/z - x)(hy/z - yT) + F(hy/z - yT)2= 0;

Setting z =1 in that equation would give us the equation of the conic section obtained by projection
of C onto the image plane z= 1.
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General case: P is an arbitrary plane in E3:
The situation is illustrated by the following figure:

Let w be a unit vector such that (u, v, w) forms an orthonormal basis. w is just the normal vector
of plane P. Let (A, B, C, D, E, F) be the quadratic coefficients that determine the equation of the
conic section C in the coordinate system (T, u, v).

Here is how we proceed in order to determine the equation of S in the eye space coordinate system:
- We first determine the equation of the surface S in the coordinate system (O, u, v, w), which is
exactly what we did previously in case 1.

- We then perform a change of variables to obtain the equation of S in the eye space coordinate
system (O, ey, €, €3).

Let (£, M, ) be the coordinates of a point in the coordinate system (O, u, v, w). Assuming &,
N7, T) are the coordinates of T in (O, u, v, w), the equation of S in (O, u, v, w) is given by:

(D A(té/it-&p) + Bapn/t-np + C+
D(eyé/c - E1)? + E(epé/e - Ep)(epn/t - np) + Flepn/e -np)?= 0;
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Let u = (u1, uy, ug), v = (v, V3, v3), and w = (wq, wp, w3) be the coordinates of (u, v, w) in
(©, ey, €2, €3). |
We can perform the following change of variables:
£ =uyx + upy + u3z;
T} = Vi{X + Voy + V3Z;
T = WiX + Wpy + W3Z;
and plug these in equation (1) in order to obtain the equation of the surface S in the eye space
coordinate system.
Setting z = 1 in this equation, gives us the equation of the conic obtained by projection of the
conic section C onto the image plane.
The equation of the projected conic is thus:
Ax+By+C+ D'x2 + Exy + F'y2= 0;
where:
A' = 2w wac(T) + Tpwy(aug + Bvg) + Trwa(omy + Bvy) +
21:1-2(Du1u3 +Euyvs + Eugvy + Fvyva)
B' = 2wow3c(T) + Tywo(aug + Bvg) + Trwi(oug + Bvy) +
21T2(Du2u3 + Eugvs + Eusgvy + Fvavy)
E'= 2w woc(T) + tywy(owy + Bvy) + Tpwa(amy + Bvy) +
21'-1~2(Du1u2 +Euyvy + Eugvy + Fvivy)
C' = w32c(T) + Tywa (g + Bva) + T2(Dus? + Eugvy + Fvg?)
D' = w1 2c(T) + vpwy(awy + Bvq) +op2(Duy2 + Bugvy +Fvq?)
F = w22_c(T) + Tpwo(ouy + Pvo) + 1:—1-2(D1122 + Eupvy + Fv22)
with:
o(T) =-A&r-Bnp +C +DE,-[2 +E&p nT+FnT2
a=A - 2D&y - Enq,

B=B- 2FT|T - EgT'

The quadratic coefficients may then be sent to the Quadratic Expression Evaluator for
evaluation at all pixels. As it is described in this section, it takes roughly 70 multiplications and
40 additions to obtain the coefficients that we would then send to the frame buffer.

Note: For comparison, it takes 30 multiplications, 21 additions and two divisions to obtain the
linear coefficients (A, B, C) in screen space from a segment of points given in world space.
‘Method 2:
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Yet another method is inspired by using similar triangles. Consider the following figure where the
camera origin is expressed in the coordinate system (u, v, w) as O = (ug, vg, Q)

Consider the (u, w) plane and let (up, vp) be a point on the conic C. We deduce the following
relation illustrated by the figure below:

(wo -w)/(ug-u)=wg/(ug- up) that we rewrite:
(2) up=(uw0-u0w)/(w0-w)=u'lw'.

w d (uy,wo

(u, w) (u,w)

{4,,0) (uo0)
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Now applying this again to the (v,w) plane, we get the relation:

(3) p =(vwg-voW)/(wg-w)=v'/w,

Since (up, vp) belongs to the conic C, (up, vp) verify the equation of the conic C in the coordinate
system (T, u, v, w), that is:

) Aupy +Bvy, + C + Dup? + Eupvp + F\_;p2= 0;
Assuming that the camera does not lie in the plane P, we obtain:

Au'w' +Bvw + Cw2 + Du? + Eu'v + Fv2= (;
which we rewrite in matrix notation as:
UQUt=0
where Q is the following symmetric matrix:

ID E2 A2 0l
IE/2 F BR 0]
Q=1A2 B2 C 0}
1o 0 O 11

Now (2) and (3) can also be expressed in matrix notation:

lwg 0 0 Ol
I 0 wo O 0O
l-ug -vp -1 0)
@,v,w,1) = (n,v,w,1) 1 0 0 w1l ie U=UN

If N denotes the matrix on the right hand side of the equation above, equation (4) leads to:

U NQNHUt=0
This is the equation of the surface S obtained by casting rays from the camera origin to all the
points that belong to the conic section lying in P. This equation is given in the coordinate system
(T, u, v, w). In order to obtain the equation of S in (O, ey, €3, ¢3) we simply perform the
following change of variables:

wv,w,)=(kx,y,2,1) M;

IfT =(Ty, Ty, T2, u=(uy, uy, u3), v=_(vq, vp, v3), and w = (w1, wy, w3) are the coordinates
of (T, u, v, w) in (O, e1, e, €3), we then have M = T R where
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it 0 0 0l b up vy wp O
Fo 1 0 0l luy vy wy 0O
0 0 1 0! l u3 v3 w3 Ol
T= 1-Tx -Ty -Tz 11 R=10 0 0 1l

Hence the equation of the surface S is given by the following equation:
X (TRN.QNLRLTH Xt=0

Since Q is symmetric, the product H = T.R.N.Q.NLRLT! also forms a symmetric matrix.
Assuming that the image plane is the plane = 1, the equation of the projected conic on the image
plane is thus given by:
Ax+By+C+Dx2+ E'xy + Fy<=0;

where:

A'=2a13+2a14,

B'=2a33+2ay4,

C = a3z3+2a34+ay4,

D'=ajq,
E'=2aj2,
F =aj»,

given that H = (ajj, 0<i, j < 5) and ajj = ajj.

In this method, the determination of the quadratic coefficients of the projection of the initial conic
section onto the image plane amounts to compute the coefficients of the symmetric matrix H.
However, because of the way H is derived, it is much easier to see the effects of each of the
parameters on the transformation. Such partitioning of the matrix H also provides better clarity for

later programming.

Conclusion

Given the following

1. ApointTin E3, and two vectors (u, v) in the eye space coordinate system,

2. The quadratic coefficients (A, B, C, D, E, F) of a conic section C in the coordinate system (T,
u, v),

3. The equation of the image plane in eye space (usually z = 1),

We described two methods to determine the quadratic coefficients (A', B', C', D', E', F") of the
conic section obtained by the perspective projection of C onto the image plane with respect to the
center of projection (or camera position) O. Although these methods of computing the quadratic
coefficients of a projected conic can certainly be optimized, they give an idea of the speed at which
we could scan convert conic sections on Pxpl5.
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