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Abstract 

In this paper we survey historical algebras, extensions of the conventional relational 

algebra that support representation of the temporal dimension of real-world phenomena 

in databases. We identify twenty-one criteria for evaluating historical algebras. These 

criteria are well-defined, have an objective basis for being evaluated, and are arguably 

beneficial. We also identify incompatibi li ties among the criteria. Nine historical algebras 

arc evaluated against the criteria. 
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Time is an attribute of all real-world phenomena. Events occur at specifc points in time: 
objects and the relationships among objects exist over time. The ability to model this tempond 
dimension of the real wodd is essential to many comp uter system applications (e.g ., econometrics, 
banking , invenLory control, medical records, and airline reservations). Yet, none of the three major 
data models - relational, network, hierarchical - s upports the time-varying as?"cl of real-world 
phenomena. Conventional databases can be viewed as snapshot databases in that they represent 
the state of an enterprise at one particular time. As a database changes, out-of-date information, 
representing past states of the enterprise, is discarded. Although techniques for encoding ti me­
varying information in conventional databases have been developed in many application areas, 
these techniques are necessarily ad hoc and application-specific. 

The need for direct database support for time-varying information bas received increasing air 
lent ion recently. In the last five years, more than 80 articles re13ting time to information processing 
have been published (McKenzie 1986j. One area of continuina research interest is development of 
an historical data model, a data model capable of representing the temporal dimension of real­
world phenomena. The primary focus has been extending the relational data model to support 
time-varying information. 

Over the past decade, severa.l historical algebras have been proposed. An historical algebra 
is essential to the formulation of an historical data model because it defines formally the types of 
objects and the operations on object instances a llowed in the data model. The usefulness of an 
historical data model in representing the time-varying aspect of real-world phenomena depends on 
the power and expressiveness of its underlying historical algebra. Similarly, the algebra determines 
a data model's support of calculus-based query languages. Also, implementation issues, such as 
query optimization and physical storage strategies, can best be addressed in terms of the algebra. 

In this paper we examine nine historical algebras. Each is an extension of the conventional 
relational algebra that supports representation of the temporal dimension of real-world phenomena 
in an historical data model. In the next section, we first review the conventional relational algebra 
and then describe briefly the historical algebras that have been proposed, emphasizing the types 
of objects that each defines and the operations on object instances that each provides. Although 
several historical algebras have been proposed, current research has not focused on defining criteria 
for evaluating the relative merit of these historical a lgebras. Hence, we next identify 21 criteria 
for evaluating historical algebras. These criteria are well-defined, have an objective basis for being 
evaluated, and are arguably beneficial. Finally, we evaluate the hist-orical algebras against the 
criteria. 

1 Historical Algebras 

in Codd's relational algebra [Codd 19701, the only type of object is the set-theoretic relation. 
Assume that. we are given a set of narnes A= {At, ... , An), where each A;, l ~ i ~ n, is called 
a n attribute name, or simply an attribute. Also, a.•sume that there is an arbitrary, non-empty, 
finite or denumerable set, 0;, 1 ~ i $ n, called a domain corresponding to attribute A; >1aier 
1983j. Then, a relation on these n domains is a set of n-tuple1, where each tuple is iuclf a set of 
ordered pairs (A;, D;), D; E 0;, 1 $ i $ n [Date 1986]. Hence, each clcrncnt of a tuple maps 
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an attribut.e name onto a value in its associated domain. The se~ of attributes -~ for a relation 
is called the relation scheme. Because relations arc sets, tuples with duplicate a.ttribut.e values 
arc not permitted. A I so, if the domains are sets of atomic values, ~hen a relation is said to be in 
first-normal-form. Relations are most often displayed as tables in which the rows correspond to 
tuples and the columns correspond to attributes. 

EXAMPLE. Assume that we arc given the relation scheme S tudent = {Name, Course} and corre­
sponding domains of given names and college courses. Then R is a relation on the scheme Student. 

R = Name Couru 

Phil English 

Norman English 

Norman Calculus 0 

The,re are 6ve basic operations in the relational algebra: union, set difference, ca.rtesian prod· 
uct, selection, and proj.ction :unman 1982). The union of two relations is the relation containing 
tuples that are in either of the two input relations. The set difference of two relations is the re­
lation containing tuples that arc in the first input relation but not in the second input relation. 
The cartesian product of a relation of n-tuples and a relation of m-tuples is the relation containing 
n + m-tuples that have n elements that form a tuple in the first input relation and m elements 
that form a tuple in the second input relation. We assume, without loss of generality, that the 
relation schemes of the input relations are disjoint [Maier 1983]. Selection and projection are unary 
operations. Selection maps an input relation onto an output relation containing only those tuples 
in the input relation that satisfy a specified predicate. Hence, se lection reduces a relation "hori­
zontally" by removing tuples. Projection maps each tuple in its input relation onto a tuple in its 
output relation having only a specified subset of the attributes of the input tuple. Hence, projection 
reduces a relation "vertically" by removing attributes. Other operations (e.g., intersection, divide, 
join) can be defined in terms of these five basic operations. 

Before discussing the specific extensions to the relational algebra, we must consider two aspects 
of time that apply to all such extensions. The first asped concerns the kinds of time the algebras 
support. There are three orthogonal kinds of time that a data model may support: valid time, 
transaction time, and user-defined time [Snodgras~~ & Ahn 1985, Snodgrass & Ahn 1986]. Valid 
time concerns modeling time-varying reality. The valid time of, say, an event is the clock time at 
which the event occurred in the real world, independent of the recording of that event in some 
database. Other terms found in the literature that have the same meaning as vali.d time include 
intrinsic time [Bubenko 1917), effective time [Ben-Zvi 1982], and logical time [Dadam et al. 1984, 
Lum et al. 1984]. Transaction time, on the other hand, concerns the storage of information in 
the database. The transaction time of an event is the transaction number (an integer) of the 
transaction that stored the information about the event in the database. Other terms found in 
the literature that have the same meaning as transaction Lime include extrinsic time [Bubenko 
1977), registration time [Ben-Zvi 1982), and physical t ime [Dadam et al. 1984, Lum et al. 1984). 
Ustr-ciefintd time is an uninterpreted domain for which the data model supports the operations of 
input, output, and perhaps comparison. As its name implies, the semantics of user-defined time is 
provided by the user or appl ication program. 
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'!'he relational algebra already supports user-defined time in that user-defined time is simply 
another domain, such a.s integer or character string. The reiMional algebra, however, suppor:~ 
neither valid time nor transaction time. A relation is time-varying in that it changes over time 
due to the insertion, deletion, and modification of tuples. Yet, with each change, out-of-date 
information is discarded. No record of the evolution of either the relation or the enterprise that it 
models is maintained. Only one version, the current version, of the relation exists and its contents 
represent the state of the enterprise being modeled at a single time. Hence, we refer to the relational 
algebra hereafter a.s the snapshot algebra, as it captures only a single snapshot in time of both a 
relation and the enterprise that tbe relation models. 

The second aspect that we must consider is the conceptual model of time employed. There 
arc two basic conceptual time models: the continuous model, in which time is viewed as being 
isomorphic to the real numbers, and tbe discrete model, in which time is viewed as being isomorphic 
to the natural numbers (or a discrete subset of the real numbers) [Clifford & Tansei1985J. In tht 
continuous model, each real number corresponds to a •point• in time whereas in the discrete 
model, each natural number corresponds to a non-decomposable unit of lime having an arbitrary 
duration. In addition to "point," "instant,• [Gadia 1986) "moment,"[Allen & Hayes 1985] "time 
quantum," [Anderson 1982] and "time unit" [Navathe &. Ahmed 1986, Tanscl 1986] are some of 
tbe terms used in the literature to describe a non-decomposable unit of time in the discrete model. 
To avoid confusion between a point in the continuous model and a non-decomposable unit of time 
in the discrete model, we refer to a non-decomposable unit of time in the discrete model as a 
chronon [Ariav 1986] and define an interval to be a set of consecutive cbronons. Although the 
duration of each chronon in a set of times need not be the same, the duration of a chronon is 
usually fixed by the granularity of the measure of time being used (e.g., day, week, hour, second). 
A chronon is typically represented as an integer, corresponding to a single granularity, but may also 
be represented as a sequence of integers, corresponding to a nested granularity. For example, if we 
assume a granularity of a day relative to January 1, 1980, then the integer 1,001 represents March 
15, 1985. If, however we assume a nested granularity of {year, month, day), then the sequence 
{ 6, 3, 15) represents March 15, 1985. Although the two time models represent time differently, 
they share one important property; they both require that time be ordered linearly. Hence, for 
two non-equal times, t 1 and t2 , either t 1 is "before" t2 or t2 is "before" t 1 [Anderson 1982, Clifford 
&. Tansel 1985}. 

Although time itself is continuous, most proposaU. for adding a temporal dimension to the 
relational data model are based on the discrete time model. Several practical arguments are given in 
~he literature for this preference for the discrete model over the continuous model. Fnst, measures 
of time are inherently imprecise [Anderson 1982, Clifford & Tansel 1985j. Clocking instruments 
invariably report the occurrence of events in terms of cbronons, not time "points." Hence, events, 
even so-called "instantaneous" events, can at best be measured as having occurred during a chronon. 
Secondly, most natural language references to t ime a rc compatible with the discrete time model. 
For example, when we say that an avent occurred at 4:30 p.m., we usuaUy don't mean that the 
event occurred at the "point" in time associated with 4:30 p.m., but at some time in the chronon 
(minute) associated with 4:30p.m. [Anderson 1982j. Thirdly, the concepts of chronon and interval 
allow us to model naturally events that are not instantaneous, but have duration [Anderson 1982 .. 
Finally, any implementation of a data model with a temporal dimension will of necessity have to 
have some d iscrete encoding for t ime [Snodgrass l987j. All t he historical algebras s urveyed in this 
paper are compatible with the discrete time model. 
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In the remainder of this section we review briefly nine historical algebras, all extensions of 
the snapshot algebra that suppon "alid time. These algebras differ in the types of objects they 
define and in the kinds of operations they provide. We consider only extensions of the snapshot 
algebra that support valid time; we do not consider extensions of the snapshot algebra that support 
transaction time (several extensions supporting transaction time have been proposed elsewhere 
IDen-Zvi 1982, McKenzie & Snodgrass 1987 A, McKenzie & Snodgrass 19878]). Because valid time 
and transaction time are orthogonal, support for each type of time can be studied in isolation. 

Three basic design decisions characterize the types of objects that each algebra defines. 

• Is valid time associated with tuples (usually as additional implicit attributes) or attributes? 

• How is valid time represented? Time-stamps, which represent valid time, may be either 
chronons, intervals, or sets of intervals, where a set of intervals is defined as a set of chronons, 
not all of which are consecutive. 

• Are attributes atomic-valued? li a ttributes are not atomic-valued, then the first-normal-form 
property of the snapshot algebra cannot be satisfied. 

Also, two basic design decisions characterize the different kinds of operations that each algebra 
provides. 

• Does the algebra retain the set-theoretic semantics of the five basic relational operators and 
introduce new operators to deal with the temporal dimension of the real-world phenomena 
being modeled or does the algebra extend the semantics of the relational operators to account 
for the temporal dimension directly? If the semantics of the relational operators is extended 
to handle time, how do these operators compute the ''alid times of resulting tuples? 

• How docs the algebra handle temporal $election (i.e., tuple selection based on valid times) and 
temporal projection (i.e., computation of a new valid time for a tuple from its current valid 
time, if tuples are time-stamped, or computation of new valid times for a tuple's attributes 
from their current valid times, if attributes are t ime-stamped). 

Each algebra ia charactedzed by the choices made for these five key design decisions. 

LEGOL 2.0 !Jones et al. 1979] is a language based on the relational model designed t.o be 
used in database applications where modeling the temporal dimension of rea.!-world phenomena is 
important. Objects in tbe LECOL 2.0 data model are relations of tuples u in tbe relational data 
model, with one distinction. Tuples in LEGOL 2.0 are assigned two implicit time attributes, Start 
and Stop. The values of these two attributes are the chronons corresponding to the end-point.s of 
the interval of ex istence (i.e., valid time) of the real-world object or relationship represented by a 
tuple. 

EXAMPLE. R is an historical relation in LEGOL 2.0 on the relation scheme Student ={Name, 
Course}. For this and all later examples, assume that the granularity of time is a semester relative 
to the Fall semester 1980. Hence, 1 reprcwnts the chronon Fall semester 1980, 2 represents the 
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chronon Spring semester 1981, etc. L"ler examples 1n this section will show the s~mancically 
equivalent representation of R in the other algebras. 

R= Name Course Start Stop 

Phil English l l 

Phil English 3 4 

Norman Eng lish l 2 

Norman Calculus 5 6 

Note that two tuples are needed to record Phil's enrollment in English, as his enrollment was not 
continuous. 0 

Operations in LEGOL 2.0 are not defined formally, although the more important operations are 
described using examples. LEGOL 2.0 retains the standard set-theoretic operations and int roduces 
several time-related operations to handle the temporal dimension of data. The new time-related 
operations are time intersection, one-sided time intersection, time union, time difference, and time­
set membership. Time intersection acts as a temporal join, where the valid time of each output 
tuple is computed using inter~ection aemantics (i.e., the valid time of each output tuple is the 
intersection of the valid times of two overlapping input tuples). Although the semantics of the 
other time-related operations is left unspecified, these operators appear to suppon a limited form 
of temporal selection as well as a temporal join using union urn antics (i.e., the valid time oi each 
output tuple is the union of the valid times of two overlapping input tuples). 

The Time Relational Model ]Ben-Zvi 1982] supports both valid time and transaction time. 
Two types of objects are defined: snapshot relations, as defined in the snapshot algebra, and 
temporal relations. Temporal relations are relations of tuples, each tuple having five implicit 
time attributes. Effective-Time-Start and Effective-Time-Stop are the end-points of the interval of 
existence of the real-world phenomena being modeled, Registration- Time-Start and Regi$tration­
Time-Stop arc the end-points of ~he interval when the tuple is logically a tuple in the relation, and 
Deletion-Time records the time when erroneously entered tuples are logicaUy deleted. 

EXAM P DE. R is a temporal relation in the Time Relational Model on the relation scheme Student 
= {Name, Course}. For completeness, we assume that the tuples were inserted into the relation 
by the transaction corresponding to transaction number 423 and have yet to be deleted. 

R= Effective Effective Registration Reg~tration Deletion 

Name Cour~e Time-Start Time-Stop Time-Start T ime-Stop Timt 

Phil English I 1 423 - -
Phil English 3 4 423 - -
Norman English 1 2 423 - -
Norman Calcu lus 5 6 423 - - 0 

A new Time- View operator, TV = (Te, Ts), is in~roduced that maps a temporal relation onto 

5 



a snapshot relation . The Time-\.iew operator can be thought of as a limited form of temporal 
selection that sele<o!.$ from the relation's state at transac~ion time Ts those t.uples with a valid 
time of Te. Once ~he specified tuples are selected, however, the Time-View operator discards their 
implicit time attri butes to construct a snapshot relation. 

EXAMPLE. If we let TV= (1, 423) , then 

TV(R) = Namt Courat 

Phil English 

Norman English 
0 

The semantics of the five relational operators union, difference, join, selection, and projection is 
extended to handle both the valid and transaction time of tuples directly. These operators, like the 
Time-Viewoperator, are all defined in terms of a transaction time Ts and a valid time T0 • Input 
tuples are restricted to those tuples in an input relation's state at transaction time Ts having a 
valid time of Te; the valid times of all tuples that participate in an operation are thus guaranteed 
to overlap at time Te. Each operator computes the valid time of its output tuples from the valid 
times of qualifying tuples in its input relations using either union or intersection semantics. For 
example, the union operator is defined using union semantics and the join operator is defined using 
intersection semantics. The valid time of tuples resulting from the difference operator, however, is 
left unspecified. 

The Temporal Relational Model INavathe & Ahmed 1986) allows both non-time-varying and 
time-vary ing attributes, but all of a relation's attributes must be the same type. Objects are snap­
shot relations, whose attributes are all non-time-varying, and historical relations, whooe attributes 
are aU time-varying. The end-points of the interval of validity of tuples in historical relations are 
recorded in two mandatory time attdbutes, Timt-St4rt and Time-End. Hence, the structure of an 
historical relation in the Temporal Relational Model is the same as that of an historical relation 
in LEGOL 2.0, as shown on page 5. The set theoretic operators are retained and five additional 
operators on time-varying relations are introduced. The operators Time-Slice, !nntr Time· View, 
and Outu Time· View are all forms of temporal selection. TCJOJN and TCNJOJN are both join 
operators defined using intersection semantics. Two other join operators, T JOIN and TN JOIN, 
are discussed. They retain the time-stamps of underlyins tuples in their reaultins tuples but are, 
therefore, outside the algebra (the domain of the operators contains objects not defined by the 
model). 

Un like the algebras discussed above, the ·remporal Relational Algebra (Lorentzo.• & Johnson 
!987 A]associates time-stamps with individual attributes rather than with tuples. Although a time­
stamp is normally associated with all the attributes in a tuple, a time-stamp may be associated 
with any non-empty subset of attributes in a tuple. Furthermore, no implicit or mandatory time­
stamp attributes are assumed. Time-stamps are simply explicit, numeric-valued attributes. They 
represent either the chronon during which one or more attribute values are valid or a boundary 
point of the interval of validity for one or more attribute values. Several time-stamp attributes 
may also be used togc~her to represent a chronon of nested granularity. 
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EXAMPLES. First, let R be an historical relation in the Temporal Relational Algebra on the 
relaLion scheme S tudent= {/'lame, N-Start, N-Stop, Course, C-Start , C-Stop} . Unlih the other 
algebras, the time-stamp attribuLes appear as explicit a t tributes in the relation scheme. Here we 
assume that the attributes N-Starl and N-Stop represent the boundary points of t he interval of 
validity for the attribute Name and the attributes C-Start and C-Stop represent the boundary 
points of t he interval of validi ty for the attribute Course. Note, however, that we could ha,·e 
specified the same time-stamp attribu tes [or bot h Name and Course in this example. 

R = Name N-Start N -Stop Course C-Start C-Stop 

Phil 1 2 English 1 2 

Phil 3 5 English 3 5 

Norman 1 3 English 1 3 

Norman 5 7 Calculus 5 7 

Unlike the other algebras , a tuple in the Temporal Relational Algebra is not considered valid at its 
right-most boundary point. Hence, the first tuple signifies that Phi l was enrolled in English during 
the fall semester 1980, but not during the Spring semester 1981. 

Now le< R 1 be an historical relation in the Temporal Relational Algebra on the relation scheme 
Student = {Name, Course, Semester-Start, Semester-Stop, Week-Start, Week-Stop}, where ell 
four time-stamp attributes are associated with both Name and Course. Assume here that the 
granularity for the time-stamp att ributes Week-Start and Week-Stop is a week relative to t he firs< 
week of a semester. 

Name Course Semester-Start Semester-Stop Week-Start Week-Slop 

Phil English 1 2 1 9 

Phil Engl ish 3 5 1 17 

Norman English 1 3 1 9 

Norman Calculus 5 7 9 17 

In this example, we specify the weeks during a semester when a student was enrolled in a course . 
For example, Phil was enrolled in English dur ing the Fall semester 1980 for only the 6rst 8 weeks 
of t he semester. Note that the meaning of the Week-Start and Week-Stop attributes is relative to 
the Semester-Start and Semester-Stop attributes. 0 

The standard set-theoretic operations are retained in the Temporal Relational Algebra unchanged. 
Although no new time-oriented operations are int roduced, three new operators, EX'l'END, UN­
FOLD, and FOLD, which are defined in terms of the conventional relational operators, are intro­
duced. These operators allow conversion between relations whose tuples contain two time·SLamp 
att ributes representing the end-points of the interval of validity of one or more attributes to equiv. 
alent relations whose tuples contain a single time-stamp attribute representing a chronon during 
which the same attributes are valid. Relations whose tuples contain only time-stamp attributes 
representing the end-points of intervals of validity are considered to be folded while ·relations whose 
tuples contain only time-stamp attributes representing individual ch ronons of valid ity a re consid-



cred I.Q be unfolded . Relations Rand ll1 in the above examples are folded relations 

EXAMPLE. Let R2 be an equivalent representation of Rt in which t.he two time-stamp attributes 
Semester-Start and Semester-Stop have been unfolded onto a single time-s~amp attribute Semcsltr. 

Name Course Semester Wuk·Start Week-Stop 

Phil English 1 1 9 

Phil English 3 1 17 

Phil English 4 1 17 

Norman English 1 1 9 
Norman English 2 1 9 

Norman Calculus 5 9 17 

Norman Calculus 6 9 17 

We could now apply UNFOLD once more to unfold the attributes Week- Start and Week-Stop onto 
a single time-stamp attribute Week. The resulting relation would have 72 tuples. 0 

The Historical Relational Data Model (Clifford &l C roker 1987) allows two types of objects: a 
set of cbronons, termed a lifespan, and an historical relation, where each attribute in the relation 
scheme and each tuple in the relation is assigned a lifespan. A relation scheme in the Historical 
Relational Data Model is an ordered four-tuple containing a set of attributes, a set of key attributes, 
a function that maps attributes I.Q their lifespana, and a func~ion tha~ maps attributes to their value 
domains. A tuple is an ordered pair containing the tuple's "alue 11nd its lifespan. Attributes are 
not atomic-valued; rather, an attribute's value in a given tuple is a partial function from the 
domain of chronons onto the attribute's value domain, defined for the attribute's valid time (i.e., 
the intersection of the attribute and tuple lifcspans). 

EXAMPLE. R is an historical relation in the Historical Relational Data Model on the relation 
scheme Student, where {Name_. {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, Course - {1, 2, 3, 4, 5, 6, 7, 8, 9, 
10}} is the function assigning lifespan• to attributes. 

R= ( Tuple Value Tuple Lifespan } 

Name Couru 

I-+ Pbil 1-+ English {1, 3, 4} 
3-+ Phil 3-+ English 

4-+ Phil 4--> English 

I_, Norman I _,English {1, 2, 5, 6} 

2-+ Norman 2--> English 

5--> Norman 5 -> Calculus 

6--> Norman 6--> Calculus 

Because tuple lifespans arc sets and because both Phil and 1\orman were never enrolled in more 
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than one course at the same time, we are able to record each of their enrollment histories in a 
single tuple. II one had been enrolled in two or more courses at the same time. however, his total 
enroll men~ history could not have been recorded in a single tuple as attribute ''alues are functions 
from a lifespan onto a value domain. Note also that we have chosen the most straigbt.forward 
representation for an attribute whose value is a function. Because attribute va lues in both Clifford's 
algebra and Gadia's algebra, wruch we describe next, a re functions, they have an arbitrary number 
of other physical representations. 0 

The standard set.-thooretic operations are retained and several new time-oriented operations are 
introduced. WHEN maps a relation into its lifespan, where the lifespan of a relation is defined to 
be the union of the lifespans of its tuples (e.g., {1, 2, 3, 4, 5, 6} in the above example). SELECT-IF 
is a form of temporal selection that selects tuples that are both valid and satisfy a given selection 
criterion at a specified time and TIME-SLICE is a form of temporal projection that restricts the 
tuple lirespans of ita resulting tuples to some porti"'n of their orig inal lifespans. The operator 
SELECT-WHEN possesses features of both temporal selection and temporal projection; it is a 
variant of SELECT-IF that restricts the tuple lifespans of its resulting tuples 10 the times when 
they 611tisfy the selection condition. Finally, four variant.a of temporal join are introduced, each 
defined using intersection semantics. 

Gadia's homogeneous (H) model [Cadia 1986] also allows two types of objects: temporal elt· 
mtnts and historical relations. A temporal element is a finite union of disjoint intervals (effectively 
a set of chronons) and attribute values are functions from temporal elements onto attribute value 
domains. The model requires that all attribute values in a given tuple be functions on the same 
temporal element. This property, termed homogeneity, ensures that a snapshot of an historical 
relation at timet always produces a conventional snapshot relation without nulls. 

EXAMPLE. R is an historical relation in Gadia's homogeneous model over tbe scheme Student 
= {Name, Course}. 

R = Name Course 

[1, 2) u [3, 5) - P hil [1, 2) u [3, 5) - English 

[1, 3) U [5, 7) - Norman [1, 3) ~ English 

[5, 7) _, Calculus 

Here the interval [t1 , t2) is the set of chronons {t1 , ·- · , t2 - 1}. Again, we are able to record the 
enrollment histories of Phil and Norman in single tuples only because they were never enrolled in 
more than one course at the same time. 0 

An historical version of each of the five basic conventional relational operators is defined usi'ng 
snapshot semantics. For each historical operator, the snapshot of its resulting historical relation 
at time t is required to equal the result obtained by applying the historical operator's relational 
counterpart to the soapshot of the underlying historical relations at time c. Two new operators 
arc also introduced. One, Cdom, maps either a tuple or a relation into its temporal domain , where 
the temporal domain of a tuple is its temporal element and the temporal domain of a relation 
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is ~he union of ItS tuples' temporal elements. For example, the temporal domain of R above is 
IJ, 7). The other operator, termed temporal selection, is a limited form of both temporal seloction 
and ~emporal projection; it selects from a relation those tuples whose temporal elements overlap a 
specified temporal element and restricts attribute valuC.'I in the resulting tuples to the intersection 
of their temporal clements and the specified temporal element. 

Cadia's m ultihomogeneous (MH) model (Cadia. 1986) is an extension of his homogeneous 
model in which all attribute values in a given tuple need not be defined over the same temporal 
element. Attribute values are required to be defined over the same temporal element only for 
specified subsets of attributes. Extension of the snapshot semantics for opere>tors to account for 
multihomogeneous tuples is, however, len unspecified. 

Tansel's historical algebra (Tansell986) allows only one type of object: the historical relation. 
Four types of attributes, however, are supported, the attributes of a relation need not be the same 
type, and attribute values in a given tuple need not be homogeneous. Attributes may be either 
non-time-varying or time-varying and they may be either atomic-valued or set-valued. The value 
of a time-varying, atomic-valued attribute is repreunted as a triplet containing an element from 
the attribute's value domain and the boundary points of its interval of existence while the value of 
a time-varying, set-valued attribute is simply a set of such triplets. 

EXAMPLE. R is an historical relation in Tansel's algebra over the scheme Student = {Name, 
Course}, where Namt is a non-time-varying, atomic-valued attribute and Cour~e is a time-varying, 
set-valued attribute. 

Na me Course 

Phil {( (1, 2). English), 

( [3, 5), English ) } 

Norman {( (1, 3), English ), 

( (5, 7), Calculus)} 

Because Tansel does not define time-varying attributes as functions, the enrollment history of a 
student can be recorded in a single tuple, even if the .student was enrolled in two or more courses 
at some time. Note, however, that each interval of enrollment, even for the same course, must be 
recorded as a separate element of a time-varying, set-valued attribute. 0 

The conven~ional relational operators are extended to account for the temporal dimension 
of data and several new time-related operations are introduced. PACK combines tuples whose 
attribute values differ for a specified attribute but a re otherwise equal. Conversely, UNPACK 
rep licates a tuple for each element in one of its set-valued attributes. 1'-DEC decomposes a 
Lime-varying, atomic-valued attribute in an historical celation into three non-time-varying, atomic­
valued attributes, representing the three components of the time-varying, atomic-valued attribute. 
Conversely, T-FORM combines three non-time-varying, atomic-valued attributes, representing a 
value and the boundary points of the value's interval of validity into a single time-varying, atomic­
valued attribute. DROP-TIME discards t ho time components of" time-varying attribute. Finally, 
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SLICE, USLJCE, and DSLICE, are limited forms of temporal projection in which the time-stamp 
of a time-varying attribute is recomputed as the intersection, union, and difference, respectively, 
of its original time-stamp and the time-stamp of another specified attribute. If the recomputed 
t ime-stamp is empty, the tuple is discarded. Tansel also introduces a new operation, termed 
enumeration, to support aggregation 1Tansei1987J. The enumeration operator derives, for a set of 
chronons or intervals and an historical relation, a table of data to which aggregate operators (e.g., 
count, avg, min) can be applied. 

EXAMPLES. Le~ Rt be the historical relation, resulting from the unpacking of attribute Coursc of 
relation R in the previous example, over the scheme Student= { Name, Course}, where Name is a 
non-time-varying, atomic-valued attribute and Course is a time-varying, atomic-valued attribute. 

Name Course 

Phil ( 11, 2), English) 

Phi l ( !3, 5), English) 

Norman ( it, 3), English) 

Norman ( IS, 7), Calculus) 

1\ow, let R, be the historical relation, resulting from the decomposition (T-DEC) of attribute 
Course of relation Rt, over the scheme Student = {Name, Course, CourscL, Couruu }, where 
Nome, Cour~e, CourseL, and Courseu are all non-time-varying, atomic-valued attributes. 

Name Course CourBCL Courseu 

Phil English 1 2 

Phil English 3 5 

Norman English I 3 

Norman Calculus 5 7 0 

The only type of object in our historical algebra !McKenzie & SnodgraSIJ t987CJ is the histori· 
cal relation. The value of an attribute is always an ordered pair whose component.& are a value from 
the attribute's value domain and a set of chronons. There is no requirement that the time-stamps 
of any of the attributes in a relation be homogeneous but relations are not allowed to have two 
tuples with the same value component for all their attributes (termed 11alue-equi11alence). 
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EXA.\fPLE R is an historical relation in our algebra over the over the scheme Student "' {Name, 
Course} . 

R = Name Cour8t 

(Phil, {1, 3, 4}) (English, {1, 3, 4}) 

(Norman, {1, 2}) (English, {1, 2}) 

(Norman, {5, 6}) (Calculus, {5, 6}) 

In our algebra, Phil's enrollment in English must be recorded in a single tuple, otherwise the value­
equivalence property would be violated. Norman's enrollment history, however, cannot be recorded 
in a sing le tuple; an attribute may be assigned only one value from its value domain. 0 

The conventional relation&! operato~ are extended to account for the temporal dimension of data 
directly and preserve the value-equivalence property of historical relations. One new operator, 
historical derivation, is introduced specifically to handle temporal selection and temporal projection 
functions. 

Table I and Table 2 arc a summary of the features of the nine algebras described above. These 
tables show the range of solutions chosen by the devel.opers of the algebras to the five basic design 
decisions introduced on page 4. Because several of the algebras have similar names and others are 
unnamed, we use the names of the developers to refer to the algebras hereafter for clarity. Table 
1 categorizes the algebras according c.o their representation of time. Note that Clifford 's algebra 
appears twice in Table 1 as it associates time.stamps with attributes in a relation scheme as well as 
tuples in a relation instance. Table 2 describes other basic features of the types of objects defined 
and opera lions allowed in the a lgebras. The second column lists object types and the third column 
describes the structure of attributes. The fourth column indicates whether the algebras retain the 
set-theoretic semantics of the five basic relational operators or extend the operators C.O deal with 
time directly. The fifth column lists new operators introduced specifically to handle the temporal 
dimension of the phenomena being modeled. 

In the next section we discuss a set of criteria for evaluating historical algebras. Then, in 
Section 3, we evaluate these nine algebras against the criteria. 

2 Criteria for Evaluating Historical Algebras 

Although several historical algebras have been proposed, current research has not focused on defin­
ing criteria for evaluating the relative merit of these historical algebras. Only Clifford presents a 
list of specafic properties desirable of an historical algei5ra !Clifford & Tansel l985J. He identifies 
five fundamental, conceptual goals, which will be discussed in detail shortly. These goals alone arc 
insufficient to cvaluat<l the relative merit of _propo~cd historical algebras. A more comprehensive 
set of specific, objective criteria is needed. In this section, we identify 21 such criteria for evaluating 
historical algebras. First, we introduce the criteria. With each criterion, we indicate its source, 
if relevant. :'\ex~, we discuss our reasons for not including as criteria several other properties of 
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Time-stamped 

Tuples 

Time-stamped 

Attribut.es 

TIME-STAMP REPRESENTATIOK 

single chronon 

Jones, et al. 

Ben-Z vi 

Navathc &. Ahmed 

Lorenhos &. Johnson 

interval 

(two chronons) 

Tansel 

sel of chronons 

Clifford &. Croker 

Clifford & Croker 

Gadia H 

Gadia MH 

McKenzie &. Snodgrass 

Table 1: Representation of Time in the Algebras 

historical algebras. Then, we examine incompatibilities among the criteria. 

For clarity, we hereafter represent an historical operator as op to distinguish it from its 
snapshot algebra counterpart op. 

Z.l C riteria 

Table 3 is an alphabetical listing of criteria for evaluating historical algebras. Included in this list 
are properties of historical algebras that have been advocated by others as well as those properties 
that seem reasonable to us. The list is restricted to only those properties that are well-defined, 
have an objective basis for being evaluated, and are a rguably beneficial. No historical a lgebra can 
have all these properties as certain s ubsets of the properties are incompatible. An historical algebra 
can, however, have a maximal subset of properties from Table 3 that are compatible. 

Allllttrihutel in 11 tuple are defined for the 1ame interval(•) [Gadia 1986]. This requirement, 
termed homogeneity by Gadia, assumes that attributes, rather than tuples, &re time-stamped and 
that attributes arc set-valued, rather than atomic-valued. Although attributes may change value 
at different times (i.e., asynchronous attributes), all attributes in a tuple must be defined for 
the same interval(s). Requiring that all attributes in a tuple be defined for the same interval(s) 
simplifies definition of the algebra. Operators need not be redefined to handle the time dimension 
directly. Rather, the algebra can be defined in terms of the conventional relational operators using 
snapshot semantics, even if set-valued attributes are allowed. Also, problems that arise whell 
disjoint attribute time-stamps are a llowed (e.g ., how to handle non-empty time-stamps for some, 
but not all, attributes) need not be considered. 

Consistent euension of the snapshot algebra [C lifford&. Tansel 1985]. The expressive power of 
the historical algebra should subsume that of the snapshot algebra. T he historical algebra should 
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Algebra 

Jones, et al. 

Ben-Zvi 

Navathe & 

Ahmed 

Lorentzos & 

Johnson 

Clifford & 

Croker 

Gadia H, 

Gadia Mll 

Tansel 

McKenzie & 

Snodgrass 

Objects Attributes 

historical relations atomic-valued 

snapshot relations, atomic-valued 

historical relations 

snapshot relations, atomic-valued 

historical relations 

snapshot relations atomic· valued 

lifespans, functional 

historical relations 

temporal elements, functional 

historical relations 

historical relations atomic-valued 

set-atomic-
valued 

triplet-valued 

set-triple~ 
valued 

historical relations ordered pairs 

S~andard 

Operations 

retained 

extended 

retained 

retained 

retained 

snapshot 
semantics 

extended 

extended 

New 

Operations 

time intersection, 

one-sided 
time intersect.ion1 

t.ime union. 

time difference, 

time-set membership 

Time-View 

Time -Slice, 

Inner Time-View, 

Outer Time-View, 

TCJOIN, TCI'\JOJN 

Extend, Fold, Unfold 

When, Select -If, 

Selec~ ·When, 

Time -Slice, 

4 Join Operators 

tdom, 

Temporal Selection 

Paclc, Unpack, 

T-Dec, T-Form, 

Drop -Time, 

Slice, Uslice, Dslice, 

Enumeration 

Temporal Derivation 

Table 2: Objects and Operations in the Algebras 
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• All attributes in a tuple are defined for the same interval(s) 

• Consistent extension of the snapshot algebra 

• Data periodicity is supported 

• E ach collection of va lid attribute values is a valid tuple 

• Each set of valid tuples is a valid relation 

• Formal semantics i.s specified 

• Has the expressive power of an historical calculus 

• Historical data loss i.s not an operator side-effect 

• lmplementation exists 

• 1 ncludes aggregates 

• Is, in fact, an algebra 

• Model doesn't require null attribute values 

• Optimization strategies are available 

• Reduces to the snapshot algebra 

• Restricts relations to first-normal form 

• Supports a 3-dimensional view of historical relations and operations 

• Supports basic algebraic t autologies: 

q OR=ROQ 

QxR= nxQ 
ap,(&p,(R)) = i1F,(up,(R)) 

QO (ROS) = (QO R)OS 
Qx(nxs) = (QxR)xs 

Qx(ROS) = (QxR)O(QxS) 

Qx(n.:s) = (Qxn).:(q x s) 

up(Q OR) = up(Q)OuF(R) 
up(Q:.n) = up(Q)- ap(R) 

i-x(QOR) = tx(Q)Oi-x(R) 
QnR = Q.:(Q.:R) 

• Supports static attributes 

• Tuples, not attributes, are time-stamped 

• Unique representation for each historical relation 

• Unisor ted (not multisorted) 

Table 3: Cr iteria for Evaluatin g Historical Algebras 

15 



Snapshol Hisrorical 
Relation Relal ion 

S -------T~S~------• R• 

Snapshol 
Operaror 

op 

Analogous 
Hislorical 
Ope,!_alor 

op 

op (S) _____ _,_T(,_,op:z::...>.(::cSIL)l ____ , R2=~(R,) 

Figure 1: Outline of Equivalence Proof 

be at least as powerful as the snapshot algebra. Any relation or algebraic expression that can 
be represented in the snapshot model should have a. counterpar t in t he historicai model. Thus 
the historic~) Algebra should 11rov ide, as a minimum, an historical counterp!rt for each of the five 
operators that serve to define the snapshot algebra: union, difference, cartesian product, projection, 
and selection {Ullman 1982). Furthermore, the historical relation resulting from the application of 
one of these snapshot operators to a snapshot relation and conversion of the resulting reladon to 
its historical counterpar t should be equivalent to the historical relation r esulting {rom application 
of the snapshot operator 's historical counterpart to the snapshot relation's historical coun terpart. 
If we assume that the function T transforms a snapshot relation into ita historical counterpart, 
then Figure I illustrates this equivalence proof. 

Doto periodicit11 ;, 1upported (Lorentzos & Johnson 1987 A]. Periodicity ia a property of many 
real-world phenomena. Rather than occurring just once in time or at randomly spaced times, these 
phenomena recur at regular intervals over a specific i nterval in t ime. For example, a person may 
have worked from 8:00 a.m. until 5:00 p.m. each day, Monday throu,gh Friday, for a particular 
month. Ideally, an historical data model should be able to represent such periodic phenomena 
without having to specify the time of each of their occurrences. 

E ach collectio n of valid attribute valu es is a valid tuple. In t he snapshot model, the value of an 
attribute is independent of the value of other attributes in a tuple, except for key and functional 
dependency constraints. The same should be true of the historical model. If we extend the 
snapshot model so that a time-stamp is assigned to each attribute, we should extend the concept 
of Attribute independence to include the time-stamp of the attribute as well as the value of the 
attribute. Within a tuple, the val ue or t ime-stamp of one attribute should not restrict arbitrarily 
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the value or time-stamp of another attribute. Limiting valid tuples to some subset of the ~uples 
that could be formed from valid attribute values adds a degree of complexity to the historical model 
not found in the snapshot model. 

Each set of valid tuples is a valid relation. In the snapshot model, every set of tuples that 
satisfies key and functional dependency constraints is a valid relation. The same should be true of 
the historical model. Imposing additional inter-tuple consLn•ints, which further restrict the set of 
valid relations, adds another degree of complexity t-o the historical model not found in the snapshot 
model. 

Formal semantics i8 specified. Concise, mathematical definitions for all object types and 
operations are needed. Without such definitions, the meaning of algebraic operations is unc:lear. 
Also, evaluation of the algebra is impossible. 

Has the ezpre•sive power of an historical calculus [Gadia 1986]. There should exist an histor­
ical calculus whose expressive power is subsumed by t hat of the algebra. Calculus-based historical 
query languages then can be developed for which the algebra can serve as the underlying evaluation 
mechanism. 

Historical data loss is not an operator side-effect. Historical data are lost if an operator 
removes valid-time information, contained in underlying relations, from its resulting relation. Da~a 
loss becomes an operator side-effect if the removal of that valid-time information is not the purpose 
of the operator. For example, suppose an historical algebra allows a ttribute time-stamping but 
requires closure under Gadia's homogeneous restriction (i.e., the valid times associated with each 
attribute value in a tuple must be identical). To ensure closure under cartesian product, assume 
that cartesian product is defined using intersection semantics. Now consider the cartesian product 
of two relations with attribute time-stamping, relation A defined over the scheme Student = {Name, 
Course}, and relation B defined over the scheme Home = {Name, State}. 

A= Name Course 

(Phil, {1, 3, 4}) (English, {1, 3, 4}} 

B= Name State 

(Phil, {1, 2, 3}) (Kansas, {1, 2, 3}) 

AxB= Names Courlt Name8 SLate 

(Phil, {1, 3}) (English, { 1, 3}} (Phil, {1, 3}) (Kansas, {I, 3}} 

Note the loss of valid-time information associated with Phil's enrollment in English at time 4 
and his residency in Kansas at time 2. Historical algebras that allow such loss of historical data 
as an operator side-effect cannot support hjstorical queries. If the algebra supports historical 
queries, the algebra must not allow loss of historical data as an operator side-effect; all valid-time 
information input to an operator must be preserved in the operator's output unless the operation 
being performed (e.g., difference, intersection) dictates removal. 
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Jmpltmtntation ezists. Semantic deficiencies, inconsisLencies, and inefficiencies are often re­
vealed during implementation. Therefore, it is desirable that the algebra have been implemented. 

Include• aggregates. The historical model should prov1de formal semantics for historical ver­
sions of standard aggregate (e.g., sum, count, min, max) oper~tions. 

I$, in fact, an algebra {Clifford & Tansel 1985J. This criterion is fundamental. Any histor­
ical algebra should define the types of objects supported and the aUowable operations on object 
instances of each defined type. In addition, all legal operations should be dosed. 

Model doesn't require null ottributt ualues. Restric~ion of attribute values to non-null values 
is consistent with the snapshot model and greatly simplifies the semantics of the algebra. 

Optimizction strategies art ouoilo6/e. Except for semantics, implementation efficiency is the 
most important feature of an historical algebra. U an algebra cannoL be implemented efficiently, it 
will have no practical application for the development. of historical query languages. Strategies for 
simplification of algebraic expressions corresponding t..o queries should be available. Note that the 
availability of basic algebraic tautologies already provides algebraic transformation optimizations. 

Reduces to the snapshot algtbro {Snodgrass 1987). The semantics of the algebra should be 
consistent with the intuitive view of a snapshot relation as a 2-dimensional slice of a 3-dimensional 
historical relation at a time t. Hence, for all historical operators, the snapshot relation obtained 
by applying an historical operator to an historical relation and then taking a snapshot should be 
equivalent to the relation obtained by taking a snapshot of the historical relation and applying the 
a nalogous relational operator to the resulting snapshot relation. Figure 2 illustrates th is reduction 
proof. 

Restricts relations to first-norma/form. The snapshot algebra owes much of its simplicity to 
the restriction of relations to first-normal form. The historical algebra should retain this property. 

Supports o 9-dimtnsional uitw of historical rtlo.tion• and operation• {Ariav 1986, Ariav &. 
Clifford 1986, Clifford & Tansel 1985). Almost all proposals for extending the snapshot model 
to incorporate valid time represent historical relations as apace-filling solids, where the additional, 
third dimension is valid time. Although these space-filling solids are not true cubes, they do possess 
geometric properties similar to those of cubes. For example, consider the historical relation Rover 
the scheme Homt ={Name, Couru} with attribute time-stamping. 

R= Nome Cour~e. 

{Phil, {1, 3, 4}) {English, { 1, 3, 4}) 

{Norman, {1, 2}) {English, {1, 2}} 
{Norman, {5, 6}} (Calculus, {5, 6}} 

Figure 3 is a graphical representation of this relation. Clearly, this representation of R can be 
vicwCld as a space-filling sol.id with geometric properties similar to that of a cube. 
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Historical 
Operator 
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Rt-------------~-----_.S,s S! 

Figure 2: Out line of Roeduction Proof 
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VALID TIME 

F igure 3: Historical Relation 
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If we accep~ ~his 3-dimeosional represent.ation as a high-level, user-oriented model of histor­
ical relations, then each operation defined on historical relations should have an interpretation, 
consistent with its semantics, in accordance wi th this conceptual framework. The definitions of 
operatioru~ should be consistenL with the conceptual view that these operations manipulate cubic 
solids. For example, the difference operator should take two cubic solids (i.e., historical relations) 
and produces a third cubic solid that represents Lhe mass (i.e., total historical information) present 
in the first cubic solid but not present in the second cubic solid. Likewi&e, the cartesian product 
operator should take two cubic solids and produce a third cubic solid such that each unit of mass 
(i.e., tuple) in ~he first cubic solid is concatenated with a unit of mass in the second cubic solid 
to form a unit of mass in ~he third cubic solid. This description of operations on historical re­
lations as "volume• operations on cubic solids is consistent not only wi th the conceptual view of 
historical relat ions as cubic solids but also with the semant ics of the individual snapshot algebraic 
operations as operations on 2-dimensional tables, extended to account for the additional dimension 
represented by valid time. 

Support& basic algebraic toutologie&. The following commutative, associative, and distributive 
tautologies, which hold for and in some sense define the snapshot operators, should also hold for 
their historical counterparts. 

QCJR = ROQ 

QxR = RxQ 

&p1 (&p,(R)) = &p,(c1F, (R)) 

Q O (ROS) = (Q O R)OS 

Qx(nxsJ = (QxR) x s 

Qx(ROS) = (QxR) O(QxS) 

Qx(n.:s) = (QxRHQxs) 

cip(QOR) = &p(Q) u &p(R) 

&p(Q.:R) = &p(Q) - &p(R) 

irx(QOR) = *x(Q) O*x(R) 

QnR = Q:..(Q:..R) 

Included in this list are the commutative, associative, and distributive tautologies involving only 
union, difference, and cartesian product that are defined in set theory [Enderton 1977j. Also 
included in this list are the non-condi~ional commutative laws involving selection and projection 
presented by Ullman [Ullman 1982j. Finally, the definition of the intersection operator in terms of 
the difference operator, which holds for the snapshot. algebra, should also hold for tbe historical 
algebra. 

Supports static attributes [Clifford & Tansel 1985, Navathe & Ahmed 1986j. The algebra 
should allow for attributes whose role in a tuple is not restricted by time. This feature allows the 
historical model to be applied to environments in which the values of certain attributes in a tuple 
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are time-dependent while the value~ of other attributes in the tuple are not time-dependent. 

Tupltl, not aUribute1, are time-stamped. Time-stamping tuples, rather than attributes, sim­
plifies the semantics of lhe algebra. Operators need not be defined to handle disjoint attribute 
time-stamps but rather can be defined in terms of the conventional relational operators using 
snapshot semantics. 

Unique representation for tach historical rela tion. ln the snapshot model, there is a unique 
representation for each valid snapshot relation. Likewise, there should be a unique representation 
for each valid historical relation. Failure of an algebra to satisfy this criterion can compl icate the 
semantics of the operators, require inefficient implementations, and possibly restrict the class of 
database retrievals that can be supported. For example, consider the following relations on the 
scheme Student = {Nome, Cour~e} with attribute time-stamping. 

A= Name Course 

( Phil, {1, 2}) (English, {1, 2}) 

(Phil, {3, 4}) (English, {3, 4} ) 

B= Name Couru 

(Phil, {1, 2, 3, 4}} (English, {1, 2, 3, 4}) 

C = Name Course 

( Phil, {5, 6}) (English, {5, 6}} 

D= Name Course 

(Phil, {2, 3}) (English, {2, 3}} 

Clearly, the information content of relat ions A and B is identical; the information content of relation 
Cis a continuation of the information in both A and B; and the information content of relation D 
is a subset of that contained in both A and B. However, what is the semantics of AU C? Does the 
output relation contain three tuples, two tuples, or j ust one tuple? Similarly, what is the semantics 
of AU 0? Is the single tuple in 0 represented in the output relation or is it absorbed by the two 
tuples in A? Also, if we want to retrieve the name of all students who were enrolled in English 
from time 2 to time 4, do we get the same result if we apply this query lo relations A and B? 
Retrieval of "Phil," wbjch is the intuitively correct result when applying this query to A, requires 
t>Jple selection based on information contained in more than one tuple, a significant departure from 
the semantics of the selecLion operation in the snapshot algebra. Thus, a selection operator with 
significantly more complicated semantics would be requi red to produce results that are correct 
intu it ively. Moreover, the implementation of such a selection operator may be impractical because 
of the many cases that wou ld have to be considered during the se lection process. 
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Unisort~J (not rnultisorted}. In the snapsho~ algebra, all operat<>rs ~ke as input and provide 
as output a single type of object, the snapshot relation. If possible, an historical algebra ~hould 
also be unisorted. A multisorted algebra would introduce a degree of complexity in the h i~torical 

model not found in the snapsho~ model. 

2.2 Properties not Included as Crit eria 

The following properties are either subsumed by properties in Table 3, are not well-defined, or have 
no objective basis for being evaluated. Hence, they arc not included as criteria. 

Disa/lowt tuple& with duplicate attribute 11alue$. If attributes are time-stamped, then this 
requirement is subsumed by the criterion that the algebra have a unique representation for each 
historical rela tion. There would be many different equivalent representations for most historical 
relations if tuples with duplicate attribute values were allowed. For example, the following are only 
two of several tquivalent representations of a relation A over the scheme Horne= (Name, State} 
with attribute time-stamping. 

A= Nome State 

(Norman, {1, 2, 5, 6} ) (Virginia, {1, 2, 5, 6}) 

A= Name State 

(Norman, {1, 2}} (Virginia, {1, 2}} 

( Norman, {5, 6}) ( Virginia, {5, 6}) 

S upports historical queries (11alid time) [Snodgrass 1987j. An historical algebra supports his· 
torical queries if information valid over a chronon can be derived from information in underlying 
relations valid over other chronons, much as the snapshot algebra allows for the derivation of 
information about entities or relationships from information in underlying relations about other 
entities or relationships. Satisfaction of th~ criterion implies that the algebra &!lows units of re­
lated information, possibly valid over disjoint chronons, to be combined into a single related unit 
of information possibly valid over some other chronon. Support for such a capability requires the 
presence, in the algebra, of a cartesian product or join. operator that concatenates tuples, indepen­
dent of their valid ~imes, and preserves, in the resulting tuple, the valid-time information for each 
of the underlying tuples. Hence, this re<juirement is subsumed by the criteria that the algebra be a 
consistent extension of the snapshot algebra and historical data loss not be an operator side-effect. 

Supports noll-homogeneous relations [Gadia 1986j. If the algebra is cl.:>sed and supports his­
torical queries, it must support non-homogeneous relations (i.e ., relations having tupleft whose 
attribute values are allowed to have different valid times). Therefore, this re<juirement is subsumed 
by the criteria that the algebra, in fact, be an algebra, the algebra be a consistent extension of the 
snapshot algebra, and historical data loss not be an operator side-effect. 
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Homogeneoua tuples are ualid tuples This requirement is subsumed by the requirement that 
the algebra support non-homogeneous relations, 

Update semantics (Snodgrass 1987). If the algebra provides union and difference operators, 
the algebra supports the replace, delete. and append operations found in all query languages. 
Therefore, this requirement is subsumed by the criterion that the algebra be a consistent extension 
of the snapshot algebra . Further, support for update requires thn modeling of transaction time, 
which is orthogonal to valid time (Snodr;rass &. Ahn 1986). 

Minimal extension of tltt snapohot algebra . This requirement is too vague to be considered a 
criterion, unless qualified. Criteria such as "consistent extension of tne snapshot algebra," "reduces 
to snapshot algebra," and "unique representation for each historical relation," all imply a minimal 
extension to tne snapshot algebra. 

Retains the simplicity of the mapshot model. Again, this requirement is too vague to be 
considered a criterion, unless qualified. ~ote that specific aspects of simplicity are implied by 
other properties that are well-defined (e.g., "model doesn't require null attribute values" and 
"algebra is unisorted"). 

The model i• umanticollv corr.plete :Clifford &. Tansel 1985J. The model should serve as a 
standard for defining historical completeness (i.e., an extension of Codd's notion of completeness 
in the snapshot model). This requirement has no objective basis for evaluating models as there is 
no consensus definition of historical completeness. 

2.3 Incompatibilit ies 

Not all the criteria listed in Table 3 are compatible. There are certain subsets of criteria that no 
historical algebra can sat isfy. In tnis section, we examine the incompatibilities among criteria. 

The criterion that the algebra support a 3-dimensional view of historical relations and oper· 
ations is incompatible with the criteria that 

• Tuples, not attributes, be time-stamped, 

• All attributes in a tuple be defined for the same interval( a), and 

• The tautology Qx(R.:s ) = (QxR),;_{QxS) hold. 

First, no historical algebra can s upport a 3-dimensional view of historical relations and operations 
11.nd also time-stamp tuples. For the algebra to support a 3-dimensional view of historical relations 
and operations, the algeb~a must su?port a cartesian product or join operator that concatenates 
tuples, independent of their valid times, and preserves, in tne resulting tuple, the valid-time infor­
mation for each of the underlying tuples. Yet, if the cartesian product operator assigns d ifferent 
time-stamps to attributes in i~.S output tuples, the crit~rion that tuples, not attributes, be time­
stamped cannot be satisfied. Hence, no historical algebra can satisfy both of these criteria. 
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Secondly, no his~orical algebra can support a :!-dimensional view of historical relattons and 
operations and also require that all attribuLes in a tuple be defined for the same interval(s). If 
the cartesian product operator required that all attribul.es i11 a resulting tuple be defined over the 
same interval(s), nrbitrary valid-time information associated with the attributes of the underlying 
tuples could not be preserved and the criterion that the algebra support a 3-dimensional view of 
historical relations and operations could not be satisfied. Yet, if the cartesian product operator 
presen·ed the valid-Lime information for the attributes of the underlying tuples in the rcsulli:tg 
tuple, attributes in the resulting tuple would be defined for different intervals and the criterion 
that all attributes in a tuple be defined for the same interval(s) could not be satisfied. 

Thirdly, no historical algebra can support a 3-dimens.ional view of historical relations and 
operations and also support the distributive property of cartesian product over difference. For 
example, consider the following single-tuple relations over the scheme Stud~nl = {Nom~ , Couru} 
with attribute time-stamping. 

A= Nom~ Coura~ 

(Phil, {I, 2, 3}} (Math, {1, 2, 3}} 

B= Name Course 

{Norman, {1, 2}) (English, {1, 2} } 

C = Name Course 

(Norman, {2}) (English, {2}) 

Figure 4 illustrates the representation of historical relations as 3-dimensional solids in cal­
culating Ax(B.:C) and (Ax B).:( Ax C), respectively. The results of these calculations are shown 
below. 

Ax(s.:c) = Namtt Course! Name: Cour&t: 

(Phil, {I, 2, 3}) (Math, {I, 2, 3}} (Norman, {1}) ( English, { 1} ) 

Namt1 Course1 Namt2 Courst: 

(Phil, o) (Math, 0) (Norman, {1}} ( English , {I} ) 

This example shows that the criterion that the distributive property of cartesian product over 
difference bold is incompatible with the criterion that the ~tlgcbra support a 3-dimensional view of 
historical relations and operations. 

There arc two other incompatibilities among the criteria in Table 3. First, the criterion 
that each set of valid tuples be a valid relation is incompatible with the criterion that there be a 
unique representation for each historical relation. If eve ry set of valid tuples were allowed to be a 
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Figure 4: Ax(B.:c) and (AxB).:(AxC) 

valid relation, the algebra could not have a unique representation for each hist-orical rela tion. For 
example, the following are on ly two of several equivalent representations of a relation A over the 
scheme Home= {Name, State} with attribute time-stamping. 

A= State 

(Norman, {1, 2, 3, 4}) (Virginia, {1, 2, 3, 4}) 

A= Name State 

{Norman, {1,2}) (Virginia, {1, 2}) 

( Normant {3, 4}) (Virginia, {3, 4}) 

Yet, if the algebra allowed only one of these representations, there would be sets of valid tuples 
that would not be valid relations. Hence, no historical algebra can satisfy both of these criteria. 

Finally, the criteria that the algebra support a 3-dimensional view of historical relations and 
operations, have a unique representation for each historical relation , and restrict relations 1.0 first.­
normal-form are incompatible. An algebra can be defined that satisfies any two of these criteria, 
but no algebra can be defined that satisfies all three criteria. For example, consider the following 
two s ing le-tuple relations over the scheme Ho me= {Name, State} with a ttribute Lime-stamping. 
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A = Nam< State 

(Phil, {1, 2, 3}} (Kansas, { 1, 2, 3}} 

B = Name State 

(Phil, {2}) (Kansas, {2}) 

To define difference so that A.:B can be calculated consistent with the conceptual model of his­
torical operators as 3-dimensional operators on cubic solids, the algebra must allow tuples with 
duplicate attribute values in a relation 

A.:B = Name State 

(Phil, {!}} ( Kansas, { 1} } 

(Phil, {3}} (Kansas, {3}} 

or allow the time-stamp associated with a tuple to be non-atomic (i .e .. a set of intervals rather 
than a single interval). 

Name State 

(Phil, {I, 3}} (Kansas, {1, 3}) 

Thus, to suppor~ a 3-dimensional view of historical relations and operations and disallow tuples 
with duplicate attribute values, which is implied by the criterion that the algebra have a unique 
representation for each historical relation (if attributes arc time-stamped), the algebra must allow 
non-first-normal-form relations. 

The five incompatibilities described above all involve at least one of the two criteria 

• Supports a 3-dimensional view of historical relations and operations and 

• Unique representation for each historical relation. 

Table 4 summarizes the effect 83tisfact.ion of these two criteria ha" on the algebra's ability to satisfy 
other criteria. Note that if the algebra satisfies neither of the~c criter ia, then it can satisfy all the 
other criteria. If, however, the algebra satisAcs both of those criteria, then there are five criteria 
that it cannot eatisfy. 
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Supports a 3-dimensional view of historical relations and operalions? 

No Yes 

All atlributes in a tuple canr.ot be 
defined over the same interval(s). 

No restrictions. The distributive property of cartesian 
product over difference cannot hold. 

Tuple time-stamping cannot be used. 

All attributes in a tuple cannot be 
defined over the same interval(s). 

The distributive property of cartesian 

Each set of valid tuples cannot be product over difference cannot hold. 

a valid relation. Tuple time-stamping cannot be used. 

Each set of valid tuples cannot be a 
valid relation. 

Relations cannot be restricted to 
first-normal-form. 

Table 4: Incompatibilities Among Criteria 

3 A n Evaluation of H isto rical Algebras 

In this section we evaluate nine historical algebras against the criteria presented in the previous 
section. We consider Ben-Zvi's Time Relational Model [Ben-Zvi 1982], Clifford's Historical Re­
lational Data Model [Clifford & C roker 1987], Gadia's homogeneous (H) and rnultihomogeneous 
(MH) models [Gadia 1986], Jones' ext~nsion to the snapshot algebra to suppor t time-oriented op­
erations for LEGOL [Jones et al. 1979], Lorentzos' Temporal Relational Algebra [Lorentzos & 
Johnson 1987 A], our historical algebra [McKenzie & Snodgrass 1987CJ, Navathe's Temporal Re­
lational Model [Navathe & Ahmed 1986], and Tansel's historical algebra [Tansel 1986]. Table 5 
summarizes the evaluation of these nine proposals against the criteria. We did not include TERM 
[Klopprogge 1981] and PDM [Manola & Dayal 1986J, both of wh ich include support for time, in 
this evaluation as they are temporal extensions of other data models. TERM is an extension of 
the Entity-Relationship model and PDM is an extension of the entity-oriented Daplex functional 
data model. 

3 .1 Conflicting Criteria 

We first evaluate the histor ical algebras against the seven criteria introduced in the previous section 
that are not aU compatible. Because no a lgebra can satisfy all seven of these criteria, we term the 
criteria conflicting criteria. 
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All attributes in a tuple art defined for the sa.me interval{s). Only Gadia 's homogeneous 
model satisfies this criterion. All the other algebras either time-stamp tuples or allow attribute 
time-stamps in a tuple to be disjoint. 

Each set of valid tuples is a valid relation. The algebras proposed by Ben-Z vi, Clifford, G~dia, 
.Jones, Lorcntzos, and Tansel all satisfy this criterion. Our algebra fails to satisfy this criterion 
because it does not allow relation~ with value-equivalent tuples, that is, tu ples wit.h the same 
attribute values. Navathe's algebra also fails to satisfy this criterion. Navathe's algebra. requires 
that tuples with identical values for the explicit attribu tes be coalesced; hence, tuples with ident ical 
values for the explicit attributes can neither overlap nor be adjacent in time. 

Reotricts rtlation& to first-norma/form. The algebras proposed by Ben-Zvi, Jones, Lorentzos, 
and Navathe restrict relations to firat-normal form_ The other algebras all fail to satisfy this 
criterion as they either allow set.-valued attributes or set-valued time-stamps, or bo~h. 

Supports o $-dimensional view of historical relation& end optrations. Our algebra supports 
the user-oriented conceptual view of an historical relation as a 3-dimeosional space-filling solid in 
that it supports non-homogeneous attribute time-stamping and prevents historical data loss as an 
operator side-effect. It is unclear whether Gadia's mu.ltihomogeneous algebra and Tansel's algebra 
satisfy this criterion as all operations are not defined formally. The other algebras all fail to satisfy 
this criterion. 

Clifford's algebra fails to satisfy this criterion because difference for historical relations is 
defined as a standard set difference operation_ For ex:ample, consider the following single-tuple re­
lations O\'er the scheme Student = {Name, Course} wLth attribute time-stamping, valid in Cl ifford's 
algebra. 

A= ( Tuple Value Tuple Ltjeapan ) 

Name Cour~e 

2- Marilyn z_. Math {2, 3, 4} 

3 -+ Marilyn 3 _, Math 

4 __. Marilyn 4 -> Math 

B= { Tuple Value Tuple Lifespan ) 

Name Cour&e 

1- Marilyn 1 _, Math {1, 2, 3} 

2- Marilyn 2 --> Math 

3 _, Marilyn 3-+ Math 
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Figure 6: Conceptual View of the Difference Operator Applied to Historical Relations 

Intuitively we would expect 

( Tuple Volue Tuple Lifespan ) 

Nome Cr;urse 

4--> Marilyn 4-+ Math {4} 

consistent with the conceptual view of hist-orical relations as 3-dimensional solids, as shown ;:: 
Figure 5. However, application of a standard set difference operator yields 

A= ( Tuple Value Tuple Lijupon ) 

Nome Courae 

2-+ Marilyn 2 _, Math {2, 3, 4} 

3--> Marilyn 3-+ Math 

4 _. Marilyn 4- Math 

producing nonintu itive resu lts. 
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LorenLzos' algebra also fails Lo satisfy this crite rion when relations have multiple attribute 
time-stamps. For example, consider the same single-tuple relations, valid in Lorentzos' algebra. 

A= Name N-Start N-Stop Course C-Start C-Stop 

Marilyn 2 5 Math 2 5 

B= Name N-Start N-Stop Course C-Start C-Stop 

Marilyn 1 4 Math 1 4 

In Lorcntzos' algebra, histor ical difference is defined in terms of the Unfold, set difference, and Fold 
operators. If we unfold both A and B, apply set difference to the un folded relations, and then fold 
the resu lt, we would get 

Name N-StcrL N-Stop Cour~e C-Start C-Stop 

Marilyn 2 3 Math 4 5 

Marilyn 3 4 Math 4 5 

Marilyn 4 5 Math 2 5 

Again, the re.;u\t is inconsistent with t he conceptual view of historical relations as 3-dimensional 

object~, as shown in Figure 5. 

The homogeneous model proposed by Gadia and the algebras proposed by Ben-Zvi, Navathe, 
and Jones also fail to satisfy this criterion. None of these algebras provides a cartesian product 
operator that allows for the concatenation of two tuples containing arbitrary historical informa­
tion without the loss of historical inform ation or, in J ones' algebra, the possible implicit addition 
of historical informat ion. ln Gadia's homogeneous m odel, attributes are time-stamped but the 
time-stamps of individual attributes ar e required to be identical. This requirement necessitates 
the definition of cartesian product using intersection semant ics. In Ben-Z vi's algebra, tuples rather 
than attributes are time-stamped and a Time Join operator is defined using intersection semantics. 
Likewise, in Navathe's algebra, tuples rather than att ributes are t ime-stamped and two operators, 
TCJOJN and TCNJO/N, are defined using intersection semantics. Navathe also defines two oper­
ators, TJOJN and TNJOJN, that allow for the concatenation of tuples without loss of historical 
information. These operators, however , are outside Navathe's algebra; they produce tuples with 
two time-stamps (R. Ahmed, personal communication, 1987). In Jones' algebra, tuples are time­
stamped and carl.csian product operators are defined using both intersection and union semantics. 
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Figure 6: Cartesian Product of Historical Relations 

Consider the following single-tuple relations over the schemes Student = ( Name, Course} and 
I/o me = {Name, Sto.te} with attribute time-stamping. 

A= Namt Cou rse 

(Marilyn, {2, 3, 4}) (Math, {2, 3, 4}) 

B= Name I State 

(Marilyn, {!, 2, 3}) I (New York, {1, 2, 3} ) 

If cartesian product is represented conceptually as a "volume" operation on cubic solids, we would 
expect 

AxB= N4me1 Course Name2 State 

(Marilyn, {2, 3, 4} ) (Math, {2, 3, 4}) (Marilyn, {I, 2, 3} ) ( New Yor k, {1, 2, S}) 

as illustrated in Figure 6. However, since Gadia'a homogeneous model and the algebras proposed 
by Ben-Z vi, Navathe, and Jones all define cartesian product using intersection or union semantics, 
none can support this conceptual view of cartesian product. 

Supports basic algebraic tautologies. Ben-Zvi's algebra , Gadia's homogeneous mode l, and 
Lorentzos' algebra satisfy this criterion. Jones' algebra supports the tautologies, with one excep­
tion. The cartesian product operator defined using union semantics fails to support the distributive 
property of car tesian product over difference. All the tautologies, except the distribut ive property 
of cartesian product over difference, also hold for our algebra. Tansel's algebra does not suppor t 
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the commutative property or selection with union and difference. lt is unclear whether Tansel's 
algebra satisfies the other tautologies as union and difference are not defined formally. Similarly, it 
is unclear whether aU the tautologies hold for Clifford 's algebra, Cadia's multihomogcneous model, 
and Navathe's algebra. 

Tuple•, not attributes, are time· damped. Ben-Zvi, Jones, and Navathe all time-stamp tuples. 
Clifford also time-stamps tuples, but requires that the partial function from the time domain onto a 
value domain, representing an attribute's value, be further restricted to the attribute's time-stamp 
in the relation scheme. The other algebras all time-stamp attributes. 

Unique representation for eoch hi1toricol relation. Because our algebra allows set-valued time­
stamps and disallows value-equivalent tuples, it supports a unique representation for each historical 
relat ion. Because Navathc requires that value-equivalent tuples be coalesced, his algebra also 
supports this criterion. None of the other algebras satisfy this criterion. They all allow multiple 
representations of identical historical information wit.hin a relation. 

3.2 Compatible Criteria 

We bow evaluate the algebras against the remaining 14 criteria. Because these criteria are com· 
patible, an historical algebra can be defined that satisfies all these criteria. 

Consistent extension of the snapshot algebra. Our algebra, along with those proposed by 
Ben-Zvi, Gadia, Jones, and Lorentzos, satisfy this criterion. Although formal definitions for all 
operators are not provided for the other algebras, they too are likely to satisfy this critcdon. 

Dota periodicity is supported. Only Lorcntzos' algebra satisfies this criterion. Lorentzos' 
algebra allows multiple time-stamps of nested granularity, which can be used to specify periodicity. 
None of the other algebras allow multiple time-stamps of nested granularity. 

Each collection of valid attribute values is o valid tuple. Only Tansel's algebra satisfies this 
criterion. Tansel's algebra time-stamps attributes without imposing any inter-attribute dependence 
constraints; any collection of valid attribute values is a valid tuple. 

The algebras proposed by Ben-Zvi, Jones, and Navathe fail to satisfy this criterion because all 
three use implicit attributes to specify the end-points or a tuple's time-stamp, implicitly requiring 
that the value of the start.-time attribute be less than (or ·~·) the value of the stop-time attribute 
in aU valid tuples. Lorentzos' algebra also requires that the values of attributes representing the 
boundary points of intervals be ordered. Clifford's algebra does not satisfy this criterion because 
the value of each attribute in a tuple is defined as a partial function from the t ime domain onto a 
value domain, where the function is restricted to times in the intersection of the tuple's time-stamp 
and the attribute's time-stamp in the relation scheme. Hence, the interval( a) for which an attribute 
is defined depends on both the tuple's time-stamp and the attribute's tirnc-stamp in the relation 
scheme. Gadia's homogeneous model fails to satisfy this criterion, as does his multihomogeneous 
model, except in the degenerative case where each at tribute is defined as a separate subscheme. 
In both models, the requirement thalthc time-stamp of multiple attributes in a tuple be identical 
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implies that there are sequences of valid att ribute values that are not valid tuples. Finally, our 
algebra fails to satisfy this criterion because it docs not allow the time-stamps of all attribute.~ in 
a tu pie to be empty. 

Formal ltmanties is 1puijied. We, Gadia, and Lorentzos provide a formal semantics for our 
algebras. However, Gadia does not provide a formal semantics for operations in his multihomo­
geneous model; rather, he describes a methodology for converting operations in the homogeneous 
model to analogous operations in the multihomogcncous model. In the process, necessary de· 
tails (e.g., how attributes with disjoint time-stamps and empty time-stamps are reconciled with 
the snapshot semantics) are left unspecified. Likewise, Jones provides no formal semantics for the 
time-oriented operations in LEGOL; she provides only a brief summary of time-oriented operations 
available in the language, along with examples illustrating the use of some of these operations. 

Ben-Zvi, Clifford, and Tansel provide formal semantics for their algebras but all provide 
incomplete definitions for certain operators. For example, Ben-Zvi's definition of the difference 
operator docs not include a defini~ion or the Effective- Time-Start and Effective· Time-End or tuples 
in the resulting relation. Clifford's definition of the cartesian production operator does not include 
a definition of the lifespan of tuples in the resulting relation. Similarly, Clifford's definition of the 
u nion operator docs not include a definition of the lifcapan of an attribute, at the scheme level, in 
the resulting relation. Finally, Tansel does not provide formal definitions for his historical union 
and difference operators. 

:'liavathe provides formal semantics for three new historical selection and four new historical 
join operators. He retains the five basic snapshot operators, although his model requires that 
value-equivalent tuples be coalesced. The semantics of these operators are lef~ unspecifiec!. 

Has the upressive power of an hi!torieal calculus. Gadia has defined an equivalent calculus 
for his homogeneous model and we have shown that our algebra bas the expressive power of the 
TQuel calculus. Likewise, Tansel has defined an equivalent calculus for his algebra (Tansel & Arkun 
1985j. Ben-Zvi has augmented the SQL Query Language with a Time- View operator and shown 
that the resulting language has expressive power equivalent to that of his algebra (Ben-Zvi 1982!. 
Rather than modify the semantics of the SQL Query Language to handle the temporal dimension, 
Ben-Z vi uses ~he Time- View operator as a ~.emporal p reprocesaor to construe~ snapshot relations 
that can then be manipulated the same as any other snapshot relations. Navathe bas defined the 
temporal query language TSQL [Navathe & Ahmed 1986), which is a superset of SQL, for use in 
his model. He has not shown, however, that his algebra has the expressive power of TSQL. A 
calculus has yet to be defined for any of the other proposed algebras. 

Historical data los$ i• not an operator side-effect. Historical data loss is not an operator 
side-effect in our algebra . All operators are defined to retain, in their resulting relations, the 
hi storical information found in their underlying relations, unless removal is specifically required 
by the operator. Historical data loss is also not an operator side-effect in Lorent"os' algebra; all 
historical information is embedded in snapshot rels~ions and all operations are defined in terms of 
the basic snapshot operators. Ben-Z vi's algebra, Gadia's homogeneous model, and Jones' a lgebra 
all fail to satisfy this criterion because each time-stamps tuples and defines a cartesian product 
operator using intersection semantics. It is unclear whether the other algebras satisfy ~his criterion, 
as formal definitions for all operators are not provided. 
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Implementation exists. A prototype version of the algebra proposed by Jones has beN• irnrl~­
rncntcd on the Peterlee RelatioMI Test Vehicle (Jones ct al. 1979). Also, a prototy pe version of :he 
algebra proposed by Lorentzos has been implemented on a PDP-11/ 44 as an extension of I:-.1GR!:."'S 
(Lorentr.os &. Johnson 1987B). To the best of our knowledge, implementations do not exist for the 
other algebras. 

includes aggregates. We along with Ben-Zvi define historical aggregate operators formally 
as par~ of our algebras. Tansel also de fines his torical aggregate functions in his algebra in terms 
of a new operator, termed enumeration, and au aggregate formulation operator [Tanscl 1 9Si[. 
Aggregate functions, defined for the snapshot algebra, can be used to compute historical aggregates 
in Lorentzos' algebra. The algebra proposed by Jones includes aggregate operators, but 'hese 
operators arc not defined formally. Although Gadia does not include aggregates in his models, 
he does introduce "temporal navigationn operators (e.g., First), which act similarly to the TQuel 
temporally oriented aggregates. The other algebras do not include any aggregate operators. 

Is, in fact, an algebra. Each of the nine algebras being evaluated satisfies this criterion. 

Model doesn't require null attribute values. All nine algebras being e"aluated satisfy this 
criterion. 

Optimization strategies art a uailabk. Ben-Z vi describes an efficient implementation of his 
algebra, while Gadia presents a computational semantics, designed to aid efficient implementation 
of the algebra, for his homogeneous model. Also, optimization techniques based on the algebraic 
tautologies, with cer tain exceptions for some algebras, could be used in an implementation of any 
of the nine algebras. 

Reduces to the snapshot algebra. Gadia's homogeneous model satisfies tbis criterion; operators 
are defined using a snapshot semantics thus guaranteeing that the algebra recluces to the snapshot 
algebra. Likewise, the descriptions o[ the algebras proposed by Ben-Zvi and Jones imply that 
the operators are defined using snapshot semantics. Because tuple Lime-stamping is assumed 
in Navathe's model, his algebra also satisfies this criterion. Although formal definitions have not 
been provided for operators in Gadia's multihomogencous model, the algebra is likely to satisfy this 
criterion only through the introduction of distinguished null'• when taking snapshots. Because we, 
along with Tansel and Lorentz()$, allow non-homogeneous attribute time-stamps, our algebras also 
satisfy this criterion only through the int roduction of distinguished r.ull 'a when taking snapshots. 

The algebra proposed by Clifford fai ls to satisfy this criterion. Consider the following single­
tuple relations over the scheme Student= {Name, Course} valid in Clifford's algebra. 

A= ( Tuple Value Tuple Lifespan } 

Name Course 

3 - Phi l 3 _,English {3} 
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B= ( Tuple Value Tuple Lifespan) 

Namt Course 

~ • Phil 2- English {2,3} 

3- Phil 3 - English 

Clifford defines difference as a $tandard set difference operation. Therefore, in C lifford's algebra, 

A.:.B = { Tuple Value Tuple Lifespan } 

Name Course 

3--. Phil 3 - English {3} 

Lf we were t-o take a snapshot of A.:.B at time 3, we would obtain the relation {(Phil, English)}. 
However, if we were to take a snapshot of relation A at time 3 and a snapshot of relation B at 
time 3 and take the difference of these snapshot relations, we would obtain the empty relation. 

Support $latic att ribute$, Lorentzos', :"'avathc's, and Tansel's algebras satisfy this criterion 
by allowing both time-dependent and non-time-dependent aUributes. Our algebra and Cadia's 
multihomogeneous model also can support static attrib utes. In these two algebras, the time-stamp 
of an attribute can be defined independently of the time-stamps of any of the other attribu tes in a 
tu ple. In our algebra we would represent a static attribute as an attribute assigned the time domain. 
The other flve algebras all require ~hat the same valid time be associated with all attributes in a 
tuple; therefore, none of these algebras can support static and time-dependent attributes within 
the same tuple. 

Unisorted {not multiMrted). Our algebra, along with those proposed by Jones, Lorentzos, and 
Tansel is unisorted in that it concerns only one object type. Gadia defines a multisorted algebra 
whose object types are historical relations and tempor-al expressions. Clifford defines a multisort.ed 
algebra whose object ty pes are historical relations and lifespans. Both Ben-Zvi and Navathe allow 
snapshot and historical relations. 

4 S ummary 

In this paper, we have evaluated nine historical algebras against 21 criteria. We first described the 
algebras in terms of the types of objects they defi ne and the operations on object instances t l• ey 
allow. Then, we introduced evaluation cr iteria for historical algebras, each of which is well-deli ned, 
has an objective basis for being evaluated, and is arguably beneficiaL We omited properties from 
the list of critena that were either subsumed by criteria, not well-defined, or had no objective basis 
for being evaluated. We also identified incompatibil ities among the criteria. Finally, we evaluated 
the algeb ras against the cri teria. 
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Supports a 3-dimensional view of histoncal relations and operations? 

No Yes 

Ban·Zvi 

Clifford & Croker Gad.aMH 

~ GadiaH 
Tansel 

Jones. et al. 

Lorantzos & Johnson 

(J) 
<l) 

>- Navathe & Ahmed McKenzie & Snodgrass 

Table 6: Classification of Algebras According to Criteria Satisfied 

Of the 21 criteria listed in Table 3, each is satisfied by at least one of the nine algebras and 
three arc satisfied, at least partially, by all the algebras. M was shown in Section 2, the subset of 
conflicting criteria that an algebra satisfies is necessarily dependent on whether the algebra supports 
a 3-dimensionnl view of historical relations and operations and wh~ther each historical relation in 
the algebra has a unique representation. For example, we and Navathe cannot satisfy the criterion 
that each set of va]jd tuples is a valid relation because our algebras satisfy the criterion that each 
historical relation has a unique representation. In Tab le 6 all nine algebras are classified according 
to their satisfaction of these two criteria. Accordin,g to this classification and the summary of 
incompatibilities among criteria in Table 4, Navathe's algebra cannot satisfy one of the remaini ng 
conflicting criteria, Gadia's multihomogeneous model and Tansel's algebra cannot satisfy three of 
the remaining criteria, while our algebra cannot satisfy any of the remaining conHicting criteria. 
The other algebras are not restricted from satisfying the remaining confiicting criteria. There is 
no a priori reason any of the compatible criteria cannot be satisfied; one measure of the quality of 
the desig n of an algebra is the extent to which it satisfies these criteria. 

As no algebra can satisfy all the criteria, an obvious future effort would identify a maximal 
subset of the criteria, requiring a ranking of the criteria by importance. Such a ranking is necessary 
to determine which quadrant of Table 4 is objectively superior. Also, the list of criter ia presenLed 
hero is not meant to be exhaustiv<:; other properties of historical algebras likely merit consideration 
as evaluation criteria. Hence, one aspect of future work is the identification of other desirable 
criteria of historical algebras. 
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