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BIBLIOGRAPHY
W Feller. An Introduction to Probability Theory and Its Applications. Volume 1,
Third Edition. (John Wiley, New York, -1968)

B. V. Gnedenko. The Theory of Probability. Tfanslated from the Russian by B, D,
Seckler. (Chelsea, New York, 1963)

J. E. Huneyeutt, Jr. Introduction to Probability, (Charles Merrill, Columbus,
Ohio, 1973)

J. F. C. Kingman and S. J. Taylor. Introduction to Measure and Probability.
(Cambridge University Press, Cambridge, 1966)

E. R, Mullins, Jr., and D. Rosen.. Concepts of Probability., ({(Bogden and Quigley,
Tarrytown-on-Hudson, N. Y,, 1972)

A, Papoulis. Probability, Random Variables, and Stochastic Procesges, -(McGraw-
Hill, N. Y., 1965)

+»+ and, for more advanced reading, ...

R. B. Ash., Real Analysis and Probability. (Academic Press, N. Y., 1972)

W. Feller [see above] Volume 2.

B. Harris. Theory of Probability. (Addison-Wesley, Reading, Mass., 1966)

M Loéve. Probability Theory, 2 volumes. Fourth Edition. (Springer, N. Y., 1977)
H. G. Tucker. A Graduate Course in Probability. (Academic Press, N, Y., 1967)

" P. G. Hoel. Introduction to Mathematical Statistics. (John Wiley, N, Y., 1954)

A. M. Mood. Introduction to the Theory of Statistics. (McGraw-Hill, N. Y., 1950)
H. L. Rietz. Mathematical Statistics. (M.A.A./Open Court, La Salle, I1l., 1927)

... and, for more advanced reading, ...
H, Cramér. Mathematical Methods of Statistics. (Princeton University Press,

Princeton, N, J., 1946)

N. Draper and H, Smith. 4pplied Regression Analysis. Second Edition., (John Wiley,
N. Y., 1981)

M. G. Kendall and A. Stuart., The Advanced Theory of Statistics., 3 volumes,
(Charles Griffin, London, 1966) '



_ Probability & Statistics Mini-Course 2,

1. ° SETS AND PROBABILITY SPACES

1.1, SETS

A set is a collection of objects, its elements or members. Usually denote
sets by capital letters {4, B, C, ..., &, ¥, 2) and elements by lower—case letters
(a, B, @, vee, &, Y, 2). We say that an element x belongs to, or is a member of,
or simply <8 im the set 4, and we write x € 4, If not, we write x ¢ A. A set may
be defined by evaluation: if p, g, and » are in the set, we write it as {p, ¢, rl.
Alternatively, it may be defined by the truth of an assertion; the set of all
objects 2z such that a statement A(z) about z is true is written {z{:4(3)}-or
{z: A(2)}. [Note: wrepetition or rearrangement of elements does not change a set;

e.g., &, ¥, 8, 2} is the same set as {y, z, x, =, z}.]

A set may be represented in several ways, When two such representations do

denote the same set, we say they are equal, and write, e.g.,

{.‘L.’ y’ g, Z} = {y’ ‘g’ m’ 'm’ m},
5 (1)
{e| 8 -3s+2 =0}

K= {1, 2}

in the latter example, "82 - 33+ 2 = 0" is an example of an assertion A(s) about s,

If two sets are not the same, we write 4 # B,

If every member of a set X is alsc a member of another set ¥, we say that X
is contained in ¥ or that X is a subset of Y and .also that ¥ contains X or that
Y is a superset of X. We write X €Y or ¥ 2 X, [Note: this includes the possi-
bility that X = Y; if not, we write X C ¥ or ¥ D ¥ and say that X is a proper
subset of ¥ and that Y is a proper superset of X. However, very unfortunately,
many people write C and D for what we denote by C and 2: watch for this!]

example,

{s, g} C {p, q, », &8, t},
{y, &, 8} C {w, :ﬁ,-y, Yy Bl ' (2)
(2, y, 5, 8} 2 {y, 2, x, @, «} D {z, ¥, ).
We note that we can always write the tautology, definition by assertion,
§={t: t €8}, (3)

and observe the distinction between an object ¢ and its singleton set {q}:. while

q € {p, q, r}, {g} € {p, g, r}.
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- The set which has »n0 members is called the empty set and is denoted by #.
For all sets X, # C X. The set of all objects under consideration is called the
universe.of discourse or the global set; it will be denoted by W, For all sets
Y, W2y,

An assertion about z, A(x), may be thought of as a function or mapping of W
into the set {'true', "false'} = {T, F} = {1, 0} (with '1' denoting 'true', and
iO', 'false'; but, sometimes, the opposite convention is used!) We may then
write

g = {x] F}, W= {x| T}. (4
We may now define, among several other ways of combining assertions, the following

(defined by tabulating their truth-values),

NoTA = A A A ARB=AVE: A 1T F By AMDAB=ANR A 1 F A
T | F : T T[T T F] T
F | T T F|F F F|'F
IFATHEN B=A=>8: A T F B; AnoRB=A+B: A & F R
ot T T F F| T
F T} F iF_T| F (5)

From these definitions, we obtain a whole algebraic system, called Boolean algebra,

with many theorems; among these, the following are true for all assertions A: B, c:

1 AT = F,20F =T, 38 WAVA = (v A B, t vAABR) = (i) V (),
5 A=R=(A) VB, 6 AVR=RAVA 1TANE=RBAA sAVRVEC=AV BV O,

s WA R ANC=ANRBNANG, W AVR ANC= ANO V BAO, 1 AABVEC
- AVONAV O, 2 A-~A+A,8AVR= AR + A B, u ANB =
A ByB,BAVB= (A NANEB,B AL =AVAE 1T ~A=>H) =
ANCB), L. (6)

These may be proved by logic, substitutional manipulation, examination of Vern
diagrams (in which intersecting ovals represent sets: see below), or from truth

tables; a proof of (6. 17) is shown below.

AR A%£ “KA%@) B ANCB)  The first two columns show all possible combinations

TT T {Fi F | Fi of truth-values for # and ., Each side of the iden-
TF F T! T iT; tity te be proved is then evaluated, using the defi-~
FT T |F; F {F: ning tables in (5). The final values are shown in

FF T iV} T ¥ columns marked !...!. The identity of these columns

proves the required result,
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Corresponding to the Boolean algebra of assertions (or propositional caleculus),
there is a Boolean algebra of sets, We begin with the form (3), and define the

union of sets P and & as the set of objects belonging to either P OR e
PUG={u: (ueP) vV (ueI, (7)
and the intersection of the two sets as the set of objects belonging to both P AND 4:
PNQ={v: (vepP AN(veE}I, (8)
and the complement of P as the set of objects NOT in F:
c
P"= {w: v(w €EP} = {z: x § P}, (9)

It is customary to omit the sign for intersection M and just write P§ for P N &

As in arithmetic, convention allows us to give priority to ¢ over N and to N over

U, so és to reduce the number of parentheses needed., We observe that the assertion,
"r € A is true [for all objects x]", is equivalent to 4 = W; and, similarly, the
assertion, " € 4 is false", is equivalent to 4 = @#. Thus, formally, by (6.5),”

2] x€P > (EPl={z] (xE€P V(xEQP}={z| M(x€P}V {z] z €q)

= ° U@, More importantly, the assertion that PP U g = Wis denoted by P C !

[The assertion states that for all x, <if x s in P, it is also in Q.]

We may now obtain the equivalents of the identities (6) in set-notatiom:

1 W =g,2 0% =w,3 (PU® =7, 4 (P =P UG, 5 PC g
8 PUG=QUP, 1TPg=gpP,8 (PUQ UR=PU(QUR =PUQUR,
9 (PQ)R = P(QR) = PR, 8 (PU QR =PRUGQR, 1 PRQUR=(PYR(GQUR, (10

FPug=mw,

and so on. In particular, we may add that ~(u4) = 4,

(A=BDANB=A) =@=8 ad (A=HAR=0)=EA=0; A
whence (P%)¢ = P,

((ACBABCH)z2U=B  and (ACBABCO)=UCOH. (12

We may now extend the concepts of unions and intersections (using the
commitative and associative rules in (10.6 ~9)) to larger collections of sets,
To do this, we use logical quantifiers: (Vax € G) §(x) is read "for all x in &,
8(x) [is truel]™; (dr € H) S(») is read for some r in H, 8(») [is true]” or

"there exists an r in H, such that S(»)".

cx

A = lo: (3 € {1, 2, e, kD) z €43, | (13)
1 : v

i

2
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[ B

Ay =z (Vi€ {1, 2, ..., kD) 2 € 4] (14

=1

this extends to infinite countable collections of sets:

C 8
hS
H

{@w: (32 € (1, 2, ... € Ai}’ | (15)

w2,
1]
'_l

oa-

N 4,
=1

{w: (vi € {1, 2, ...H x €4} (16)

and then to general collections of sets:

C
i
!

g t._ {x:.(ﬂt €J) & € At}’ (17)

A

__rEGJ . {x: (Yt E€J & At}' . (18)

In every case, we see that results such as (10.3,4,8,11) hold:

(Voeg 497 = Ny 4,55 Mgy 497 = Ypes 4,5, (19)

I

4,08

U = U n Y UB =N
(_teJ t teg 4y (Mg, 4 VB

s (AT5 U B), (20)

Finally, we define the Cartesian product of two sets X and Y as the set of

all ordered pairs [z, y] with £ € ¥ and y € ¥, and we write it as

XXY=A{[z, yl: (€D AN (y €D}

1

{(f: {1, 2} >1)] (F1) € 1) A(f(2) ENT. (21)

The latter version is easily seen to be equivalent to the former, but seams perverse;

however, here again, a generalization may be made as follows.

| x‘tEJ A, = {(Ff: > W)| (vt € &) Flt) € At}‘ _ (22)

[In both (21) and (22), the notation f: @ + R refers to a function or mapping,

mapping elements of the set § into elements of 7,.]
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1.2. EVENTS

We may classify the sets which we shall be using in probability theory into:

(a) Finite sets (e.g., throw a die and get one of {1, 2, 3, 4, 5, 6l};
generally, sets which can be represented by {1, 2, ..., k});

(b) Countable sets (e.g., unbounded but finite seqﬁences of die-throws,
yielding either xy or [ml, xz] or [wl, Ly, m3] oY ..., where
each xi € {1, 2, ..., 6}; generally, sets which can be repre-
sented by {1, 2, ...});

(c) Uncountable sets which are compact (e.g., the unit interval [0, 1];
the unit k—cﬁbe, {[ml, Ly wees xk]f (Vi € {1, 2, ..., k]
0 < x, € 1}; sets in metric spaces which are bounded, such as
ellipsoids or spheres in A-dimensional Euclidean space);

(d) Uncountable, non-compact sets (e.g., the real line, or half-line;

unbounded sets in metric spaces, such as all (or half, or an

orthant) of k-space.

All will be treated essentially in the same way; only, where sums appear in cases
(a) and (b), integrals [predominantly Lebesgue and Lebesgue-Stieltjes integrals]
must be used in cases (c) and (d); with the added complication of infinite range

in cases (b) and (d).

A sample space is simply a set representing the possible outcomes of a
statistical experiment, each outcome being an element of the set [e.g., in
throwing. a die, we get the sample space D = {1, 2, 3, 4, 5, 6}, each of the six
elements being the number on the uppermost face of the die; if instead we throw a
dart at a circle, the sample space becomes the disk C= {(x, ¥ | @2 + y2 < a2}...
if we may assume that the dart will hit the disk! ...; but if the circle is a
dart-board, then we may wish to restrict the sample space to the possible scores,
Cp= {1, 2, ..., 20, 25} U {2, 4, 6, ..., 40, 50} U {3, 6, 9, ..., 60}; a random
generator usdally gives a random value x with 0 < 2 < 1; but if the generator is
implemented on a digital computer, there are only a finite number of available
numbers (floating-point) between 0 and 1; an error in voltage is usually assumed
to be a random number on the entire real line (though with extremely low probébi—
lity of .being very large); the same assumption is usually made, somewhat less
reasonably, for a test-score or length-measurement: the first example is ih case

(a), the second, (c¢) {or perhaps (d)), the third, (a); do the rest of the list].
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‘An event is a subset of the sample space considered to be "observable" for
the purposes of the experiment, Just as the sample space is neot uniquely defined
(e.g., we disregard the orientation of a die when tossing it to make a score; we -
showed how the sample space differed, according to what we did with the throw of
a dart, and so on), so the class of possible events is at our disposal, to a certain
extent. However, this class is always defined so that it has the following proper—
ties (taking S as the universe of discourse W) :

' (1) the empty set # is in the class §;
(2) the entire sample space S is in the class S
(3) if a set £ is in 8, then its complement B in 5 {SEF] is in & too;
(4) if a countable collection of sets E. are all in §, then their
URTON Li;l Ei is ;n S too.
Since F%E% = (UiEéc)c, we see that the equivalent of (4) holds for all countable

intersections also.

A class § satisfying the axioms (1) - (4) is called a o-algebra (or o-field),
pronounced a "sigma-algebra", In a c-algebra of events, we can talk of "the event
that one of a {(countable) class of events occurs" or "the event that all of a
(countable) class of events occurs” or even "the event that infinitely many of a
(countable) class of events occur", and remain in the c-algebra, This permits us
to do the necessary mathematics, The limitation to countable classes, in (4) etc,,

does not cramp the practical applications, while assisting the mathematics.

In a finite sample space, we can take the g-algebra of events to be simply the
(finite) class of all subsets of § (the so~called power-class of 5); if & has k
members, § will then have Zk elements (events). [When in doubt, think about this

gituation!]

1.3, PROBABILITY

A probﬂbﬂﬂw is a particular case of what is called a measure., Given a sample
space § with a o-algebra § of events, let u be a function mapping § into the real
line R [note that the elements which u maps into real values are evenis, éets in §;
not outcomes, elements of the sample space S]. Then p is called a measure on §

iff [i.e., "if and only if"]



Probability & Statistics Mini-Course 8.

(1) for all £ in §, u(E) > 0; [sometimes this is relaxed]
(2) in particular, u(d) = 03
(3) for any countable collection of disjoint sets Eé (for which 7 # J im-

@K oo

WU E) = T wE; (23)
=1 ¥  i=1 L

plies E’LEJ = @) in S,

[this is referred to as the disjoint additivity propertyl. If, in addition, u(S) is
finite [we say that u is totally finite], it is a simple matter of scaling to set
(4) in particular, u(s) =1,

and then we call 3 a probability on the sample space, We call the complete
structure, consisting of (S, §, u) a probability space, or sometimes the term

"sample space" is used for this, too.

2. ° RANDOM VARIABLES, DISTRIBUTIONS, INDEPENDENCE

2.1. RANDOM VARIABLES

Consider an arbitrary function ¢ mapping 5, the sample space of a.probability
space {5, 8, ), into the real line R, For each outcome s € 5§, ¢ yields a real

number @{8). Let Ia denote the semi-infinite interval (-«, ©), for any o € 2.
Iu = {z € R: x < al}. (24)
Then we write w"l(Iu) for the inverse image under ¢ of the set Ia’ the subset of
S whose images under ¢ in R lie in Ia:
eI = {5 € 5: o(s) <ol (25)
We call ¢ a random variable iff, for all real a,
oI €8, - (26)

It is readily verified that there is a o-algebra of subsets of the real line R,
which is the inte;section 6f al1 the g-algebras containing all the I&; it ié called
the o-algebra of Borel and will be denoted by §. We can also easily check that,
for any subsets o and'K; of R, . ' '

o . ’ ©

gy =8, oTR =5, ¢S = (LS, (U k) = Uiy,
: : ' r=1 ¥ =1 r

(27)
whence we see that (by the axioms (1) = (4) of a g~algebra), if (26) holds, then
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(vk € 8) cp'l(K) e s, (27)

The structure R, S, uw_l), where R is the real line (range of the function

@, & is the class of Borel sets defined above, and um_l is the function such that

(VK €8 (o D& = ule S(1), (28)

is called the distribution of the random variable ¢. It is easily seen that the
distribution of a r.v. [random variable] is itself a probability space, with uw"l

the probability (satisfying the axjoms (1) - (4) of a probability).

Further, since (26) suffices to generate all of (27); i.e., the pwnl(Iu)
determine the uw_l(kj, so to speak; it follows that we may limit our consideration
to the fﬁnction 1
Flo) = wo (I) = ulle € 8| o(s) <ab). - : (29)

This fﬁnction, non-decreasing with increasing o (and left-continuous; if the <

is replaced by ¥, it becomes right-continuous), is called the cumulative distribu-

tion function [c.df. ] of ¢. [Note: where F(p has zero slope over am interval (,
uw_l(CU = Oﬁ where the slope is positive, there is positive probability; and where

.F(p has a (positive) jump-discontinuity, there is positive probability ot a point;

the last situation occurs when the distribution is diseprete, e.g., the dice-score

with 8 = {1, 2, 3, 4, 5, 6}, § = {8, {1}, {2}, ..., {6}, {1, 2}, {1, 31, ...,

{5, 6}, {1, 2, 3}, {1, 2, 4}, ... ..., {1, 2, 3, 4, 5}, ..., {2, 3, 4, 5, 6}, 5}

(26 = 4 sets in all), umil({i}) =p; (£ =1, 2, ..., 6); then, if an event X is

determined by (wl, Wos eaes m6), with w. = 1 if 4 is in the set, = 0 otherWise,._
-1 .6 =1 b o4 .
Hp T(K) = Ei=lwipi’ so that up (5 _Zi=lpi = 1 (generally, we try to make all the

ﬁ w./6); now F takes
=17 ]

on the appearance of a staircase, rising from height 0 to the left to height 1 to

p; equal, which implies that every p; = 1/6 and um"l(K)'= z

the right, with steps of height p, at each:of the points o = 1, 2, ..., 6.]

while mixed distributions do occasionally occur; most commenly, we have to.
do with discrete diétributions [casés (a) and (b) of §1.2]1 or conitinuous distri-
butions fcases (¢) and (d)]; Discreté distributions have a finite or countably:
infinite set of points a (Z =1, 2, ,..) at which there is probability pi; with

z. p; = 1 and F@(a) =.' §:< D (30)



Probability & Statistics Mini-Course 10,

Continuous distributions [the corresponding probability is said to be absolutely

continuous] have a probability density (o) [called the Radon-Nikodym derivative of

-1
the probability pg ~ ] given by

- 4 :
p(a) = daF@(q), . (31>
+oo o
with J do p(xy = 1 and Fw(u) = J dx (o). (32

[Note: if we are in case (a) or (c), the sums or integrals in {30} and (32) be-
come finite, instead of infinite; this is sometimes described by saying that the
dsitribution has finite support (in case (c) or (d), the "support"” is the set of

values for which p is positive (i.e., non-zero)}).]

It is easily seen that (i) a constant function is a r.v.j (ii) any comnstant
multiple cp of a ruv. ¢ is a r.v.; (iii) any Ilinear combination I, e.o. of r.v.
®; is a r.v. [To prove that ¢ + ¢ is a r.v., see that if ¢(s) + ¢(s) < ¢, then
p(e) = £, ¥(8) = o - & - g, with € > 0; whence there is a rational number q,'such
that § < g < § + g, for which ¢(s) < g and ¥(s) < a ~ g; and therefore, by definition,

-1 ~ -1 -1 .
o+ W UY CB =Y g 0 UV, ), (33)

where @ is the (countable) set of rationals, Now, w_l(Ia) and wfl(IB) are in §,
by (26), since v and ¥ are supposed to be r.v.; so that Pa’ being obtained from
these sets by intersections and countable union, 1s 1itself in the g-algebra S,
Further,.if g € Pa’ there is a g € @ for which ¢(s) < ¢ and y(s) <a - g, wﬁenéé'
m(s)'+f¢(s) < a, putting & in [¢ + ¢]_1(Ia); which therefore equals Pa}; (iv) the
product of r.v. oy is a r.v.; (v} the maximwm and minimem of r.v. 0. are r.v.;
(vi) a simple function is one which takes a finite number of distinct values,
each on a set in § (these sets necessarily being disjoint and forming a partition
of the sample space 5); any linear combination or product of simple fﬁnctions is
also a simple function, and any simple function is a r.v.; (vii) any non-negative
valued r.v. is the (pointwise) limit of a nondecreasing sequeﬁce of simple r.v,
[Fox gach p=11,2, ..., partition the positive values in-steps of 27F ¢4 2p,
by'J?,q = {x: (g - 1)2—p_< x < q2"P} for ¢ =1, 2, [N 2%P and'J?,O = {x: x> 2P7,
Define the simple r.v, rp‘by puttirg

@) = (g- 12 i se cp_l(Jp_q)-,' else 1 (s) = 2P, C(34)
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Each o =Y (J? = IuIBC with a = qf2—p and B = (g - 1)2_p), so each wa(JP q) €
k] ] r
8; whence the 1_ are indeed simple r.v. Clearly, for every s, Tp(s) = o(s8). -
Since @(g) 2 0 for all &, ¢(8) must Iie in one of the J ¢’ for each choice of p.
2

If @f{s) € JP’O, p(s) = 2"p = 2 x2_p—l; so that Tp(s) < Tp+l(8). If, instead, o(g)
€ J 7 then (g - 1)27F € o(g) < g27P, so that (2g - 22 P71 < sy < 2q2_p_l;
whence Tp(é) = (g - l)2up and Tp+l(8) Z (29 - 2)2—p-l = Tp(s).]; (viii) the
positive part (p+($) = max{w(s}, O} and the negative part ¢ (g} = -min{e(s), 0}

of any r.v. © are r.v. and are non-negative, and o{s) = m+(s) - @ _(8); (ix) the
supremun, infimum, 1im sup, and lim inf of r.v. ¢, are r.v., and so, if a (poin-
wise) limit exists, it is a r.v.; (x) any coniinuous function is a r.v. [In order
for this to have meaning, we need to have a fopology on S, such that all the open
sets of the topology are in §. 1If so, since a function is continuous iff the in-
verse images of open sets in R are open in §, it suffices to show that all open
sets in R are in &, Since all open sets in R are countable unions of open inter—
vals, and since the open interval (o, B) = IB(ri=1Iu+1/n)c’ we see that this is
indeed -the case,]

All this is to confirm that all the usual algebraic and limiting operatioms

may be applied to r.v., leaving them as r.v., and all the simpler functions are

r.,Ve.

2,2. CONDITIONAL DISTRIBUTIQONS AND INDEPENDENCE

Consider a probability space (5, S, u) and let. E € § be an arbitrary event,
The structure (E, SE’ uE) is a probability space if SE’iS a c-algebra of subsets
of E and if Wy is a probability on SE“ Let

5. = {Ex] x € §}. . (35) .

P, E = ES (since £ C 8), E(EN® = B(E v 1% = 5E° u gx° =
c oo o . .
E(SX’)? and L%=1EX£ = E(L%=1Xi)’ we see that all four axioms of

Then, since ¢
g uES = BX°

a g-algebra are satisfied. Now for all X €S8, let

np(EX) = L(EX) /u(E). : - (36)
Then all axioms of a ﬁrobability are easily verified; notably, uE(E3 = p(EY/ u(E)

= 1 and w (U EBX,) = w(U._ EX, <1 : = 5w
Loand up(V,_ BXp) = u(Y,  EX ) (WE) S 2, qw(EX)/w(B) = L, up(FX).
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The probability space (E, S_, uE) so defined is called the space conditional
on .. We call uE(EX) the probability of X, given E or conditional on E, and
commonly write .
wp(E0 = w(x| B). -+ (37)
In a finite sample space, such as the die-throwing experiment mentioned earlier,
we may, e.g., take ¥ = {1, 2, 3, 4}, "the score is less than 5", and then u(E)
= 46 = 2/3; so that u({i}| EY = %/% = %~for every © € E, This is intuitively
teasonable (the relative probability of outcomes in Z should not be affected by

the rejection of data outside E).

Any random variable ¢ on the original probability space will have a condi-

tional distribution with respect to E, namely (R, &, uEw%l), with
~1
= - = 2 E :
F@(u! E) H®p (Ia) u({e € E: ¢(e) < ab)/u(E), (38)
where we write @él for the inverse image by ¢ restricted to E:

Op E - R, . with (Ve € E) mE(e) = ple). (39)

If two sets X and Y in 8§ are such that

u(XY) = w(MHuly), (40)

then we say that the sets are [statistically] independent; and we note that, then
wxl v = wx  and  uw(xi X = w(®, (41

by (36) and (37). Thus, the probability of X, given Y, is the same as the pro-
bability of X, given S {(i.e., given no information about the occurrence or not

of thé event Y}: this certainly satisfies the intuitive concept of indeP?ndepce.
This may be extended to collections of sets; the sets Xi are collectively [statis-

tically] independent iff, for any finite subcollection {Xi R X{ s eres Xi ¥,
. 5

1 2
s 8 :
N X ) = T wX, ). (42)
=1 7 =1 7
Let

where (St’ St’ ut) are probability spaces for all + & J., Write

5= B Sy (44)
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for'the intersection (itself a o-algebra) of all the g-algebras containing the

Cartesian product (compare (22))

Xpgr 8, = (B J +ut€JSt)l (vt € J) R(®) €85} (45)

Now it is possible to prove that, if one has a probability defined om the product

(45), it can be extended uniquely to a probability on the class (44).

In particular, it is possible to define a probability u on (45) by saying'tﬁat,
if the function R maps infinitely many of the ¢ into proper subsets of St’ then

u{f) = 0, while if only a finite number of them, say tl’ Loy eeey tm do not map

2’
into St itself, then
m
w(R) = W u (R(%,)), if R(E) C 5

ey t oo (46)
h=1

only if ¢ = ¢ t
Hi

t 1* 72
This probability, extended to & is then called the product probability, Now consi-
der the event F; this corresponds to an experiment in which there are many trials
(each identified by the index ¢ in the set J, whatever it is), and in which we
observe that, in the trial indexed th’ the event R(th) oceurs, for A =1, 2, ..., m;
while no information is given for the outcome of the other trials. The adoption of
the product probability then corresponds to the statistical independence of the

trials.

If the individual probability spaces (St’ St’ ut) are identical, being instan-

ces of the same trial, then we can write our Cartesian products as Cartesian powers

S = '§XJ, S = §®J, u = u®J (47)

with the dotted underline denoting the previously-indexed, now-identical sets.

This situation is referred to as repeated independent trials or just Bernoulli trials,

The probability formula {46) then simplifies to

mo . '
(vm) w(R) = 10 M(R(th)), if R(t) €8 only if £ = tl’ t2' . tm. (48)
h.__ l . N

For an example, we return to the dice-throwing experiment (either in the form of
N successive throws of the same die, or.of the éimultaneous throw of ¥ identical
dice, so as to have no interference between their motions), and ask for the pro-
bability of getting just m scores.of a 3 or a 4, The probability of this single
event is 2/6 = 1/3. Thus, by (48), the probability of at least a specified m

throws yielding this event is (AOH% but the probability that these will be the

3 .
only occurrences of the event is C%Om(l —’%)mhm = 2m/3m. Now, the m throws in

'
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question may be selected from the total of N throws in just (g) ways, and each

of the resulting events is disjoint from all the others; so the additivity pro-
perty (3) of probabilities tells us that the probabilities of the (ﬁb alternative
events is just the sum of their individual probabilities (which are all equal);
whence the overall probability is (g)Zm/BN. Tn relation'to our previous formalism,
we have E = {3, 4} € 3, w(E) = 1/3, p(@c) =1~ u(E) = 2/3 [since E and @c are dis-
joint and E U E" = S; so w(E) + w(E) = p(E UED = (8§ = 1], with dotted under-
lines referring to the single-throw probability space; and u(R} = (%Jn?when H(th)
=Efor k=1, 2, ..., m while W(R) = (3 L (Z)N m
t, and RY(¢) = gc for all other ¢ € {1, 2, ..., N}; finally, R'R" = § unless ti =

h

" . P £ r = ot
t, t, = th, ..., Bl =tV (i.e., R' = R").

when R'(th) = F for the same

This last example generalizes slightly to an important distribution, the
binomial distribution, in which we have a sequence of ¥ Bernoulli trials in which we pick
an event F,with probability p(E) = p, and g = 1 - p. The same reasoning as above

gives, in the most general case, that

u[there are exactly moccurrences of K] = u(R’) = (AS m K- m (49)

where we write p[@] to mean "the probability that  7s true". Note that this is
a finite discrete distribution, with support at m= 0, 1, 2, ..., N, despite the
possible infinity and continuity of the underlying product or even single-trial
probability épace. The fact is that, while 5 may be very large and complicated,
we effectively use only the simple g-algebra §; = {p, E, B, S}.

2.3. SPECIAL DISTRIBUTIONS,

We have just seen one special distribution, the binomial. Another which is
very important, but is continuous and unbounded, is the normal distribution, Here,

the probability density is proportional to exp(—~%ag). Since, as is readily veri-

fied, o L2 :
f+dx /L (50)

o]

we see that the probabilitry dénéity must be
ko2 '
py (o) = e 2% //2m, (51)
1

A simple change of coordinates shows that, if

r = ijf‘ s . | (52)
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the probability density becomes

—fa—p) 2 N
b (B = e (B-m) /ZU//Zﬁv. {53)

myv

This density-curve is centered and symmetric about the value m and tends smoothly

to zero as B - *», The "width" of the central peak is proportional to Vo,
A different change of coordinates,
r = /ﬁ, | (54)
yields the (one-degree of fpeedgm) chi-squared distribution with density

P (M = e /Tmy, (55)

Note that the square root now contains the variable v, not a parameter of the

distribution.

Two r.v. ¢ and ¥ are said to be independent iff the sets w_l(Ia) and ¢_1(Ié)'

are statistically independent for all real o and B. This means that (by (29), (36),
38 '
(37), (38), (A0 re(e) < a| we) < 8] = ule(s) < al, (56) -

agreeing with the notion expressed by (41). Then the conditional c.d.f. of ¢ is

i

ool v < ey = F ol 0TI Y) = ulete) <al/u(sTH(I)

FOUNCE (57)

Also,.ﬁ[@(s) € (a, a+ & Ayls) € (B, B+ )] = ulo(s) € (o, a+ &) 1uly(s) E-(B, 
B+ )i = [Fw(u + §) - F@(a)][Fw(B + g) - F¢(B)]. Thus the joint probability
density of ¢ and ¢ is

p (o, B) = Dw(a)p¢(8). (58)

[ng)
The extension to several r.v, is immediate;

If we take f independent (0, 1)-normal r.v., with density (51), we get'a
joint probability density ' | |
FORRS 10, - (59
where £ denotes the real vector @l, Eor ees Ef), and E = E + g . gf?.

If we Now put u = E (compare (54)), it can be shown that thls r.v. has density
..,l«
fm) L5 o1y, (60)

where, if f is odd, (% - 1)! = (f -1/ Zf; (;(f DY, a gamma functeon



Probability & Statistics Mini-Course 17.

E[¢+]'= E[ ] = = [sometimes, integrability is taken to imply finiteness, restricting
the class somewhat further], '
For digtributions of random variables, we can effect what amounts to a '"change

of variables", yielding
—+co

E[¥%] = J du(s) y(s) = jdx plx) z. (67)
3

-0

For a discrete distribution, the corresponding formula becomes

E[Y] = [ p; o (68)

as in (30)., Both formulae may be put in the Lebesgue-Stieltjes form

oo
E[y] = J de(fc) x . (69)

Using the characteristic fupction of a set 7, we may define the integral of ¥ over

the éet T as
E 9] = Elyx,) = deu . | (70)

This is also called the conditional expectation of v, given T.
We observe that, if the wi are r.v. and the ci are real numbers, then

Eli e v,] =L e Ely.l; 71y

‘and if ¢ and Y are r.v.; then, in the discrete case, if ¢ takes values o with
probability p; = u(Ai) and { takes values Bj with probability qj = u(Bj), then,
if ¢ and Y are independént, so that u(AiBj) = piqj, ‘

. L,
L

E(e] = 2 WA o 8= p, a0, B =El6] E[B].  (72)

J

In the continuous case, the derivation is'completely analogous, using (58) and (67).

3.2. EXPECTATIONS OF SPECIAL DISTRIBUTIONS

We begin with the binomial_distributioﬁ; as given in (49)., The r.v. here is
m and its distribution has support {0, 1, 2, ..,, N} (i.e., these are the possible

values of m). By (68), the expectation of m is
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i N

E{m] = Z ulm successes] m = Z (N) pm qN;m m. (73)
m=0 m=0 "

We now use a generally very useful algebraic result: for ¥ 2m 2k,

W BN - DWW - 2 (W = m+ 1)
G mlm = 1)(m = 2.0 (m = k 4 1) = s o=ttt

_ (F - KW -k -~ D.,..(8-m+ 1)
=H@ - Do W=kt l)~a§ ~ B (m -k - 1)... xtx3x2x1
=B - D@k (T, (74)
whence, in the case of k = 1,
' N
E{m] = lp ] (ﬁ “ DT
m=1
N-1 . .
-1 N~1)-7 . N-1
- ] Fh P e e g
4=0
= Np. (75)

[Note: in (73), the number of occurrences of the event £ is called the number of

"successes"; the occurrence of E- is called a "failure".]

Now consider the normal distributien, first in the form (51)., Then

e d ;'OEZ . 1 “%0{,2 oo

P —;éuz o l Y .
_ Efa] = F do e Tom = Tor J da 'a'&-(—e ) = T5m [~2 ]Hm = 0. (76)

—a0

Now turning to the general form (53), we see, by (32), that

+oo
~(g-m?/2v Bom o m /v f d d(_e—(B-m)z/Zv)

400
EL8) = I_wd‘?’ ° 7z T Vi) T Von 3

2 -
{~e*(BFm) /Zv]+ + m= m. (77)

—0

-+co
m -(g=m)?/2v _
+ T f di e =

This shows that the parameter m is the mean or ekpectation of the normal r.v. R.

For the chi~squared distribution, we consider at once the general form (60) with

f degrees of freedom [d.f.] Then

. o . o 1 1 )
E{ul = f+ dy o B 1 g/z%f (5f - 1)! =j1_ du e % u(ﬁf“l)“l/zgfkl((%f41)~1):

-0
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' 5f+l 5 ! ed
where we note that 2 ((BFf+1)-1)1 = 2% (5f - 1)! f; and so, by (32) applied to (60)
with f + 2 d.f., we get that

E{u] = f. (78)

Finally, for the Poisson distribution, given in (62), by (32),

A -A A —A
E{m] = Zp mxz——-'—e m = Z-M_ ;e
=0 My A =0 m! =1 (m 1!
®
= X z —)-l""' e A = A, ’ (79)
g=0 7*

3.3. HfGHER MOMENTS; VARIANCES, COVARLANCES

The mean value of a r.v. ¢ is the expectation of its first power. It is also

possible to ask for the expectation of its k-th power, and this is the k-th moment ,
k
m (4] = E[y"]. (80)

Since products of r.v. are r.v., this generally exists (unless E[(lpk)+] = E[(tpk) ] = =),

More interesting is the k-th central moment, defined by

* k
mk[m = E[(y - E[y])]. (81)
In connection with these, we have the moment generating function,
%
2y, 1.2 . a ‘ _
E[e™"] = 1+2E[y] + 52'm,[¥] + ... + 35 m (9] + ..y (82)
and the characteristic function,
2 ank

E[eitw] = 1 + 1tE[¢] —-%‘t mz[w] - ... F T mk[l‘b] + ... (83)

The particular case of the second central moment is of surpassing importance,
since it yields a simple measure of the "spread" of the distributjon. This moment

is called the variance of 3y, written

% 2 ‘ 2 2
mz[lb} = E[(¥ - E[¥D)"] = var[¢] = E[47] ~ (E[YDD7. . (84)

This quantity is of the dimension of the square of y; its square root is of the

same dimension as that of ¢ and it is called the standard deviation [s.d,] of y.
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We now review our special distributions. First, the variance of the binomial
distribution is (by (49), (74), and (75))
N
2 2 2 N m N-m 2
L Opg m

N .
var[m} = E[m°] - ¥p° = -7 = T O e - 1

=0 m =0
¥on m dem 2 o ¥ m_ 2 g2 yem
GO A I ey [ G D N G P
m=0 =2
2 2 2 =2y Lo i o(w-2)-3 2
+ E[m} - Np° = WV - L)p° ) ( p Yo' g Iy - sz

J=0

]

B - Dt + T2+ mp - wR% = B - Dp? o+ Wy - 37

p - Np® = Fp(1 - p) = fpq. (85)

Secondly, for the normal distribution, first as (51), then as (53), we get

yar[u} = E[&Z} -0 = Jj:da e_%azig% = 7%; fi:da o é%(—e_%aé)
= 7%; [-a e"%az]f: +.7%F !i:da A i, (86)
by (56), (76), and noting that ue—%az + 0 as o > to; and
var[8] = E[%] - nf = Jj:dﬂ (M2 (B s gy 2
= ff:da/v e”%m2 5%%% + mxm - me - = v, | (87}

by substitution of B8 = m + a/v, and (77) and (86). This shows that the parameter
v is the variance of the normal r.v. B. Thirdly, for the chi-squared (often writ-
ten XZ) distribution with f d.f.,

var{u] = j du e

.

%

FUF+2) - f
= 2f, (88)

much as we obtained (78), noﬁing fhat Z%f;z((%f42)—1)! =-2%f(%f - 1) 4(%f)(%f41),7

u u%fL1 uZ/Z%f (5F - D1 - fz

and using (32) on (60) with f + 4 d.f. Finally, for the Poisson distribution,
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o m o m .
- ~A
var[m] = 7} ’AT e mZ -2 - ) '%T e m(m- 1) + E[m] - A2
m=0 ™ =0
o m— 2 .
= )2 ¥ TA”ETT R T ST ) (89)
me2 Al

If we have several r,v,. wi’ we may compute a matrix, called the variance-covariance

matrix V({), where ¥ = (wl’ wz, vees wn), whose component

[chij = Ef(v, - E[wi])(nbj - ijm. ' (90}

The diagonal elements of the matrix are, by (84),
V(W 1, = var(e.l, : (91)

the vartances of the Ve The off-diagonal element is called the covariance, The

element (90) is written

V(01,5 = covliy, v.1. | )

7
This quantity may be rendered dimensionless in the form of the correlation

coefficient:

T

= covio, Y] . '
oV V(var{el var[y]) °* B (93)

and the Cauchy-Schwartz-Bunyakovsky inequality shows that

(covio, ¥1)° < var[e] var[v] and < 1. (94)

gy
[To préve this, observe that, if E[¢] = ¢ and E[¢] = 0, {(¢ - @) + A (¥ *.E)}Z 20,
S0 E[{...}z] Z 0, and this expression equals var[o¢]l + 2X cov|[eop, w]d-AZ var[ul.

This is non-~negativée for all real A iff there are no real soclutions to the corres-

ponding quadratic equation, i.e., iff the first inequality in (94) holds,]

3.4, LIMITING DISTRIBUTIONS

. The binomial distribution leads to both the Poigson and the normal distribu-
tions as limiting forms, as the number of trials N » «, TFirst, we remind ourselves

of a basic result of analysis: for any real x, y, and z,

Nytz:  my -
(1 + %b vra L M as. N+ =, O (95)

, . . . ' ' . AL L
[A proof is given in A?pendlx A to these notes,] Now let p = 5 as N » = in (49);
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then ulm successes] = N - D - zﬁ"'(N ~mt 1) (jﬁn%l - jﬁﬂLm
ml N yij
A 1 2 A N-m
= ;ﬁ'(l - ﬁg(l - E)... - ) . (96)
B PR )
Y Y
o 8
Now, as § > =, the factor o satisfies (1 - %?m t Zo 2 (1 - ELiri)m l, and both .

bounds tend to 1 [case y = 0 of (95), with x = 1L orm -1, 8 = m- 1]; and the
factor B tends to e_A fecase = =X, y = 1, g = -mof (95)]. Thus, we recover

(62), the Poisson distribution.

To understand the Poisson distribution, we consider a point x uniformly randomly
%%3 é%}, of length-%. Consider a fixed unit interval,

-say (0, 1). The probability density of x is-% in the larger interval [we assume that

N > 2)], and the probability that x lies in the umit subinterval is then-%-= . Now

located in the interval (-

take ¥ points, independently uniformly distributed in the larger interval; then the
total density of points is A, regardless of the value of ¥, and the probabilitf that
m of the N points fall in the unit subinterval is then ulm] as in (96). If we let
N~ =, we create a situation in which infinitely many points are independently uni-
formly.distributed in the entire real line, with fixed density A (per unit length),

and the probability that m fall in any unit subinterval 4is then Poye
¥

Now, let us consider a situation in which m and & both tend to infinity, in
such a way that & = (m - Np)/vipq remains finite, and write ¥ = m - Np. Then the

probability demsity of the r.v. £ is, asymptotically,

o(€) = lim wilm - % - Np)/viipg S & < (m+ %5 = Np)/v/lpq]
e : 1/ Vipg
= limN+m Yipg u(m) = limN - VlNpg (N m =m
L . m Np+X Ng-X
Mo P O T B (i < D) q
Lo
- lim ipg . a2 Np+XéNq-X
1/ — - - - - .
N-roo /E;tNP+X)NP+X+Ze Hp XVE?{quX)Nq X+%e Ng+X
o “Np-X-% . X -Ngti-k .
11mN+w %—w (1 + —- p (1 Nq) L (97)

where we have used the famous asymptotic formula of Stirling,

St~ Jow 5YE 75 S (98)
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Now let us proceed much as in deriving (Al) of Appendix A,

X evpq, _ EYpq _ 1 g%pg . 1,E/pq\3 _
log(1 + 125) = log(1 + =5l > + 3(3;%3) -

B oVl o2
Vg 1 g2 _ I
z%%vi“i%%vq”?(iﬁlﬂ'); (99)

| _ X \Np+X+s, _ 1, Evpg _ 1 g2 1
so, log{(1 + 7o) 1 = (Wp + &/lpg + 3>[2;g§ -3 2;5? + ()]

e/lipg + —%—Ezq + 0(71]-17), (100)

and, similarly, when we change the sign of £ and X, and interchange p and g,

X

Ngq-X+%
logl(1 - )"0

1.5 1
= . -— + .
] EVlipq + 5 £5p + 0(yp) (101)
Now return ta (97), using the exponential of the sum of (100) and (101), with the
leading terms cancelling, to yield that
1 1., 1., 1 -%2

p(8) = o= limy  exp[-58°(p + @) + O(7p) ] = 5 e Pg,1(8).  (102)
Thus, we see that, for any choice of finite p and g = 1 - p, when N + = and we
look at & = (m - Np)/VNpg remaining fixed and finite, we see that its distribution
approaches the normal distribution with mean 0 and variance 1, This result is cal-
led the Demoiwre-Laplace Limit Theorem. This is a particular example of the (entral

Iimit Theoren, described later.

3.5, MISCELLANEQUS RESULTS

(i) BAYES' THEOREM: Let (S, S, u) be a probability space and let events
E% € § form a partition of S (i.e., Ui Ei = § and (Vj # 1) EEEE = f); then, for

any event X,

Xy = L. wx| E) wE,
w® =z x| ) u(E) | (103)

J

and WE] 0 = x| B w(Ey / B oux| B w(E). (104)

"[By (36) and (37),_u(X1 Ey = n(XE)/u(E)y and u(E} Xy = p(XE)/u(X); and by the
additive property (23) of the probability~measure, since the sets XEi are disjoint
if the Ei are disjoint, .
p( = wxS) = WX Y.E) = wU, XE:)
71 7 1

L, _u(XEi); (105)

whence (103) follows. Since U(Eil Xy = u(XEi)/u(X) ned Ei)u(ﬂg)/u(X), we see
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that (104) follows from (103).] If we know the probability of X, conditional on

each ¥ ., and if we observe that X occurs, this theorem tells us the probability

that the event Eé has occurred.

(ii) CHFEBYSHEV'S INEQUALITY: Let % be a r.v. with mean m and variance u.
Let ¢ > 0; then

ullyp - m| 2 Y(v/e)] <¢; (106)

or ulm - § <y <m+ 8] 21 - v/§°, (107)
where we have written § = /(WVE), and have taken the complementary event,

[By (84), v = var[y] = E[(¥ - E[v])?] = ft:df"w(x) @ -m?. Let A= {m: |v - m|
2 V(v/e)}; then v > fAde(x) (z - m)2 2z (v/e) fAde(:c) = (e) u(4); whence u(4)
£ ¢, which is (106). Now (107) follows immediately by substitution.]

We note that this bound is true for any r.v. with a finite mean and vafiahce.
In the case of the normal-distribution, with & = 3vv, éay, standard tables tell us
that u(4) ~ 0,0026998, while Chebyshev's inequality only yields u(4) € 1/9 = 0.111,..,
a very conservative bound! However, Chebyshev does apply in virtually all cases.
As another example, consider a coin-tossing experiment in which we score 'l' for
a head and '0' for a tail; thenm = % and = %, Thus |¢ - m[ = % for all outcomes
and so u(d) = 1 if /(v/e) = %/Ve < %; i.e., € 2 1; otherwise, u(4) = 0. Here, the
inequality (106) yields that u(4) € g; so that any ¢ 2 1 deoes not bound u(4) at all,
and any ¢ < 1 gives nu(4) < e, when u(4) = 0 in fact.

(iii) LIM SUP and LIM INF: When sets E% (¢ =1, 2, ..,) are given, we can

define
lim supi;m Ei = .T . 9 Eﬁ = U, _ (108)
1=l g=1i+1 . .
a 3 = U n -
and. lim 1nf£+m E% ) o .EEA V. (109)
=1 g=141 |

Suppose that x € V, Then, (37) « € fg; EE; so that, for some k, x € E3 for

i1
every J 2> k. That is to say, x € E} for all but a finite nimber of the j (all these
odd values being no greater than %). Then V C U; since, for every i, we can find a
value of j greater tham ¢ (indeed, any value of j greater than this % and the special
k previously found will do), such that x € E&. In general, we see that, x € [ iff

x € E& for infinitely many wmlues of J.
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(iv) BOREL-CANTELLI LEMMAS:
LEMMA 1, Define the Ei and U as in (iii) above. Then

feed

L wEy) <= ' (110)
=1 '

implies ullh = Q. (111)

cu, . <. . .
[By (108), U C gaean] Eb for any 73 so that uw(l) € uV =i+l Eb) \"ZJ=1+1 u(E&)
Thus, if (110) holds (i.e., the infinite series converges to a finite limit),

we may let Z - = and see that u(¥) € 0; whence (111) follows immediately.]
LEMMA 2. With the aggumptions of Lemma 1, if the Eé are indepen-
dent, then the negation of (110),

o

LowE) == (112)
i=1
w(th = 1, {113)

. . o c k
M . . , =
[For any ¢ and any k > 2, u( —i4l EYy € u( i=it J ) HJ i+1 u(E ¢y =

implies

k k
- < - Tk >
Hj=i+1{13 u(EB)i-~éﬂj=i+l exp[ U(E )]]A Eip[ F= it U(E D) 1; since, forzz 0,
— = - — —- - —_ m—— - < * - < "
(1 - =z)e 1 5 & A TEyT l)' ik “es ml i.e., 1 z e ", Lettlng
o < - =
g > =, we see that therefore u{(N =241 Eb } € expl Ej=i+lu(E3)] 0, by (112); and

[

so W) = 1 - W < g1 Mgy B25) = 0, whence (113) follows.]

This useful pair of tools exhibits an important property., If the Ei are
independent events, then either (111) or (113) holds, according to whether (110)

or (112) holds (and just one of these alternatives must be true), This is called

a zero-one Law.

4. LAWS OF LARGE NUMBERS

4,1, CONVERGENCE IN QUADRATIC MEAN

We now deal with a series of increasingly strong results, for Bernoulli trials.
We assume in all cases that we have a countably infinite product space of identical

" independent experiments (5, §, p), yielding a total space (3, 8§, v, with

5= g s = 8% w= (114)

as in (47). Let ¢ be a r.,v. defined for a single experiment, Then ¥(s.) may be
7

evaluated in each experiment Si’ yielding independent r.v,, and it is easily seen
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that, for the average of the first k values

k .
-1 ,
V(805 8ys weey 8) =% igl TERR (115)
we have,.by (71), that 2
-1 - .
El] =% L Ell = E[VDs | (116)
=1
and, by (72), that r ok
1 2
var(¥,] = 75 -El L Elu(s (e )] - (E[WD)
=1 J=1
k k k
2 1 2 2
) J o OE[W(s)IE[W(s ) ]+55 ) E[VTT - (E[y]D)
K2 =1 gein v I RS

-

- H R Denn? - ann? + ¢ B

2
%
=-%[E[w2] - (Et¢])2] - § var[y], )

S I

Thus, by Chebyshev's inequality in the form (107), with y = Yo, m = E[¢], and

v = var[Wk} = var[¢]/k, we have

ull¥, - E[9]] < 6] zl-iz—%‘fi]—. (118)

That is to say, the probability that Wk differs from its expectation E[y] by less
than any 8§ > 0 tends to 1 as k - =, being less than 1 by less than var[w]/kéz.

This explains the importance of the expectation (and the use of the name!)

When a sequence of r.v, 0y @ ..+ is such that E[(mk - @)2] + 0 as k + =,

2’
where ¢ is a suitable function, then we can always have ¢ a r.v. also, and we
say that the o, converge in quadratic mean to ¢. Thus, by (117), the ¥, converge

in quadratic mean to the constant E[Y], so long as E[%] and var[y] are finite.

4.2. CONVERGENCE TN PROBABILITY; WEAK LAW OF LARGE NUMBERS

If the sequence of r.v. [(pk]z=1 is such that p[|®k - &l 361 +0 as k > =,
we say that the 0 converge in probability to ¢. Thus, by (118), the wk converge
in probability to the constant r,v, E[¢]., The argument above, using Chebyshev's
inequality, shows that convergence in quadratic mean implies contergence in pro-~

bability.
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‘By a more elaborate argument, it can be shown that
if E{¢9] <=, then Wk > E[Y] (p.) as k- w (119)
where we write ... > ... (p.)' for convergence in probdbility. This result is known

as the Weak Law of Large Numbers., Note that the finiteness of the variance var{y]

is Mot required.

4.3, ALMOST-SURE CONVERGENCE; STRONG LAW OF LARGE NUMBERS

If the sequence of r,v. [wk]zzl is such that the set

C= {r: g (1) > o(1) as k > =}, | (120)
where ¢ is also a r.v., has probability

then we say that the ¢, converge almost surely [a.s.] (or with probability one) to o,
In general, a set defined as in (120) is called the coniwergence-set of the 0,

to ®. The convergence referred to im (120) is ordinary convergence in the value
(or image} set of the ©g5 i.e., the real line R; so that the convergence theorenm
of Cauchy shows that any convergent sequence has a real limit, Indeed, it can be
shown that any sequence which is convergent in probability or almost surely has

a r,v. ag limit. The situation defined by (120) and (121) is written

AR (a.s.) as k » o, (122

The following result is due to Kolmogorov and is known as the Strowg Law of

Large Nimbers:
if  E[y]} < o, then Wk > E{v] (a.s.) as k> o, (123)

It can be shown that almost sure convergence implies convergence in probability

and that the converse is not generally true (see Appendix B).
4.4, CENTRAL LIMIT THEOREM

This theorem is the general form of the formula (102) giving the limit of a
binomial distribution. With ¢ a r.v., with finite mean E[%] and variance var[y},

and ¥, defined as in (115),

E[Wk - EBlvl 2] - g I '
7$§§T§ﬁ7ﬁ? RS s ; e as k » o, (124)
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We may also write (124} in the form

42 1.7
ulkE{¢] - =z VEvar[y] < Z§=1wi < KE[y] + =z vkvar[y] +-7%? jugdr o , (125)

where we write wi for w(si) (for brevity) and let k - o,

Note that the speed with which the limit in (124) or (125) is approached will

depend on the distribution of the wariable y.

It is the property of the normal distribution as a common limit of averages of
almost any well-behaved r.v. that makes it so important. It means that we need not
know the distribution of a r.v., so long as we take sufficiently large samplesg of

it and average them; this estimate will then be nearly normally distributed!

.5. - SAMPLE STATISTICS: MEAN, VARIANCE, COVARIANCE

5.1. THE SAMPLE MEAN

Statistics very often deals with the following problem. A certain statistical
(stochastic, random) experiment has an unknown representation as a probability space
(§, S, p), and the experiment may be repeated independently any number of times,
with thg representation of these Bernoulli trials given in (114}, also unknown.

A r.v. ¢ is defined for the experiment and yields sample wlues Urs wz, . wk
in k repetitions of the experiment (a sample of size k). What can we say about
the distribution (ﬁ,‘g, Rw—l) of Y, given these sample values? In particular, can

we estimate the moments of the distribution?

The simplest  moment is the first, the mean value or expectation E[U]. .WE now
see from the various laws of large numbers described above that the sample mean Wk
converges to E[&], as we would wish, We further see from (116) that its expectation
is Efy]: this is described by saying that ?k is an unbiased estimator for (or of)

E{y]. Observe that, for example, V + 1/k still converges to E[¢], but is a

biased estimator, with mean value E?w} + 1/k, not equal to the required value E[¢].
The variance of a f.v; is, intuitively, a measure of jts variability about the
mean, The standard deviation (s.d.) of the r.v. has the same dimension as the r.v.
itself and can be expected to be "proportional', in some qualitative sense, to the
likely error in using the sample mean as an estimate of the true mean. Thus, (117)
suggests, and (118) and (125) quantify the fact that, to get :» times the accuracy

(i.e., 1/n times the likely error), we must sample 72 times as many sample values.
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This may be seen more vividly by observing that, to get one more decimal digit of

probable accuracy, it is necessary to multiply the sample-size by 100.

If data are collected until sufficient accuracy is believed to have been

achieved, it is clear that what must be accumulated are the values of
. k
k = size of sample and ka s zi=l¢i’ - (126)
as each new value wk+1 = w(sk+l) is obtained, we update the parameters by

new k = (old k) + 1, ka = Sw(k—l) + ¢k. (127)
1f several r.v. are being recorded, a parameter ka must be maintained for each Y.
Clearly, from (115) - (117),

v, =, Elsgl=k B, var(s,) = kvar[yl. (128)

5.2. SAMPLE VARIANCLES AND COVARIANCES.

The variance formula (84) suggests that we should estimate the variance of ¢

by accumulating the sum—of—squares parameter

LUk 2
Po = gV (129)
We would then expect to use the estimator
- . ‘ k kK k
q’(‘l’,lfJ):@(‘J},w;S ] . S)=1-‘[P --':—t*S 2]=—J;[z¢2__]:.z -
k k ' ] ] ] . 3 El,b.lf)]
| 1* 72 % kK uk ok Tuk & PR x =1 =1 AR
(130)
for the variance. However, we find that, by (72),
k k ¢k
1 2 1 2 1 2 1
Ele, (4, W] =3 XHW}—W—Z{ZEwa+Ew.ﬁ=~wE ~%@k-1
* Rt 2 hh Y E A
(7#2) x (ELD? + & E[wzl}
k-1 2 2 k-
= S EDT - BLD 7Y = S var(ul. (131)
Thus we must use the estimator
_ . 1 1.2
Tl ) = T (0 05 8y5 8y vens 5y) = iff”f[?wk =7 Sy ]
k k k
1 21
| e T 7 RPN (132)
k-1 iZl i k izl Elwz¢g
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which is wibiased. Now, we observe that, if we literally accumulate the sums Pwk
and ka to compute Tk’ we find that we are forming two large numbers and subtracting
one .from the other to obtain a relatively small difference; this is computationally
very inaccurate. Therefore, when the s.d. of the r.v. is small, compared with its

mean, it is advisable to compute, instead of Pwk’ the parameter

- gy 22 2
Tk Z oyl Swa] ; (133)
J=2
which is updated by
- ‘;Lﬁ 2
Towre = Tppie-ny T T =TV T S (134)
with T¢¢l==0. We now see that
k k-1
ko 1 2k k-1 1 2
Typk ™ Tppre) ~ 7TV~ % L V)T T - % 1w
. =1 1=1
k-1 k-1
- 1 1
-k Lyl wk2w+( ¢ L)
2 1 2 1 2
=1 =1
1 2
whence. Twwﬂ wm E-SWW . (136)
by sumaing (135) for k = 2, 3, ., M, with 'telescoping' of the sum. [We actually
| _ 1 2 2
get Twwn - T¢¢ fzﬂ wk - vﬂ + wl -] Thus,
_ wk _ | '
(w. V) T E[T¢wk] = (k - 1) var[y]. (137}
1 K 1 s K 2 2
Now, - var [T, (p, )] = 5 E[C ] w -7 L L)l - (var[vD)
% - n? =1 j=1 © 7
kK k kK k k
1 2 2
= ———3 B[ ] Iww -2 ) IS e,
(k - 1)2 =1 =1 kh=1 =1 g=1 A
4 kK k ok
=51 1 1 E IRARY - (var[v])?

k“g=1 h=1 i=1 j=

and, arguing as before, we coilect terms with all possible arrangements of like and
unltike indices (remembering that the wi are all independently and identically dis-

tribute&) to obtain that
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varlT (s, 91 = < (") - % B[] 0v) +-Kéa§;%$j§~§(E[¢21)2 - kg plesd)
< 2ELA1ED 2 - BDYY - var[sD (138)
But we know that, by (81),
my[9] = B[y - BLyD)°] = 571 - 3E0YVIELY] + 2(B9))°
= e[y%) - 3E[ylvarle] - (B[4D)°, (139)
and m,[¥] = B[(V ~ B09DYT = E[v*) - B9 1E(0] + 6E[v?) (BIYD)?

- 30D = B - s [WIEDN) - svarfol i) - ELvDY,  (140)

by substitution for E[wB] from (139) and for E[w ] from (84); whence
1] * * : 2 4
var[T, (¥, ] =‘E{m4[¢] + 4my [WIE(Y] + 6var[9](E[YD" + (E[yD) }
L % 2 4
*‘E{m3[¢]E[¢] + Jvar[y](E[wD ™ + (E[v]D) }

2 .
kkgijgiffé{(var[w])z + 2var[w](E{w])2 + (E{w])a}

+

- & i(i)fkl) 3){2var[¢](EI¢] + (E{w])4} - (var[y]?
= % mZ[ljj] - k(kk_ 1) (Var{lj)])z. (141)

Note: this derivation is given in full mainly tc show the reader that it cam be
done; messy algebra, if carefully executed (with much intermediate checking) can
yield worth~while and rather simple results!

From (141},

.
var(Zy, = Stk - 1 m(v] - (k= 3)(varle)) 3, (142)

%
Since ma[w] and var[¢] are constants, we see that, like var[?k], var[Tk(w, W) ] tends

to O proportionally to 1/k as k —» =,

Now suppose that we have several T.V., ¢P; then we can write wri =y (8.), for
the sampled value of wr in the Z-th experiment, . For each ¥, the expectation E[y_]
r

and the variance var[wr] may respectively be estimated by the unbiased estimators

: k
o 1 1
Yo T Y8y Sy eeen s = .E "% izl V() (143)
and
Tt = TpV v) =T (w s w 5815 855 sany Sk)
k k :
1 . 2 1 : s

i anny WU PRI - N N NPT B - 144
10,8 Tt k ie1 jop PL 7 | | ( }
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ka is obtained by accumulating the sample size k and the sum Srk lw (for each

.v ’ . l db =
r), and Trrk is obtained by accumulating the sum Trrk defined by Trrl 0 and

T (145)

. k 1
rrk Trr(kal) L L Ste]
All this is exactly as before. But now, we can define the wvariance-covariance matric

V(yy as in (90) - (92), and we see that [VT¢)}PS can be estimated without bias_Ey

Tl”Sk = Tk(wr’ ws) = Tk(l'bln’ lps; 81’ 82’ ey Sk)
K ko Kk
1 1
= [y v = 7 Z v . (148)
k-1 j=p Tt sz "k i o1 sg

The similarity to (144) and to (132) before it is obvious, and all the derivations
for this parameter are virtually the same as those presented earlier. Thus, we
get Trsk by accumulating the sum Qrs = 1—lwr1¢st or, better, the sum T sk?

defined by Trsl = 0 and

k

- . _ 1 L.
Trsk - Trs(k~l) TR liwrk k Srk]{wsk K Ssk]’ (147)

and, if r = 8, we get exactly what we had before, for the variances; while, if » # s,

.we get

E[TI’Sk] = COV[IPP: 11)81, I’Sk] = (k - l) cov IP ’ IP ] (148)

The interested reader is urged to compute var[T 1, Var[Trsk]’ and even corresponding

rsk
covariances, much as was done above for var([T 1 and wvar{T ].
. rri rrK

5.3. REGRESSION AND CORRELATION

Suppose that we have two r.v. (the generalization to several r,v, is straight-
forward but tedious) ¢ and ¢, and that we believe that some linear relationship

exists between them, of the form {(known as a regreSsion of { on ¢)
¥ - E[¢] = o+ B (¢ ~ E[]). (149)

In general, the linear dependence will not he strlctly true, and there will be a

res1dual fluctuation, measurable by

Bp(hy 9 = B[y - E[¥] - a - 8 (s - E4]}?) (150)

We may minimize (150) by putting mgaA'B/aa -0
a

il

—%BAGB/BB, differentiating before
taking the expectation, which yields

«=0, and B E[(¢-- E[61D?] = E[(6 ~ E[4]) (v - E[v]) ], (151)
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or a =0 and g = coyv 3 =g - (152)

Then the optimized regression line is

Vo E[V] ~a+ B (- E[6]) (153)

v

and the minimized residue is

covig, ¥] + B

To, ¥ = var[v] - 28 2ar(s]. o (1s4)

v v

Similarly, there is a regression of ¢ on ¢; sco that we may define the two regres-

sion coefficients 3 and B¢¢; and now we see that, by (93),

b
_ 2
B0 Boy T Tgy (155)
, |
. e _ var[¢lvar{d] - (covié, ¥])~ _ _ 2 :
Now Ao, ) Ny Y var[¢](1 r¢¢ ). (156)

In order to estimate the regression coefficients, all we need to do is to
uge the estimators Tllk’ lek, and T22k defined in (144), (145), and (147}, with

Yy = ¢ and y) = . Then, sin;ekfksk/(k -1 > VW], (a.s.) [By (123), ¥, >

E[¢P] {a.s.), and similariy,-zﬂi=lwri¢si -+ E[wr¢s] {a.s.).], we can use
ok = Tiox/Tr1k (157)
to estimate Bw¢; and we have
Trsk/(k - 1) = [PY¢0]PS and b¢¢k = B¢¢’ (a.s.) (158)

We observe, by (152) - (156}, that

2 (6 - E[¢1) ] + 8 2R[{6 - E[$]1}]

E{{t - E[%]}°) = var[y] = El{y - E[¢] - BW "

*var (4]

H

Ao, ) + oy

mean squared deviation from regression line

It

+ mean squared deviation of regres’sion line; (159)

with the cross-term vanisﬁing identically [since E[{¢ -~ E[¢] - B¢¢(¢ ~ E[¢D) ¢ - E[d])]

= cov|y, ¢] -~ B,, var[¢] = 0]. Similarly,

Yo
k - ' ) 2 = k ] 2
E£=l{¢i “ E[IM - Bq)d)(‘b,i - E[‘b]} = Zi=l{l_p?: - Lywk - blpd)k(d)'g, - ‘Pq)k)}
k . - 2,
Tl = BIVL = B (e - BISD + (b= B0 Gy - ¥ Y (160)
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where, again, the cross-term vanishes;: Zi=1{wi - ka - b¢¢k(¢i - W¢k)}{wwk - E[9]

- _ _ ~ k
- 8y (Vg = EIOD) + (b0 = 6,0 (6, = ¥ = (¥, = BLY) - 8, (%, = BLeDD) 7y,

ko
{lj}i - l}lwk - blp¢k(¢‘b - IP(N()} + (b!,btbk hd B‘N)) Z’a’:=l{w7: - \Pljjk - bl})(bk(d)?: - ly(bk) }(d)’.', - Lqu;k)
= 0, by (157), since '

=0 F yar = By Trog = PygrTinn’

k _ Gk -

PV R A Y0 = 0 [by (115), (126), (128)1, (161)

k 2 _ , :

Zig(0p = )" = Tyyp by (136), with (129), (134), (145)1, (162)
and Z§=l<¢i - ¥ (U = v = Ty [similarly, by (146), (147) 1., (163)

6. STATISTICAL PROBLEMS

6.1. ESTIMATION

We have seen how a sample mean Wk {see (115)) converges almost surely to the
mean of the distribution from which it is drawn (see (123)). Similarly, the
sample variance-é%ﬁ% converges almost surely to the corresponding population vari-~
ance (see (158}). Thus, these are effective estimators of the corresponding popu-
lation parameters, Given the corresponding vériances of the sample parameters (see,
e.g., (128), (141)), we could estimate the extent to which the estimates are iikely
to be in error, using Chebyshev's inequality (see (106), (107)); or, better, when

the sample size k is large, we may use the sharper bound afforded by the Central

Limit Theorem (see (125)).

Much of statistical estimation theory relies on the assumption, often warranted
in practice (but not always), that the samples are drawn from normal distributions
A major theorem states that, if a sample {wl; wz, ey wk} is drawn from the normal

distribution with mean m and variance v (see (53)), then the two quantities

A = % (ka - m)Z and B =-

k-—lT

> k("” ) (164)

are each distributed as chi-squared, with 1 and % - 1 d,f., respectively, and A and

B are statistically independent. This implies that

Wl})k and Tk(ﬂ), V) are independent. | (165)

That 'is to say, our estimators of the mean and variance of the distribution are

statistically independent.
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Further, W.S.Cossett (writing under the pseudonym of "Student") pointed out

that the quantity

Ak kK ke
t= &7 -
(B) (k - 1) VTk(w’ " (166)
is distributed with probability density
(&) 1 ((k = 2)/2)! 1 (167)

p, () = ’
-1 ik = 1) (k= 3D/DT 1 20 2 1K/2

known, of course, as “Student’s" t-distribution with k - 1 d. f. The parameter %
depends only on m and the observeq values wi = w(si) as represented in ka and
Tk(w, ¥) [see (128) and (132)}. Tabulations of the distribution of this r.v.
[see, for example, the tables given at the end of this book, on pages —22f43-]

enable us readily to calculate, for any given 7, the probability that the observed

values of # will deviate from 0 by more than any chosen amount.

For imstance, suppose that X = 16 observations of a r,v. ¥ yield sample
mean ka = ?¢,16 = 3.2 and sample variance Tk(w, ) = Tlé(w, ¥) = 5.6. This
corresponds to a value of £ = (3.2 - m)/v¥5,6x15/16 = (3.2 - m) /2,29 with 15 d.{,
From the table on page -40-, under 15 d.f., we see that the eritical point for § =
"1.0e-02" = 1.0 Xlohz = 1,0% is 2,60248030, As explained on pages -1-2-, this

means that the value of & for which the "tail" of the distribution,

ie el

_ (G)
Tc,f(a) L; dx oy (x), (168)

with f= %k - 1 = 15, equals ¢ = 0.01 is £ = 2.60...; and this, in turn, means that
the probability of obtaining a value of ¢, with 15 d.f., exceeding 2.60... is 1%.
[Alternatively, we might note, on page -34-, that, with 15 d.f., the tail probability
for & = "ZEQ" = 2 ><lOO = 2.00 is 0.03197....and for "3EQ" = 3.00 is 0.004486...]

The probability of having ¢ less than -2,60,.. is alse 1%. The former_inequality,

t > 2.60.., corresponds.to 3.2 = m > 2.60... X2.29... = 5.963031485, or m < -2.76...
The latter, ¢ < -2,60..., corresponds to 3.2 - m < =5.96..., or m > 9.16...

The useful conclusion that we may draw from this result is that, with a
probability of 98% (100% minus 1% for each tail), the expectation m of the r.v.
v (already supposed to have a normal distribution with mean m and unknown variance v)
will lie in the 98% confidence interval {-2.76..., 9.16...] The 90% confidence
interval will similarly lie between 3.2 % 4,0167,.., since the table entry for & =

"5.0e-02" = 5% is 1,75305036, By contrast, if we use a normal approximation with
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the assumption that the actual population variance equals the sample variance, 5.6,
we observe that (3.2 - m) /¥5,6/16 = (3.2 - m) /0.59... is normally distributed
with mean 0 and variance 1, From the table on page ~-10-, we see that the 1%
critical point for this distribution is 2,326347874 and the 5% critical point is
1.644853627. These values yield 98% and 90% confidence intervals for the popﬁlation
mean m of 3,2 + 1,376.., and 3,2 % 0.973.,.. WNote that these approximate confidence
intervals are very comsiderably too narrow, indeed by a factor of about 4, in this

- case; the Z-test, which makes no assumptions about the variance of the normal

population, is quite a bit more realistic.

As another application, consider two independent normal samples, taken from
populations with the same (unknown) variance and possibly different means; e,g.,
ok = W¢,1O = 5.7 %?d ?wk = Ww,lO = 6,0, and

let X = 10 for each sample, with ¥
= ; : = S _ _ _ 2
vk " 0.64, respectively. If 4 2v[(?¢k. W¢k) (n - m]° and

7 .. = 0.24 and T
o9k ey
B = (T¢¢k + Twwk)/Zv(k -~ 1), then these are independent chi-squared-distributed r.v.
with 1 and 2k - 2 d.f., respectively; here, m = E[¢] and n = E[¢], and we know that
¢ and § are completely independent, and that the ¥ and T variables are independent.

Thus,

P - ) - -
t= (9? = Bxio &0 2R L2 - 10.113(0.3 - 4)

is a t-variable with 2k - 2 = 18 d.f, Here, we have written A = u - m, It follows
that, if the two samples were to have come from the same distribution (i.e., A = 0),
a value of ¢ as large as 10,113 x 0.3 = 3.0339 or larger would have probability (see
page —40~) between %% and %% [on éage -34-, we see that the tail of the distribution
from ¢ = 3,0 has probaBility 0.003842706; so the probability for our value of 3.0339
is somewhat less than this]. TFrom our earlier point of view, above, the 987 con-

fidence interval for A.is 0.3 * 2.552... /10,113 = 0.3 # 0.252,,. = [0.048, 0.552].

Another extremely useful result is that, if two r.v. 4 and B are independently

distributed as chi-squared with fand g d.f., respectively, then the quantity

F:(é)/(;’i):aé o (169)

f B

is distributed with the probability density

By = L g =2/ f)f/2 p(F-2)/2

°f.g (G- D7D7G - /57 G777 +-§ T (1
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which we call the varianee-ratio or F-distribution (with f and g d.f.) This is
again tabulated and enables us to test the equality of variances with given

sample estimates. {See tables on pages ~44-59-.)
6.2. ANALYSIS OF VARIANCE; CHI-SQUARED TEST

When we have a sample from an unknown normal distribution (the normality as-—
éumption is essential, and is often justified), whose variance may be attributed
to several independent effects, so that the sample spm—ofusquares Twwk may be
separated into several chi-squared-distributed terms [as, for example, we did in
(159} and (160)], the relative importance of these influences may be estimated by
usiné the F-test (in terms of the ratios of pairs of partial variances). This
procedure is called analysis of variance [or ANOVA], or analysis of covariance if
regression effects are in question. The procedure and its analysis (i.,e,, justi-
fication) may be quite elaborate; but a simple example will Suffice to illustrate

the idea.

Let an experiment involve three factors, A, B, and C, which may be expected
to play a part in the outcomes [one couid quantify these factors as r.v. a, B, and

v on the underlying probability spacel]. Let ¥ be a r.v, whose value is suspected

of being affected by these three factors. Let the values of o be indexed g = 1,
2, «uuy Kk, those of B be indexed b = 1, 2, sevy Ly and of v, e =1, 2, ..., m; and
let a sample be taken with »n values of ¢ in each combined category; denote these
by wabcd’ with d =1, 2, ..., n. [Indeed, o, B, and vy may not be random variables
at all, but rather parameters of the population from which sampling is done, the
question being whether the distribution of Y} depends on the values of these para-

meters.] Let us define comnditional sample averages by

1 1

SabcA T n Edwabcd’ SAbcA Tk ZasabcA’ SaAcA A stabcA’ Sabu m chabcA’
1 1 1 1
Sa“‘ 1 EbsabAA - E'zaSaAcA’ s;bAA Tk ZasabAA T m ZcSAbcA’
_ 1 _ 1 : _1 _1 _1
Sanca = % fomca = T pPapear anas T T IT0gaan T T TPapaa T Fofanca

where 4 in any index-position indicates summation over the index normally in that

position, We then see that

(171)
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k 1 m n 2 2
Za=1zb=lzczlzd'=l(l’babcd - SAAAA) h za,b,c,d(wabcd " Sansa)
= Za,b’c,d[(SaAAA = Saaan) T Capan = Sanadd T Caaoa ~ Sanns)

-5 + g -8 - 5 + 5

+ (SAbcA - SAbAA AdA Saaan) T ¢ ahod AAA AApA asan’

+ (SabAA = SaAAA B SAbAA + SAAAA) + (wab@d - Sab@A)

' 2
+ (SﬁbcA - S;bcA - SaAcA - SabAA + SaAAA + SAbAA + SAA@A - SAAAA)]
= - 2 2 2
ImnE (S aan = Sanand” TR (S s = Saaaa)” F KINE (S, 4 - Saand)
2
+ knzb’c(s‘bcA = Sapaa ~ Sanca t Seans
2
+ ana,c(salcl - SaAAA - SAA@A + SAAAA)
2
+ i -
mnza,b(sabAA SQAAA SAbAA + SAAAA)
+ I (¢ , -8 )2
a,b,e,d Tabed - Tabek )
- : 2
* nza,b,c(sabcA = Sapea ” SaAcA " SabAA * SaAAA * Sapaa * Saaca - Sanadd
' (172)

so long as the sums of products of the expressions in parentheses all vanish. If we

| B 2 .
nete that (by (171)), e.g-,. nza,b,csab(f‘sab“ - mza’bsab“ s nza,b,csabusl‘bc‘ =
mnza‘bSébAASAbAA = kngbSAbAA , and, in general, only repeated indices remain, after

summation over the others; it is tedious but not hard to verify that indeed all the

sums of products above vanish., For example,

za,b,a5d(SaAAA - SAAAA)(SAbAA = Spaaa) = mnza,b(SaAAASAbAA *-S&AAASAAAA
2
" Taasaapan T Fasan ) T mn(ZaSQAAA)(EbSAbAA) - EﬂnSAAAA(ZaSaAAA)
.
~ K119 s aaa(E1S,paa) + kimnS = 0, (173)
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and Za,b,c,d(sabAA = Sana ~ Sapan T Sanan) Copoa T Tapea T Tpaca T opaa

T Spama t Sapan t Sanca ~ Saand) T o 5 o Oapeaapan T Sapasapea

2

S anSoaca = Sppan 25 paaS ana t 25 paaSapan * Sopans

ab AL bAAA

+ SAbgASaAAA + SAbcASAbAA + SaA@ASéAAA + SaA@ASQbAA - SabcAS&AAA

= 8 oaSapaa T SpeaSasan 25 1 aaSaaan 5 apoaSs - 5 apa®
s 2 _ 4.5 g 5....2 5 ,..5 - 8..4,5
I YV SR qhad”Abak T “Abad T SgAAA"AdcA ALAA" Ah A
2, _ 2
+ 25 sasSasas T 2SapanSanas * Sasca®anan ~ Sasaa ) = ™I, 55 raa
2 2 .
x {1 - 1) - bwnZaSaAA‘ (1 -2-1+1+1) - kngbSAbAA (1 - 2
. 2 .
-1+ 1+ 1) + kimnS {(1+1+1+1-2-1-1-2-1

~1+2+42+1-1) =0, (174)

These eight terms (in (172)), when divided by v, are all independently chi-
squared-distributed, with k -1, 2 - 1, m - 1, (Z - 1)m - 1), (k - 1Y(m - 1),
(k - 1)(1 - 1), kim(n - 1), and (k - 1)(I - 1)(m ~ 1) d.f., respectively; and
their.significance may be compared by means of the F-test, épplied pairﬁise;'.The
first three terms measure the significance of the effect of A, B, and C, respectively,
acting singly; the next three measure the effect of B and ¢, A and C, and A and B,
acting together; and the éighth.term measures the triple effect of A, B, and C,
together; the seventh term measures the residual random effect, when the effects

of A, B, and C have been accounted for.

As an example, we consider a somewhat simpler situation, in which there are
only two factors at work. A factery needs new machines to manufacture a certain
part, and tries out four different types of machines (factor B; b = 1, 2, 3, & =1},
by having them run by each of five workers.(factor Ay a =1, 2; 3, 4, 5.= k). For
each machine, each worker does one production~run (# = 1)} and returns the number

wab'of parts'manufactured in one day, The results are shown below,




Probability & Statistics Mini-Course 40.

[ T S S NC R

Sum

: SAb
SAb - SAA

A G H I N E

M
l‘ 2 3 4 Sum SaA . Sa‘ - Saa
53 i7 57 55 207 50.50 | -0.30
56 50 63 52 221 55.25 | 4.45
45 47 56 42 188 47.00 | ~-3.80
52 47 . 57 41 197 49,25 | ~1.55
49 53 58 48 208 52.00 | 1.20
255 244 289 228 | 1016 254.00 | 0
51.0  48.8  57.8 _ 45.6| 203.2 | 50.80 | 0
0.2 -2.0 7.0 =5.2 0 0

r (175)

We may partition the sum of squares, much as in (172), but motre simply:

;a,b(¢ab -

T

N,

2

- L a2 _
- éza(SaA - SAA) + Szb(SAb B SAA)

2

I8 T Y

- SAb

{176)

' 2
+ S“)

The three terms above have the chi-squared distribution, when divided by the unknown

variance v, with 4, 3, and 12 =4 x3 d.f., respeétively.

“hy

2 _
4L (8 4 = 8,07 = 4x(0.09 + 19.8025 + 14.44 + 2.4025 + 1.44)
SEb(SAb ~ 8,7 = 5x(0.04 + 4 + 49 + 27.04) = 400,
5L s 5. 45 2
a,bab b Ah Ab’

+0.55% + (=3.25)% + 0.75

2 4 1.95

2

2

+ (—2.2)2 + 24+ 0

+0.2% +2.55% 4 (=0.25)% 4 0.75% 4 (=3.05)% + (=3.2)?

+ 32 ¢ 0?2 +1.22 = 70,

and so the variances to be compared are:

variation due to A (different men)

1;

= 38,175,

variation due‘to'B {(different machines) =

residual variation = 5.841667.

133.4667,

Their values are

152.7,

= 2.3% 4 (-1.9)% + (=0.9)% + (~0.3)°

(177)

(178)

The F-values are 38.175/5.841667.= 6.53495 (with 4 and 12 d.f.) and 133.4667/5.841667
'2'22.84736 (ﬁith 3 and 12 d.f.); the first is significant at less than 1% level, the

gsecond, at less than %mﬁﬁlevel.' This is to say that F-values exceeding these (with.

the appropriate d.f.) would only occur in less than 1% and il of cases, respéctively.
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[The critical points for these d.f. are on pages -47- and ~46—, respectively. For
4 and 12 d.f.; we note that F = 6.53... is between 1% and %% (a = 4, b = 10 d.f.),
and between %% and Yo% (a =4, b=204d.£.); and since 12 is much closer to 10 than

to 20, the former range is probably more realistic; in any case 'less than 1%'

4

must be correct., For 3 and 12 d.f.; we note that 7 = 22,84,,. is below heo? (10~
(a =3, b=104d.f.), and farther below it for ¢ = 3, b = 20 d.f.; again, we can

assert that 'less than hw?%' is correct.]

In interpreting these results, we must observe that there is considerable
variability in output between different workers, but that this is not relevant to
the selection of a new machine, The difference between machines is even more marked
and suggests that the choice of Machine No. 3 (the one with the highest production

overall) will prove realistically advantageous.

As a final example of the application of the chi-squared distributiocn, we
consider the testing of goodness of fit in contimgency tables. We suppose that a
sample of size 7 is taken from a probability space by Bernoulli trials, and the
values of three r.v., @, B, and Yy, are clagsified into k ranges of a, indexed by
a, I ranges of B, indexed by b, and m of v, indexed.by ¢, much as in the analysis-
of-variance example considered before, TFor each triple (a, b, ¢}, we record the
humber "obo of outcomes haﬁing the corresponding values of o, B, and y, respectively.
It is possible to amalyze the situation exactly; but this is somewhat laborious.
Instead, we use the Central Limit Theorem, to tell us that the ratios nabc/n are

approximately normally distributed, and a further analysis shows that the quantity

".aa "apa Tans 2
[nabc T n L
(179

m
Z " 7 7
e=1 qhs "ADA "ac

7 n n

is distributed as a chi~s§uared with £ d.f. [Indeed, this is the way in which
Karl Pearson first introduced the chi-squared distribution.] Here, f = (k—l)(2~l)(m—l)i

and

7 7 (180)

aAs zb,cnabc’ ApA Ea,cnabc’ "ake T Za,bnabc’

are the marginal totals of the contingency table, so that, e.g., nAb‘/n estimates
the éxpected probability of B taking the value b; and the expected number of entries
in cell (a, b,_c) is given by the denominator in (179), if we suppose the factors

A, B, and C (represented by the r.v. a, B8, and y, respectively) to be indepéendent.
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In general, we may postulate a null hypothesis, in which a value g of a r.v.
o (or factor A) is given the probability pa, and then, if a sample of size % yields

n, entries in cell (@), we use )
{na -n pa]

2 %
X = (181)
a=1 np,

as our chi-squared with % - 1 4d.f.

To illustrate a straightforward application of the chi-squared test to a

contingency table, we consider the effect of a fertilizer on the yield of 2

certain crop: y I g L D
POCR MEDIUM FAIR GOOD Sum _Proba Table entries
' ' - denote number
WITH 7 13 6 5 31 0.242 of test-plots -
- - e in stated
WITHOUT 31 56 7 3 97 0,758 categories,
. : by class of
Sum 38 69 13 .8 128 1.000 vield and
- whether or not
Prob‘-,.j | 0.2969 0.5390 - 0.,101i6 0.,0625| 1.0000 fertilized.

The table of expectations n><Proba><Probb on the basis of the null hypothesis, that

the fertilizer has no significant effect, then takes the form:

POOR MEDI UM FAIR GOOD
WITH z 9,203 16,711 3.148 1,938
WITHOUT I 28,797 52,289 9,852 6,062

Now we get that

2= (7 - 9.203)%/9.203 + (13 - 16.711)%/16.711 + (6 - 3.148)%/3.148 + ...

+ (3 - 6.062)2/6.062 = 11.577..., (182)

with (2 - 1)(4 - 1) = 3 d.f. A glance at page -18~ shows that the 1% point of
the x2 distribution with 3 d.f. is 11.34486673. Clearly, our value of 11,577
is statistically significant at the 1% level; that is, the probability of
getting a chi—squared value as large as or larger than that observed here is

just less than 0.01, The fertilizer appears to be working advantageously.
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APPENDIX A

The following result is generally important., We write f(¥) = 0{(g(/)), when

there is a , such that

Q’E}TVV;] < ¢, for all N. Thus, as ¥ » =, ff(N)/g(N)] remains

less than the bound (. The requited result is that, as ¥ =+ =,
x 1, ladb _ ax 1 1 1 :
{1 g -ﬁ%- + O(W,-)} = e {1 + 3(ay + bz - saa®) + O(Tv-r)}. (AL)

Proof. 1f |£/N| <1, the series expansion

: 1 2 3 k
1og(1+%)=%-—§%f+ %;-...+%(~~f})+... (A2)

|

is absolutely convergent., Thus, asymptotically as N -+ =,
£ _ £ _1¢8° 1
log(l + W) =7 ‘2— v + O(TVT) . . (43)

Therefore,

1 9
(alf + b) Log(1 + ) = a + (bt - Tach) + 0(H)

1 1 1 .
at + logfl + “N*(bﬂ - 5a £2)] + O(ﬂ;‘!‘); (Al*)_

since, by (A3), log(l + —E) = % + 0(']1?'17), and we may put n = HE{ - %a £2, Thus,

g al+b eaéj (1 + I_Itf(bg _ %a52)] exp[O(Tl}r)]

(1 +'ﬁ)
= % L+ 5bE - $a e (1 + O]
= % [+ 3(bg - aED) + 0], | @as)
Now, Let £ =+ 4+ 06 (46)

then (A5) becomes

{1 +Z e dby O(F)}QN+b = explaz + &L + O(}'vlT)] [1+ bz - Saz?) + 0 ]

i

o c—:xp[if;ua + O(TVLT)]' [1 +%('bx - —%amz) + O(TVIT)]

M1+ G4 oG] (L + Fbr -~ Zaxd) + 0G0 ],

which reduces to (Al). E.D.
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APPENDIX B
This appendix presents gsome results in the theory of probability measures.

{i) Following from the axioms (1) - (4) of probability measures, we have

a number of fairly immediate consequences, TFirst take sets EF and F in §; then
if ECVF, wW(E < wp). (A7)

B: so that E and FE© are disjoint; whence, by (23),
p(F)y; and by axiom (1), u(FEc) Z 0; whence (A7).]

[Note that E(FES) = F(EE)
u(E) + u(FE®) = w(E U FE%)

H

(ii) Next, let sets F@ be in §, and define the sets (also in S) E = F

E =FpS B =pFCp° E.=rF. ntlpc

2 271 73 3’1 "2 e T4 T g=l1g4 "

2 €U _E. then (3 < i) & €E,; whencex € F, CUL_F.. g0 that & F.c UL F..
h - g=14 J=1"g — g=1g

J=1"g
i=1fj, then GA <) w €F N (Vj <h) x ¢F , feew, x € By

whence, as before, x € Lﬁi E., so that U F.C Ut
Jg=1g J=1q — J=1 J

Then, every Ei.g Fi’ and 1f

Conversely, if x € U%

.. It follows that (for both

finite and infinite %)

7 7 _
U E,= U F. (A8)

Now observe that the Eg are all disjoint; so that axiom (3) holds and

w(U F) = w(VU B) = TuF) < Z ez, (A9)
g=1 J=1 J=1 _ J=1

so that, letting © » «, we get the general sib-additivity property,

w( v oFy <] ou@ ), | (A10)
J‘:l d j:l J
(iii) If we have sets E} in S, with Fl’E Eé_g FB'E ... {a&a monotone sequence
. of -sets), then, for the setle.defined as in (ii), we now have E% = FiFi—lC' Now,
) ’ co k * k
U, o= U, ) o= = 11 . J o= 14 U, o= 14 U, .
m( 1=lE;) u 1=1E1) 1—1U(E ;) 1lmk+m Z@=l”(E£) llmk+w u zzlEé) llmk+m u 1=lFl)
= llmk+w u(Fk), since the Fi are monotone., Thus we have that
u{ u Fi) = limk_m u’(Fk). (All)

i=1

If, 1nstead, we have that sets G are in S,.with Gl_g 82‘2 G3_2 «2ay then Glc
c

< G2 < G < ..,; so that (All) applles and ﬂ(bkzlgic) = limk+m u(ch). Now, since

E and ES are disjoint and % U E® = 5, and since u(S) = 1, we have

WCESY = 1 - u(ay. | (Aiz)
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c c
M p— [ = a— ¥
Thus, _ u(_rl Gi) 1 p(i=1 Gi ) 1 llmk B(Gk )

1 -[1 - limk+m u(Gk)] = limk+m p(Gk). o (A13)

(iv) We now turn to the definitions of limsup and 1iminf [83.5 (iii)]. Tt

was shown there that
lim inf. K. C lim sup.  &.. (A14)

We note that

lim inf . g, lim., inf {£.: 4 > 11,
e . J (A15)
€ lim SUP ;. soo Ei = lim, . sup {Ej: J > ik,

for real numbers Ei. First consider. the sets Fi defined above, If we put Fi =

020

j=i+lE€’ we see that the sets are monotone-increasing as required; so that (All)

holds. Thus,

p{lim inf?;_}co Ei) = lim. p(n

e Mg B K lmy o dnf (W(E): > 1)

= lim infi%m u(Eé), {ALE)

1 i .,
by (Al5), since wuf( =it
L3=i+lﬂﬁ’ we see that the Gi are monotone-decreasing, as required for (AlB); 850
that

Ej) < u(EB) for any J > Z. Similarly, if we put Gi =

i . D) = lim, U, . E.) > 1i . .
w{lim sup. ., E}) l1m1+m 1 J=z+lE’J) 1im sup. ., u(E%), (A17)
by (Al5) and an argument analogous to that for (Al6). We use the fact that

NnE,CE, CUF, (A18)

for all J in the set over which 7 ranges in the union and intersection.
(v) Turning to convergence (p. and a.s.) {§4,2 and 4.3] let us write
A (e) = {t €51 Jo (1) - ()| < el (A19)

Then 0 > ® (p.) iff (V8 > Q) u(Ak(é)c) > (0 as k »+ ©, The assertion that wk(T) -

#(t) as kX + » is equivalent to

13

(ve > 0)(3k, kO(T, £)) (vk > ko) Imk(T) - 1y <

or (Ve > 0)(3k0 kK (t, €)){(vk > ko) T € 4 (),

0

or {ve > O)(ElkO kO(T’ e)) T E r%=kgiAk(E)’

or | (Ve > 0) 1 € lim faf, Ak(s).' _ - (a20)
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Thus, our assertion is egquivalent to
e

-
= M i i - .
T o lim lnfkam AR(Z ) c. ~(AZD)

[To prove the equality implied in (A21), note that, if T € (, then.(AZO) holds,
-

e N i : Cﬂm . .
and - therefore 1 >0 1im 1nfk+m Ak(e)Aﬁ =1 Lim J_nfkr)‘00 Ak(Z ). On the

. all =
other hand, if 1 is in the last-mentioned countable intersection, then, for any

choice of € > 0, we can find n 2 -logze, so that 277 < e, so that (Vk) Ak(z'”)
-1

C > . C - r - e

C Ak(s), whence lim 1nfk+m Ak(z ) € 1lim lnfk+w Ak(E)’ and therefore 1€ . ]

Note that, in the last proof, we have used the fact that, 1if Pi'g Qi’ then

lim inf . P. C lim inf. .. This follows from the obvious results that
g0 - A )

i C q. m cn U cu
if P.Cq., Py S8, amd VP CUQ. (422)

Thus, if 0y, » & (a,s.), (121) holds, or (by (AZ1}) u(ﬂ 11m 1nf k(2 )
= 1, whence (v#n) u(lim 1nfk k(Z ))-—l whence, by (Al4), u(llm Supk Ak(Z
= 1, also. By (Al5) - (Al7), we see that llmkam u(Ak(Z )) exists and equals 1,
for any value of nm. Since we can always find, for any 8 > 0, n such that 27"

5 <27 ve ger (vR) Ak(z"”) C 4,(8) C Ak(z‘”’l), so that U(Ak(z“”)) <u(4,(

w(4,(27"h), whence 1 = Lin, u(Ak(z My <limy | w(4,(8) < limy u(Ak(Z

VAN AN

1. This proves that ¢y > @ (p.) That is,

if 0 + & (a.s.) then A d (p.) (A23)

{vi) To prove that the converse of (A23) does not generaliy hold, we give

a counter-example, Let us consider functions defined on [0, 1}, Let n = 1, 2,
and let 2F <n < 2p+l with g = n - Zp; then p is unique for any %, and so is gq.
Define

P () = 1 if Loy <-Q~i~l, $ (@ = 0 otherwise, (A24)
" oF 2P "

)
™)

8))
71

We take the uniform unit probability density over the interval [0, 1) and consider

))

»

@(x) = 0 for all x. Then, when § > 1, An(ﬁ) = [0, 1) and u(An(S)) =1, When § §1,
4(6)€= (277, (@ +127F) and w4 () =2F. as n+ =, p> = too, so u(A (8)%)
-+ 03 whence ¢n + 0 (p.) Consider anyx € [0, 1). Let p =0, 1, 2, ...; then anr)

= 1 whenever % is such that g < 2Py < g+ 1; i.e., n-= sz(l +2)_ ], and this will

happen infinitely often. Thus, C = @; and clearly w does not converge a.s. to

0.

No other limit is p0551ble for a,s. convergence, for then this limit would be the

limit in probablllty, and we know already that this is 0.



STATISTICAL TABLES

1. . Normal Distribution

The normal (0, 1) probability density function is given by

1 -kg2
po,l((‘;) = e R (&)

and this has mean 0 and variance (and standard deviation) 1. The first table has

the values of p tabulated for
£ = 0.0000.01)6:00; (B)

which means values from 0.00 through 6.00, at intervals of 0.01 (i.e., 0.00, 0.01,
0.02, ..., 5.98, 5.99, 6.00).

The second table gives the corresponding inverse cumulative distribution

function (sometimes called the upper ''tail" of the distribution)

7 c [T ' (c)l
O,l(g) _75':1; Jg £ e E]

tabulated for the same values (B).

The third table gives the critical points of the same distribution; that is,

the values of £ for which the i.,c.d.f. {(C) takes values

4= {5.0, 2.5, 1.0}x 10" H(D7} o
[excepting the very first (and largest) value 5;0><10-l = 0.5, for which it is
clear that the critical point is £ = 0, by the symmetry of (A)]; i.e., the values
of @ are 2.5x1071, 1.0x107", 5.0 x1072, 2.5%107%, ..., 1.0x10°%, 5.0x1077,
2.5><10"7, 1.0x1077, '
2. Chi-SQuared Distribution

The chi-squared p.d.f. with f degrees of freedom is given by
1 -k kf-1
R eI AL ()
’ 2% (%F - D!
where, if f is odd,
T - 1
O P L ¢ = )

o1 i Z 1y



The fourth table gives the corresponding i.c.d.f. ("tail")

T o AB) = —r L f+ da e-%x x%le, . (G)

tabulated for
= 11040 . (H)
= {1.0(0.5)9.5} xlO{—&(l)Z}, . (1)

and €
omitting extreme values for which 7 is too close to 0 or 1.

The fifth table gives the critical points of the same distribution, for

£ = 1(1)60(5)160, )
i.e., £=1, 2, 3, ..., 58, 59, 60, 65, 70, 75, ..., 150, 155, 160; and for

q (K

TXsf(E)
—{2(1)5}- (L)

with g = (5.0, 2.5, 1.0} x 10

3. Student’s ‘¢’ Distribution
W. S. Gossett's ("Student's") ¢ p.d.f. with f d.f. is given by

(©) - 1 ((f - D)! 1
pp (8 = o, (8) = ; - ) ()
f G aF G = 200 gy g2 E(HD)

with mean 0 and variance ?ré;f (as is rather easy to verify). (Note that this

vatiance is infinite for f = l: the so-~called Cauchy distribution,) The sixth

table has this function tabulated for

f

and &

1(1)50(5)200 - (N)
{-1(1)5} o)

1]

{1(1)10} x10

again omitting extreme parameter values for which p is excessively small,

The seventh table gives the corresponding i.c.d.f., tabulated similarly for

values (N) and (0), again truncated.

‘The eighth table gives the critical points of this distribution for the

same d,f, values (N) and @-values as in (L).



4. Variance-Ratio: F-Distribution

" The ninth table (the iast) gives the critical points of R. A. Fisher's

Variance-Ratio or F-Distribution with a and b d.f. The corresponding p.d.f. is

given by |
QS%(E) = Ppq,pt8) = (%(a%'(;azg sb()%b_ _1)1!): 2 Gt gn@
' (P).
with_ 1= E}-m dax DF,a,b(x) - (%(a%(—a 1-!; ?()%b- _1)1!)! J[:m dy y%a-l (1 + y)—%(cﬂ-b); (Q)
e e e | Gla+b) -1t b [ Yo S(ehD)
jo 4@ 2 g 0,6 = e = DTG = DT a JO dy y* (1 + )7~
_ GiatB) -1 b Gt (5b - 2)!
(ka -~ 1)1 - 1! a (3(a + B) - I)!
= g'%b%f T~ 3% : 5 | | (R)
and variance aéf%?é;;f;f_%ﬂ : (s)

by an entlrely analogous argument. The tail of the distribution is given by

(3(a + b) - ! dz (1 - z) 0L sb-1 (1)

Te,a,p® = BT - DT (B = DO

Jl/(l + 20
0

wherexwe have put 2 = 1/(1 + y) and y = % x, as in (Q) and (R). The critical
points are tabulated for

1(1)6{2)12(4)24 and 30(10}60,
1(1)10(10)60(20)160, ' (0
{5.0, 2.5, 1.0} x 107 {H{D4T,

T D
I It

and TF,a,b(g) = Q
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NORMAL(O, 1) PROBABILITY DENSITY FUNCTION

.00

. 398942280
. 3984433914
. 396952547
. 394479331
. 391042694
. 386668117
. 381387815
. 375240347
. 368270140
. 360526962

.3520656327
. 342943855
. 333224603
. 322972360
.312253933
.301137432
. 289691553
. 277984886
. 266085250
. 254059058

. 241970725
.229882141
.217852177
. 205936269
. 194188055
. 182649085
.171368692
. 160383327
. 149727466
. 139430566

. 129517596
.120009001
.110920835
. 102264925
. 094049077
.086277319
.078950158
.072064874
. 065615815
. 059594706

. 053990967
. 048792019
. 043983596
.039550042
. 035474593
.031739652
.028327038
.025218220
022394530
.019837354

.01

0.398922334
0.398224830
0.396535966
0.393868362
0.390241878
0.385683369
0.380226355
0.373910605
0.366781662
0.358890291

0.350291879
0.341045789
0.331214880
0.320863804
0.310060285
0.298872406

0.287368897

0.275618247
0.263688042
0.251644341

0.239551098
0.227469632
0.215458162
0.203571388
0.191860155
0.180371163
0.169146761
0.158224790
0.147638504
0.137416539

0.127582951
0.118157295
0.108154766
0.100586368
0.092459133
0.084776361
0.077537892
0.070740333
0.064377664
0.058440944

0.052919228
0.047799575
0.043067418
0.038706856
0.034700939
0.031031932
0.027681567

0.024631269

0.021862367
0.019356277
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.02

. 398862500
. 397966068
. 396080212
.393219015
. 389403759
. 384662661
. 379030526
. 372548319
. 365262673
. 357225325

348492513
.339124313
.329183961
.318737138
.307851260
. 296594755
. 285036358
. 273244431
. 261286301
. 249227652

.237131952
. 225059935
.213069147
.201213543
. 189543158
.178103839
. 166937042
. 156079696
. 145564130
.135418062

. 125664637
.116322528
.107408075
.098925471
.090886979
.083293186
.076143274
.069433312
.063156561
. 057303789

.051863577
. 046822635
.042166107
.037877859
. 033940763
.030336959
.027048100
. 024055574
.021340715
.018884977

.03

0.398762797
0.397667706
0.395585421
0.392531483
0.388528585
0.383606292
0.377800677
0.371153879
0.363713600
0.355532529

0.346667721
0.337179944
0.327132977
0.316592908
0.305627410
0.294305030
0.282694482
0.270863972
0.258880547
0.246809491

0.234713764
0.222653499
0.210685552
0.198863119
0.187235418
0.175847430
0.164739715
0.153948287
0.143504551
0.133435304

0.123762790
0.114504800
0.105674831
0.097282269
0.089332623
0.081827776
0.074766262
0.068143566
0.061952425
0.056183142

0.050823901
0.045861076

0.041279530

0.037062910
0.033193921
0.029654585
0.026426485
0.023490985
0.020829427
0.018423311

.04

0.398623254
0.397329832
0.395051741
0.391805971
0.387616615
0.382514871
0.376537162
0.389727684
0.362134882
0.353812370

0.344818001
0.335213199
0.325062264
0.314431657
0.303389284
0.292003780
0.280343811
0.268477402
0.256471294
0.244390351

0.232297005
0.220250767
0.208307730
0.196520499
0.184937281
0.173602247
0. 162555055
0.151830800
0.141459965
0.131468430

0.121877537
0.112704207
0.103961095
0.095656796
0.087796071.
0.080380109
0.073406813
0.066871091
0.060765169
0.055078902

0.049800088
0.044914772
0.040407554
0.036261869
0. 032460266
0.028984661
0.025816575
0.022937354
0.020328356
0.017971133
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.50
.55

60

.65
.70

75

.80
.85
.90
.95

00

.05
.10

15

.20
.25
.30
.35
.40
.45

.50
.55
60
.65
.70
.75
.80
.85
.90
.95

.00

.05
.10

15

.20
.25
.30

35

.40
.45

.50
.55

680

.65
.70
.75
.80
.85
.90
.95
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NORMAL(0Q, 1) PROBABILITY DENSITY

.00

.017528300
.015449347
.013582969
.011912244
.010420935
. 009093563
.007915452
.006872767
.005952532
.005142641

.004431848
.003809762
. 003266819
.002794258
.002384088
.002029048
001722569
.001458731
.001232219
.001038281

. 000872683
.000731664
. 000611902
.000510465
000424780
.000352596
.000291947
.000241127
. 000198655
.000163256

.000133830
. 000109434
.92617e-05
. 26259e-05
.89431e-05
.77186e-05
. 85352e-05
.10414e-05
.49425e-05
. 99918e-05

.59837e-05
. 27473e—-05
.01409e-05
.04718e-06
. 36983e-06
.02951e~06
. 96130e-086
.11218e-06
.43896e~06
. 90660e-06
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.01

.017094670
. 015059616
.013233702
.011600135
.010142827
. 008846454
. 007696508
. 006679324
. 005782099
. 004992899

. 004300652
.003695134
. 003166943
. 002707476
002308890
. 001964066
. 001666569
.001410602
001190368
. 001003021

. 000842625
. 000706111
.000590236
.000492144
. 000409330
. 000339601
. 000281047
.000232008
.000191047
. 000156926

.000128576
. 000105085
.56717e~05
.96702e-05
,65159e-05
.57308e-05
.68115e-05
. 97186e—05
. 38676e—-05
.91207e—05

.52797e-05
.21797e~05
.68446e-06
.68117e-06
.07707e-06
. 79595e-06
. 77546e-08
.96469e—-06
. 32222e-06
.81443e-06
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.02

.016670101
.014678249
.012892126
.011295075
. 009871154
.008605201
.007482873
. 006490676
. 005615984
. 004847033

.004172923
. 003583596
.003069813
.002623126
.002235839
.001900975
001612227
.001363925
001150983
. 000968862

.000813521
.000681381
000569280
.000474434
.000394403
.000327053
.000270527
.000223212
.000183712
.000150825

.0001235186
.0001008%9
.22178e-05
.68280e—05
,41833e-05
.38214e-05
.53526e-05
.84493e-05
.28368e-05
.82857e-05

.46051e-05
.16362e-05
.24767e-06
.33107e-06
.79718e-06
.57278e-06
.59798e-06
.82391e-06
.21084e-06
. 72654e-06
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.03

.016254450
.014305109
.012558111
. 010996937
009605797
. 008369689
.007274439
. 006306726
. 005454095
. 004704958

. 004048582
. 003475077
.002975365
. 002541150
.002164884
.001839726
.001559502
001318661
.001112230
. 000835772

.000785344
. 000657452
.000549013
. 000457315
.000379981
.000314937
. 000260375
.000214728
000176641
. 000144948

.000118643
.68702e-05
. 88953e-05
.40954e-05
.19417e-05
. 19875e-05
. 38562e~-05
.72314e-05
. 18483e-05
. 74855e-05

. 39590e-05
.11159e~05
. 82971e-06
. 99623e-06
.52964e-06
. 35956¢e-06
.42850e--06
.68954e—06
. 10459e-06
. 64275e—06
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.04

. 015847579
. 013940061
.012231526
. 010705598
. 009346638
. 008139809
.007071105
. 006127377
. 005296344
. 004566590

. 003927554
. 003369508
. 002883534
.002461490
.002095971
.001780273
.001508351
.001274771
.001074673
.000903722

. 000758067
. 000634300
.000529415
.000440769
. 000366051
.000303239
. 000250578
. 000206546
.000169826
. 000139285

.000113951
. 29928e~-05
.56995e-05
. 14683e-05
.97879e-05
.02263e-05
.24199e-05
.60631e-05
. 09005e-05
.67186e—05

.33401e-05
.06177e-05
.42979¢-06
.67602¢-06
.27391e-06
. 15587e-06
. 26667e-086
.56132¢-06
.00325¢-06
.56287¢-06
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.00
.05
.10
.15
.20
.25
.30
.35
.40
.45

.50
.55
.60
.65
.70
.75
.80 .
.85
.90
.95
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.00

.48672e-06
.15641e-086
. 97244e-07
. 94420e-07
.36104e-07
.12847e~07
.17135e-07
.43004e-07
.856736e-07
.41610e~07

. 07698e-07
. 1701908
.18262e-08
. 66689¢-08
.513396e-08
.63924e-08
.97732e-08
.47771e—08
.10158e-08
. 19134e-09

6.07588e-09
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.01

.41414e-06
.09941e-06
.52589e-07
.59530e-07
.08913e-07
.91712e~07
.00748e-07
.30333e-07
. 75964e-07
. 34092e-07

.01929e-07
.72871e—08
.84562e-08
.41030e-08
.31910e-08
.49164e-08
. B6580e—-08
.39367e-08
.03841e-08
.71778e—09

.02

1.34497e-06

1.04511e-06

B. 10075e-07
6.26330e-07
4,83053e-07
3.71622e~07
2.85182e-07
2.18302e-07
1.6668%9e-07
1.26961e-07

9.64599e-08
7.31036e-08
5.52643e-08
4.16740e-08
3.13473e-08
2.35206e-08
1.76040e-08
1.31428e-08
9.78771e-09
7.27088e—09
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.03

. 2790606
.93394e-07
. 69605e-07
.94742e-07
.58462e-07
.52527e-07
.70393e-07
.06878e—-07
.57887¢e-07
. 20186e-07

. 12750e—08
.91396e-08
.22415e-08
. 9374908
. 96030e-08
.22008e-08 .
. 66079e-08
.23929e-08
.22463e-09
.84917e-09
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.04

.21625e--086
4414307
.31083e-07
. 64690e-07
. 35079e-07
. 34380e--07
.56346e—-07
.96032e~07
.49535e-07
. 1378le-07

.63602e-08
.53840e—08
.93791e-08
.'71988e-08
. 79531e-08
.0952%e—08
. 56665e—08
.16847e-08
.69308e—09
.45127e—~09
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x add:

.00
.05

25
.30
.35
.40
.45

.65
.60
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.70
.75
.80
.85
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.00
.05
.10
15
.20
.25
.30
.35
.40
.45

.50
.55
.60

.70
.75
.80
.85
.90
95

.00
.05
.10
.15
.20
.25
.30
.35
.40
45

10
15
.20
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.00

.500000000
.480061194
.460172163
.440382308
.420740291
401293674
. 382088578
. 363169349
. 344578258
. 3263565220

. 308537539
. 291159687
274253118
. 257846111
. 241963652
. 226627352
. 211855399
. 197662543
. 184060125
.171056126

. 1586565254
. 146859056
. 135666061
. 125071936
. 115069670
. 105649774
. 096800485
. 088507991
. 080756659
. 073529260

. 066807201
. 060570758
.054799292
.049471468
.044565463
. 040058157
. 035930319
.032156775
. 028716560
. 025588060

. 022750132
.020182215
.017864421
. 0156777607
.013903448
.012224473
. 010724110
. 009386706
. 008197536
.007142811
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.01

.496010644
. 476077817
.456204687
. 436440537
.416833837
.397431887
.378280478
. 359423587
. 340902974
.322758110

. 305025731
. 287739718
. 270930904
. 254626815
. 238852068
. 223627292
. 208970088
.194894521
181411255
. 168527607

. 156247645
. 144572300
.133499513
123024403
. 113139446
.103834681
. 095087918
. 086914962
. 079269841
.072145037

.065521712
.059379941
. 053698928
. 048457226
.043632937
.039203903
.035147894
. 031442763
. 028066607
. 024997895

.022215594
. 019699270
.017429178
.015386335
.013552581
.011910625
.010444077
.009137468
. 007976260
. 006946851
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.02

.492021686
. 472096830
.452241574
.432505068
.412935577
. 393580127
. 374484165
. 355691245
. 337242727
. 319177509

. 301531788
. 284338849
. 267628893
.251428895
. 235762498
. 220649946
. 206108054
. 192150202
. 178786380
. 166023246

. 1563864230
. 142309654
.131356881
. 121000484
.111232437
. 102042315
.093417509
. 085343451
.077803841
. 070780877

. 064255488
. 058207556
.052616138
. 047459682
.042716221 .
.038363570
. 034379502
.030741909
. 027428950
.024419185

.021691694
.019226172
.017003023
.015003423
.013209384
.011603792 .
.010170439
.008894043
. 007760254
.006755653
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.03

. 488033527
.468118628
.448283213
428576284
. 409045885
. 389738752
. 370699981
. 351972708
. 333597821
. 315613697

. 298055965
. 280957309
.264347292
. 248252230
. 232695092
. 217695438
. 203269392
. 189429655
.176185542
. 163543059

. 151505003
. 140071090
.129238112
. 119000107
. 109348552
100272568
.091759136
.083793322
.076358510
.069436623

.063008364
.057053433
.051550748
. 046478658
.041815138
.037537980
.033624969
. 030054039
.026803419
.023851764

.021178270
.018762766
. 016585807
.014628731
.012873721
.011303844
.009903076
. 008656319
.007549411
. 006569119
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. 484046563
. 464143607
444329995
. 424654565
.405165128
. 385908119
. 366928264
. 348268273
. 329968554
.312066949

. 294598516
. 277585325
.261086300
. 245097094
.229649997
. 214763884
200454193
. 186732943
. 173608780
. 161087060

. 149169950
. 137856572
.127143151
.117023196
. 107487697
. 098525329
.090122672
. 082264439
.074933700
.068112118

. 061780177
. 055917403
. 050502583
. 045513977
. 040929509
. 036726956
.032884119
.0239378980
.026189845
. 023295468

. 020675163
. 018308900
.016177383
.014282118
.012545461
.0110108658
. 009641870
. 008424186
. 007343631
. 006387155



NORMAL(0, 1) CUMULATIVE DISTRIBUTION FUNCTION

x add: .00
2.50  0.006209665
2.55 0.005386146
2.60 0.004661188
2.65 0.004024589
2.70- 0.003466974
2.75  0.002979763
2.80 0.002555130
2.85 0.00218B5961
2.90 0.001865813
2.95 - 0.001588870
3.00 0.001349898
3.05 0.001144207
3.10  0.000967603
3.15 0.000816352
3.20 0.000687138
3.25 0.000577025
3.30 0.000483424
3.35  0.000404058
3.40 0.000336929
3.456  0.000280293
3.50 0.000232629
3.55 0.000192616
3.60 0.000159109
3.65 0.000131120
3.70 0.000107800
3.75 8.84173e-05
3.80 7.23480e-05
3.85 5.9058%e-05
3.80 4.80963e-035
3.95  3.90756e-05
4.00 3.16712e-05
4,05 - 2.55088e-05
4.10 2.08575e-05
4,15 1.66238e-05
4,20 1.33457e-056
4,25 1.06885e-05
4,30 B.5399le--06
4,35 6.80688e-06
4,40 5.41254e-06
4.45 4,29351e-06
4,50  3.39787e-06
4,55 2.68230e-06
4.60 2.11245e-06
4.65 1.65968e-06
4.70 1.30081e-06
4.95 1.01708e-06
4.80 7.93328e-07
4.85 B.17307e-07
4,90 . 4.79183e-07
4,95  3.71067e-07
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O O ~3 0 = b DN N S

.01

. 006036558
. 005233608
. 004527111
. 003807033
.003364160
. 0028390068
.002477075
-002118205
.001807144
.001538185

.001306238
. 001106685
.000935437
. 000788846
. 000663675
. 000557061
. 000466480
. 000389712
.000324814
. 000270088

.000224053
. 000185427
.000153099
.000126108
. 000103630
.49567e-05
. 94834e-05
. 66935e-05
.61481e-05
. 74749e-05

.03594e-05
.45364e-05
. 97830e-05
.59124e-05
. 27685e—-05
.02213e-05
. 16273e-06
.50312e-06
.16853e—06
.09798e-06

.24138¢-06
.55768e-06
.01334e-06
.58105e-06
. 23858¢-06
.67965e~07
.54651e-07
. 86929e-07
.55382e—07
.52466e-07

8-

.02

0.005867742
0.005084926
0.0043964388
0.003792562
0.003264096
0.002802815
0.002401182
0.002052359
0.001750157
(.001488999

0.001263873
0.001070294
0.000904255
0.000762195
0.000640953
0.000537737
0.000450087
0.000375841
0.000313106
0.000260229

0.000215773
0.000178481
0.000147302
0.000121275
9.96114e-05
8.16238e-05
6.67258e-05
5.44177e-05
4.42745e-05
3.59363e—-05

2.90991e-05
2.35066e—05
1.89436e-05
1.52300e-05
1.22151e-05
9.77365e-06
7.80146e-06
6.21233e-06
4.93505e—-06
3.91098e-06

3.09198e--06
2.43862e-06
1.91870e-06
1.50600e-06
1.17922e-06
9.21130e-07
7.17791e-07
5.57991e-07
4.32721e-07
3.34765e-07
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.03

. 005703126
.004940016
. 004269243
.003681108
. 003166716
.002717945
. 002327400
.001988376
. 001694810
.001441242

.001222769
.001035003
. 000874032
. 000736375
.0006518951
. 000519035
. 000434230
.000362429
.000301791
. 000250707

.000207780
.000171797
.000141711
.0001168617
.57399e-05
.84142e-05
.40716e-05
.22282e-05
.24729e-05
.44576e-05

.78884e-05
.25179¢~05
.81382e-05
.45755e-05
. 16846e-05
.34467e—06
.45547e—06
.93397e-06
.71165e~06
.73215e-08

.94918e~-06
.32488e-06
. 82833e-06
.43437e-06
. 12260e-06
. T6476e-07
. 82665e-07
. 3042%e-G7
.11148e-07
.17921e-07

Lo O =300 = =~ =N DN Wik~ OoOOOo0O SCoOooCoCooooOg OO OO0 O OO0

WL L0 = o DD B2

.04

. 005542623
. 004798737
. 004145301
003572601
.003071959
. 002635402
. 002255677
.001926209
.001641061
.001394887

.001182891
.001000782
. 000844739
.000711364
.000597648
. 000500937
. 000418892
.000349463
. 000290857
.000241510

.000200064
.000165339
.000136319
.000112127
.20101e-05
.53236e-05
.15172e-05
.01221e-05
. 0740805
. 3036605

.67256e-05
. 15687e-05
.73653e-05
.39477e-05
.11760e-05
. 93366e~06
.12414e-06
.66753e—-086
.4979%4e-06
.56116e-06

.81271e-06
.21623e-06
. 74205e-06
. 36603e-06
. 06859e-06
. 33907e-07
.49196e-07
.04180e-07
. 90613e~-07
. 01896e-07



B

NORMAL(0, 1) CUMULATIVE DISTRIBUTION FUNCTION

oo mornCrnn

O Lh U1 1 Lh Ot G1 A in n

23

x add: .00 .01 .02 .03 .04
.00 2.86652e—-07 2.72150e-07 2.58357e-07 2.45240e-07 2.32766e-07
.05 2,20905e-07 2.09628¢-07 1.98908e-07 1.88717e-07 1,79032e-07
.10 1.69827e-07 1.61079e-07 1.52768e—07 1.44871e-07 1.37369¢-07
.15 1.30243e-07 1.23475e-07 1.17047e-07 1.10943e-07 1.05147e-07
.20 © 9.96443e-08 9.44203e~08 8.94616e~08 8.47550e-08 8.02883e-08
.25 7.60496e-08 7.20277e-08 6.82119e-08 6.45919e-08 6.1158Z2e—08
.30 5.79013e-08 5.48126e-08 5.18836e-08 4.91064e-08 4.64733e-08
35 4.39771e-08 4.16110e-08 3.93683e-08 3.72429e-08 3.52288e-08
.40 3.33204e-08 3.15124e-08 2.97995e-08 2.81770e-08 2.66403e-08
.45  2.51849e-08 2.38067e-08 2.25018e-08 2.12663e-08 2.00967e-08
.50  1.89896e-08 1.79417e-08 1.69500e-08 1.60115e-08 1.51236e-08
.65  1.42835e-08 1.34887e-08 1.27370e-08 1.20259¢-08 1.13535e-08
.60 1.07176e-08 1.01163e—08 9.54787e-09 9.01048e-09 8.50251e~09
.65 =~ B.02239e-09 7.56865e~09 7.13988e-09 6.73474e-09 6.35197e-09
.70 - 5.99037e-09 5.6488le-09 5.32620e-09 5.02153e-09 4.73383e-09
.75  4.46217e-09 4.20570e-09 3.9635Be-09 3.73503e-09 3.51932e-09
.80  3.31575e—09 3.12364e-09 2.9423Be-09 2.77137e-09 2.61004e-09
.85  2.45786e-09 2.31434e-09 2.17898e-09 2.05133e~-09 1.93098e-09
.90 1.81751e-09 1.71054e¢-09 1.650971e-09 1.51467¢-09 1.42511e—09
95 1.34071e-09 1.26119e-09 1.18627e—-03 1.11569e-03 1.04320e-09
.00 9.86587e-10
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CRITICAL POINTS OF THE NORMAL(G, 1) DISTRIBUTION

2.5e-01 1.0e-01 5.0e-02 2.5e-02 1.0e-02
0.674489750 1.281551566 1.6544853627 1.959963985 - 2.326347874

5.0e-03 2.5e-03 1.0e-03  5.0e-04 2.5e-04
2.575829304 2.807033768 3.090232306 3.290526731 3.480756404

1.0e-04 5.0e-05 = 2.5e-05 1.0e-05 5.0e-06
3.719016485 3.890591886 4.055626981 4.2648390794 4.417173413

2.5e-06 1.0e~06 5.0e-07 2.5e-07 1.0e-07
4.564787730 4.753424309 4.891638475 5.026312836 5.199337581
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CHI-SQUARED CUMULATIVE

1d.f.

. 99202129
.99022819
. 98871658
. 98738486
. 98618092
. 98507382
. 98404337
. 98307558
. 98216025
.98128966
. 98045785
. 97966006
. 97889242
.97815176
. 97743543
.97674116
. 97606705
.97541144

. 97477288
. 96910579
.96432941
.96012239
. 95631990
. 95282403
. 94957097
. 94651639
.94362802
. 94088149
. 93825788
.93574211
.93332159
. 93098745
., 92873007
. 92654276
.52441941
.92235479

. 92034433
. 90252325
.88753708
. 87436706
. 86249023
. 85159566
.B4148058
. 83200403
. 823086327
.B81458070
. 80649594
. 79876096
.79133678
. 78419123
77729741

. 77063255

.76417716
. 75791440
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2 d.f.

. 99995000
. 99992500
. 99990000
. 99987501
. 99985001
. 99982502
. 99980002
. 98977503
. 99975003
. 99972504
. 99970004
. 99967505
. 99965006
. 99962507
. 99960008
. 99957509
.99955010
. 99952511

. 99950012
. 99925028
899900050
. 99875078
.99850112
.99825153
. 99800200
. 99775253
. 99750312
. 99725378
. 99700450
. 99675528
. 99650612
. 99625702
. 99600799
. 99575902
.99551011
. 98526126

. 99501248
. 99252805
. 99004983
. 98757780
.98511194
. 98265224
. 98019867
.97775124
. 97530991
. 97287468
. 97044553
. 96802245
. 965605642
. 96319442
. 96078944
. 95839047
. 95599748
. 95361047
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3 d.f.

. 99999973
. 99999951
. 99999925
. 99999895
. 99999862
. 99999826
. 99999787
. 99999746
. 99999703
. 99999657
. 99999609
. 99999559
. 99999508
. 999399454
. 99999398
. 99999341
99999282
. 99999221

. 99993159
. 99998456
. 99997623
. 99986678
. 99995634
. 99994499
. 99993280
.99991982
. 99990611
. 99989170
. 99987661
. 99986090
. 99984456
. 99982764
.99981015
.99979211
. 99977353
. 99975443

. 99973483
. 99951359
. 89925224
. 99895654
. 99863039
. 99827668
. 99789766
. 99749515
. 997070867
. 99662551
. 99616079
. 99567749
. 995617648
. 99465854
. 99412437
. 99357461
. 98300984
. 99243062
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DISTRIBUTION FUNCTION

4 d.f.

. 00006000
. 00000000
. 00000000
. 99999999
. 99999999
. 99999938
. 99999998
. 99999997
. 99999997
. 99999996
. 99999996
. 98999995
. 999099994
. 99899893
. 99899992
. 999993991
. 99998990
. 99999989

. 99999988
. 99399972
. 99999950
. 99999922
. 99999888
. 99999847
. 999938800
. 99999747
.99999688
. 99999623
. 99999551
. 899999473
. 99999389
. 999992399
. 99999202
. 99999099
. 99998991
. 99998875

. 99998754
. 99997202
. 99995033
. 99992252
. 99988862
. 99984865
. 99980265
. 99975064
. 99969266
. 99962874
. 99955890
.99948318
.99940161
.99931421
.99922102
. 98912206
. 99901737
. 99890697
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5 d.f.

. 00000000
.00000000
. 00000000
. 00000000
.00000000
.00000000
. 00000000
.00000000
. 00000000
. 00000000
. 00000000
.00000000
. 00000000
.00000000
. 00000000
.00000000
.00000000
.00000000

.00000000
. 00000000
. 99999999
. 99999998
. 99999997
. 99999996
. 99999995
. 99999993
. 99999991
. 99999988
. 99999985
. 99995982
. 99999978
. 99999974
. 89899970
. 99999965
. 99999959
. 99999953

. 99999947
. 99999854
. 99999701
. 989999479
.99999180
. 99998796
. 99998322
. 99997751
. 99997079
. 99996300
. 99995409
. 99994402
<99993274
.99992022
. 939990642
. 99989130
. 99987483
. 99985696
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CHI-SQUARED CUMULATIVE

1 d.f.

. 75182963
. 69853536
. 65472085
.61707508
.58388242
.55411313
.52708926
.50233495
.47950012
.45831769
.43857803
.42011268
.40278369
. 38647623
.37109337
. 35655234
.34278171
.32971930

.31731051
. 22067136
.15729921
. 11384630
. 08326452
.06136883
. 04550026
.03389485
.02534732
.01901647
.01430588
. 01078745
. 00815097
. 00616990
. 00487773
.00355146
.00269980
. 00205472

. 00156540
. 00010751
. 7442e-06
. 7330e—07
.3205e-08
.2971e-09
.5396e-10

6 d.f.

. 99999944
. 99999912
. 99999869
. 99998813
. 99999744
. 99999660
. 99999560
. 99999442

OO0 OO

BN WWeROO

ODCOoOoOOOQOO

2 d.f.

. 95122942
. 92774349
. 90483742
. 88249690
.86070798
. 83945702
.B1873075
.79851622
. 77880078
.75957212
.74081822
.72252735
. 70468809
. 68728928
. 67032005
. 65376979
.63762815
.62188508

. 60653066
.47236655
.36787944
. 28650480
.22313016
.17377394
.13533528
.10539922
. 08208500
.06392786
.04978707
.03877421
.03019738
.02351775
.01831564
.01426423
.01110900
. 00865170

. 00673795
.00055308
.5400e-05
.7267e-06
. 059007
.5110e-08
.0611e—09

7 d.F.

. 99999996
. 99999994
. 99989990
. 99999986
. 99993979
. 99999971
. 99999961
. 99999948
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3 d.f.

. 99183742
. 98522606
. 97758930
. 96814040
. 96002848
. 95036612
. 94024249
. 92973057
.91889141
L90777705
. 89643237
. 88489653
. 87320395
. 86138508
. 84945703
. 83747403
. 82542781
. 81334791

. 80125196
.68227033
. 57240670
47529108
.39162518
.32076212
.26146413
.21229029
. 17178714
. 13863862
. 11161023
. 08966250
.07189777
. 05755845
. 04601171
. 03673311
. 02929089
.02333136

.01856614
.00181685
. 00016974
.5440e-05
.3801e-06
.2182e—-07
. 065508

8 d.f.

. 00000000
. 00000000
. 999998399
. 99999999
. 99999998
. 99999998
. 99999997
. 99999995
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COCOQOOOLOOOQOOOoOO0
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d bt et o e e

DISTRIBUTION FUNCTION

4 d.f.

. 99879090
. 99732425
.99532116
.99280902
. 98981417
. 98636200
. 98247690
. 97818237
. 97350098
. 96845446
. 96306369
.95734874
. 95132892
. 94502276
. 93844806
. 93162194
. 92456082
. 91728046

. 90979599
.82664147
. 73575888
.64463579
.55782540
.47787834
. 40600585
.342564748
. 28729750
. 23972948
. 19914827
.16479038
. 13588823
.11170829
. 09157819
.07488723
. 06109948
. 04974725

.04042768
.00470122
.00049940
.0310e-05
.8944e-06
.6453e-07
. 3284e-08

g9 d.f.

.00000000
. 00000000
.00000000
. 00000000
.00006000
. 00000000
. 00000000
. 00000000

Do CO0OLOODOoOOoOCDOOOOO

SO0 CCOQOOOOOOOoOLOO

= = DO DD

et bl ot e ot ot e

5 d.f.

. 99983768
. 99956059
. 99911386
. 99847918
. 99764309
. 99659563
. 99532959
. 99383991
. 99212329
.99017793
. 98800324
. 98559970
. 98296868
.98011229
. 97703334
. 97373518
197022164
. 96649697

. 96256577
. 91306981
. 84914504
. 77649507
. 59998584
.62338763
.54941595
.47988344
.41588019
. 35794588
. 30621892
. 26055846
. 22064031

. 18602983
. 15623563
. 13074779
. 10906416
.08070739

.07523525
. 01036234
. 00124973
. 00013933
.4749e-05
.5047e-08
.4934e-07

10 d.f.

. 00000000
. 00000000
. 00000000
. 00000000
. 00000000
. 00000000
. 00000000
. 60000000
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CHI-SQUARED CUMULATIVE

6 d.f.

0.99999304
0.99599145
0.99998965
0.99998761
0.99998532
0.99998276

0.99997993
0.99993353
0.99984535
0.99970352
0.99949714
0.99921619
0.99885152
0.99839481

. 0.99783850

0.99717578
0.99640051
0.99550722
0.99449107
0.99334779
0.99207367
0.99066553
0.98912067
0.98743687

0.98561232
0.95949456
0.91969860
0.86846767
0.80884683
0.74396970
0.67667642
0.60933927

0.54381312

0.48145670
0.42319008
0.36956667

.0.32084720

0.27706844
0.23810331
0.20371109
0.17357807
0.14734918

0.12465202
0.02025672

0.00276940

0.00034145
3.9308e-05
4,3095e-06
4.5551e-07

4.6802e-08

4.7011e-09

7 d.f.

0.99999933
0.99999915
0.99999893
0.99999868
0.99999840
0.99999806

0.99999769
0.99999063
0.99997484
0.99994612
0.99989996
0.99983170
0.99973656
0.99960975
0.99944648
0.99924203
0.99899175
0.99869111
0.99833574
0.99792137
0.9974439%
0.99689958
0.99628453
0.99559529

0.99482854
0.98230966
0.95984037
0.92709707
0.88500223
0.83522548
0.77977741
0.72071727
0.65996323
0.59918387
0.53974935
0.48272319
0.42887986
(.37873691
0.33259390
(.29057274
0.25265605
0.21872185

0.18857347
0.03599940
0.00556968
0.00075880

9.4960e-05

1.1184e-05
1.2588e-06
1.3676e-07

1.4445e-08
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OO OO

OO0 CQCOOCOOOOOOoOOoOCOOOOO

RWLWWNOQOQO O OO

COoOO0OOOCOoDOoOOoOODOOOoDOQOOOO

8 d.f.

. 99999994
. 999999392
. 99999930
. 99999987
. 99999984
- 99999980

.99999975
. 99999876
. 99999615
.99999079
.99998129
. 99996601
.99994316
.99991074
. 99986663
. 99980857
.99973419
.99964105
. 99952665
.99938841
.99922375
.99903004
. 99880465
. 99854496

. 99824838
. 99270783
98101184
. 96173095
. 93435755
. 89918965
.85712346
.80943311
.75757613
. 70303999
64723189
.58140764
.536863267
.48376738
.43347012
.38621156
. 34229596
. 30188558

. 26502592
.05914546
.01033605
.00155456
.00021138
.6738e—05
.2037e-06
.6800e—07
.0868e-08

9 d.f.

0.99999999
0. 99999999
0.99999999
0.99999999
0.99999998
0.99999988

0.99999997
0.99999984
0.99999944
0.99999851
0.99999669
0.99999350
0.99998839
0.99998067
0.99996957
0.99995421
0.99993362
0.99990675
0.99987244
0.99982949
0.99977659
0.99971239
0.99963547
0.99954435

0.99943750
0.99714677
0.99146761
0.98088349
0.96429497
0.94114441
0.91141253
0.87553303
0.83430826
0.78872801
0.73991829

'0.68901902

0.63711941
0.58520877
0.53414622
0.48464589
0.43727419
0.39245576

0.35048521

0.09093598
0.01791240
0.00297118
0.00043872
5.9583e-05
7.5985e-06
9.2266e-07
1.0772e-07

b el e pond et

OO OOCOO o

SCOoOO0O OO OOOOOOOoOOoQO

NN ODOoOOoO OO0

10 d.f.

. 00000000
. 00000000
. 00000000
. 00000000
. 00000000
. 00000000

. 00000000
. 99999998
. 99999992
. 98999977
. 99999944
. 99999882
. 99999774
. 99899601
. 99999339
. 99998957
. 99998421
. 99997693
. 99996726
. 99995472
. 99993876
. 99991876
. 99989410
. 99986405

. 99982788
. 99893532
. 99634015
. 99087572
. 98142406
. 96709838
. 94734698
. 92198589
.89117802
.85537851
.81526324
. 77165344
. 72544495
67754764
. 62883694
.58011831
.53210358
. 485338756

. 44049329
. 13206186
. 02925269
. 00534551
. 00085664
. 00012487
.634be-05
.1747e-06
.6691e-07
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I1 d.¥.

. 99999958
. 99999921
. 99999863
. 99999773
. 99999641
. 99999454
. 99999196
. 99998850
. 99998394
. 99997805
. 99997056
. 99996119

CoOoOoooooooo0

0.99994961
. 99961962
. 89849588
. 99582417
. 99072589
. 98233510
. 96991702
. 95294990
. 93116661
. 90456053
.87336425
. 83801045
. 79908350
. 75726866
.71330383
.66793719
.62189233
57584155

OO OO OoOoC oo OO o OO

.53038715
.18249693
. 04534067
.00911668
.00158460
. 00024780
5775e-05
.8522e-06
.2594e-07

O~1OdWwoo oo o0

.2722e—09
16 d.f.

. 99999994
. 99999872
. 99998975
. 99995094
. 99983043
. 99953187
. 99890328
. 99773291
. 99575330
.99265319

. 749%e-08

CCoCOOOOO o0

12 d.f.

. 999993993
. 99999985
. 999993973
. 999389953
. 99999922
. 99999876
.99999811
. 99999720
. 99999596
. 999399431
.99999215
. 99998936

O oo oD OO OO OoOOo

. 99998584
. 99986945
.99940582
. 99816191
. 99554402
. 99086644
. 98343639
. 97263465
. 95797896
. 93916469
. 91608206
. 88881320
.B5761355
. 82288283
.78513039
. 74493905
.70233043

OO OoODo OO0 OO0 OC

. 61596065
.24143645
.06708596
.01482287
.00279243
.00046831
.1909e-05
.0305e-05
.3971e-06
. 8099e—07
.2573e-08

N RN OO

17 d.f.

. 999999939
. 99999963
. 99999656
. 99998161
. 99993050
. 89979314
. 99948293
. 99886863
. 99777084
. 99596428

. 65973393

14—

DISTRIBUTION FUNCTION

13 d.f.

0.99999999
0. 99999937
0.99999995
0.99999990
0.99999984
0.99999973
0.99999957
0.99999934
0.99999902
0.99999858
0.99999798
0.99999719

0.,99999617
0.99995683
0.99977375
0.99921977
0.99793432
0.99544123
0.99119139
0.98461799
0.97519313
0.96247680
0.94615296
0.92605084
0.90215156
0.87458221
0.84360028

0.80957139

0.77294354
0.73422019

0.69393437
0.30735277
0.09521026
0.02308373
0.00470970
0.00084668
0.00013824
2.0927e-05
2.9815e-06
4,0410e-07
5.2535e-08

18 d.f.

1.00000000

0.99999989 -
0.99999887

. 99999329
. 99997226
. 99991099
. 99976255
. 999449394
. 99885975
. 99783917

SO o

14 d.f.

. 00000000
. 00000000
. 99999999
. 99999998
. 99999997
. 99899994
. 999999391
. 99999885
. 99999977
. 999999566
. 99999950
. 99999928

OO OO0~

. 99999800
. 99998621
. 99991676
. 99967987
. 99907401
. 99779879
. 99546619
. 99162793
. 98581269
. 97756669
. 96649146
. 95227474

.91371732
.B8932602
.86168708
83105058
.79775023

OCOoOWLOQOOoOOOOOOOCCOQOO0

.76218346
. 37815469
.13014142
. 03456739
.00763190
. 00147002
.00025512
.0794e-05
. 1063e~-06
.6579e-07
. 1732e~07

HOMPhOOoO OO OO

19 d.f.

. 99999997
. 95999964
. 99999761
. 99998921
. 99996265
. 99989366
. 99973914
. 99943096

OO OOOOO M

.93471190

. 00000000

CCOoOCOOO OO ™~

. 99887101

15 d.f.

.00000000
.00000000
.00000000
. 00000000 -
.99999999
. 99999999
.99999998
. 99999997
. 99999995
. 99999992
. 99999988
. 99999982

CoOOOO OO O

.99999975
. 99999574
. 99997035
. 99987277
.99959780
. 99896981
.99773734
. 99558002
.99212641
. 98697983
.97974775
. 97007104
. 95764975
.94226311
.92378270
.90217836
.87751745
.84995843

COQOOOoOOOLOooCoOOoO O oOOO

. 81973992
.45141721
. 17193269
. 04994343
.01192150
. 00245903
. 00045350
.6573e-05
.2041e-05
. 7859e-06
,5221e—07

NP~ OOoOOQOOOO

20 d.f.

.00000000
. 99999999
. 99999989
. 99999917
. 99999590
. 99998470
. 99995350
. 99987920
.99972265
. 99942378



1O TN R L LB DN

WO D

.

OCUMONOTONONONS
el el el o N ol e ol el o
bod bt bt et ot bt ot el ot ot

DWW ~I~ITONH UL L B WWN L

S0 OO s WWN N

MOOCoSOOUNOUNO S

%

oo Mo o
b bt b B b o
OO COoOOOoO

*

SO OoOCOLo oo OO To o

FEEEEESEDEDEREF
Pt e et b et ot e et e e pd i e

CHI-SQUARED CUMULATIVE

S OO0 OOOO
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NN~ T OoOOOQ

16 d.f.

. 98809550
98173903
.97326108
. 96237866
. 94886638

. 93256980

.91341353
.89140415

. 86662833
.52463853
. 220220865
. 06982546
.01800219
. 00397430
.D0077859
.00013879
.2925e-05
.5561e—-06
.2337e-07
.3667e-08
.9790e-09

21 d.f.

. 99999997
. 99999972
. 99999848
. 99999338
. 99998013
. 99994531
. 99986784
.99971243
. 99942618
.99893516
. 99814223
. 99692644
. 99514424
. 99263262
.98921405
. 98470270

.97891186
.82295181
.52126125
. 24716408
.09198801
.02823511
.00743678
.00173197
. 00036480
.0693e-05

.2772e~05

. 1737e-06
.5140e-07
.4324¢-08

OLUooDoOoOOoOoo

N~ OO0 OO

COOOQLOOLoOOOOOoOOCO

HOWNODOQOOOOoOOoOoO

17 d4.f.

. 99318566
.98914646
. 98354890
. 97610356
. 96654666
. 95465564
.94026180
92325931

. 90361029
. 59548165
. 27422927
. 09470961
. 02634508
. 00622120
.00129420
.00024351
.2240e—-05
.8523e—06
.0509e-06
.5367e-07
.1568e-08

22 d.f.

. 99995999
. 99599991
. 99999945
. 99999760
. 99999169
. 99997578
. 99993837
. 99985954
. 99970766
.99943614
. 99898061
. 99825683
- 99716023
. 99556591
.99333133
. 99029967

. 98630473
. 86223798
.58303975
. 29707474
. 11846441
.03874505
.01081172
. 00265384
.00058646
.00011877
.2349e-05
. 9500e~06
.6144e-07
.0568e-07

OO0 OOCCoOOOOoH
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DISTRIBUTION FUNCTION

ODCSCOQOoOOO o

RWNFR-JTOO0OOOOO0O0

N~ WO oo OO

18 d.f.

. 99619701
. 99370889
. 99012634
. 98518866
. 97863657
. 87022625
. 95974269
. 94701116

. 93190837
.66196712
. 33281968
. 12491620
.03744649
. 00945240
.00208726
.00041441]
.5483e-05
. 2804e—05
.0461e—06
. 1079e—07
.5193e-08

23 d.f.

. 00000000
. 99998997
. 99999980
. 99999908
. 99993660
. 99988949
. 99997186

. 99993280

. 99985410
. 99970747
. 99945189
. 99903118
.99837218
. 99738386
. 99595747
. 99396797

.99127665

.89463358

.64131179

.35028534
. 14940165
.05201556
.01536908
.00397464
.00092132
. 00019496

.8206e—05

.0118e-06
.2161e-08
.0080e-07

COoOCOoOOOO0OOCC OO0

SO o oo Qo

O HWLUNnoOoCoOQ o Qoo

WN—HROSOOOOROOO

19 d.f.

20 d.f.

.99792846 0.99889751
.99644000 0.99803135

.99421326
.99103317
. 98667088
. 98089428
. 97347940
. 96422157

. 95294580
. 72269733
.39457818
. 16054222
. 05179846
. 01396683
.00327232
. 00068540
.00013106
. 3244e-05
. 8698e-06
.1057e-07
.1982e-08

24 d.f.

. 00000000
. 99999939
. 99998993
. 99999965
. 99999864
. 99999553
. 99998740
. 99996849
. 99992861
. 99986120
.99971101
.99947181
. 99908477
. 998485683
. 99759572
. 99631938

. 99454691
. 92075869
~69677615
.40576069
.18475180
.06840084
02138682

.00141597
.00031304
.3877e-05
217205
. 1865e—-06
. 730707

. 00582506

0

OO OO

OO OO OO OO

COOCOLQOOOOO OO R

NUWNOCOOoOOOOoOQOOoOODO

. 99668506
. 99469283
. 99186776
. 38800847
. 98290727
. 97635931

. 96817194
. 77640761
.45792971
.20143110
. 06985366
.02010428
. 00499541
.00110347
.00022148
.1061e-05
.1218e-06
.1671e-06
.8214e-07

25 d.f.

. 00000000
. 00000000
. 99999998
. 99999987
. 99999946
. 99899814
. 99993447
. 99998550
. 98996573
. 99992573
. 99885048
. 99971751
. 99949494
. 99913975
. 99859620
. 99779493

. 99665264
. 94138257
. 74682531
.46237366
. 22428900
.08820321
. 02916440
.00836247
.00213115
.00049213
.00010455
. 068505
.8479e-06 -
.7843e-07
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CHI-SQUARED CUMULATIVE

21 d.f1.
8.0748e-09
26 d.f.

. 99999979
. 99999924
. 99999762
. 99999345
. 99998385
. 99996361
. 99992404
. 99985160
. 99972628
. 99951996
. 99919486
. 99870218

COQOoOOOoOoOoCCoO

. 99798115
. 95733413
. 79155648
.51897522
. 26761103
.11164885
.03901199
.01177110
.00314412
. 00075824
.00016770
.4441e-05
.6346e-06
. 2087e-06
. 0964e-07
.4816e-08
.5622e-09

31 d.f.

. 99999971
. 99999920
. 99999801
. 99999539
. 99999005
. 99997978
. 99996106
. 99992848

. 99987412
.99307512
. 93580362
76771772
.51729655
.28380139

. 04985012
. 01675727
. 00500341

SOQOCOOoOOOO0O

. 12904035 .

22 d.f.
1.6202e-08
27 d.f.

. 99999992
. 99999969
. 99999899
. 99999710
.99999252
. 99998248
. 99996209
. 99992340
. 99985423
. 99973675
. 99954614
. 99924918

SO0 QCOOOOoOOOCC

. 99880304
. 96943196
.83075612
.57446199
.31415383
. 13886592
.05123690
.01626055
.00455081
.00114591
.00026379
.6235e-05
.1217e-05
.1113e-06
.7764e-07
.4562e-08
.0602e-08

~ @HWNF Mo OO OOoCoCOQ

32 d.1.

. 99999965
. 99999908
. 99999780
.99999511
. 99998976
. 99997972
. 99996175

Qoo COoOo o

. 99993099
. 995391868
.95125960
. 80602900
. 56808358
.32754239
.15651313
.06341093
.02229302
. 00694143

OO QCoOOCOoOO O

. 99999988

-16-

DISTRIBUTION FUNCTION

23 d.f.

24 d.f.

3.1752¢-08 6.0842e-08

28 d.f.

0.99999997
0.99999988
0.99999958
0.99999873
0.99999660
0.99992171
0.99998140
0.99996113
0.99992367
0.99985805
0.99974841
0.99957282

0.99930201

1 0.97843535

0.86446442
0.62783534
0.36321784
0.16986733
0.06612764
0.02206231
0.00646748
0.00170001
0.00040728
9.0112e-05
1.8610e~05
3.5190e-06
6.6749e-07
1.1747e-07
1.9826e-08

33 d.f.

. 99999995
. 99989985

. 99999897
. 99999763
. 99999489
. 99998959
. 99937984

OO COOoCOS

. 99956271
. 99697520
. 96346590
.83987115
.61725743
.37329027
. 18723835
. 07950088
.02921792
. 00948458

CoOOoOOoOQ OO0 O0O

. 99999958

29 4.1,

. 99999999
. 99999935
. 99999983
. 99999946
. 99999848
. 99999614
.99999102
. 99998060
. 99996068
. 99992470
. 99986279
. 99976086

SCOOooCOoOo OO OO o

. 99959948
. 98501495
89292709
. 67824747
.41400364
. 20453980
. 08393690
. 02942403
. 00903166
. 00247766
. 00061766
.00014182
.0322e-05
.0916e-06
. 1585e—-06
. 0986e-07
.6403e-08

WNHMFOWOOoODOoOOoODODLWOOOOoOo O

34 d.f.

. 99999998
. 99999993
. 99999981
. 99999952
.98999887
. 99999748

SO0 OO

. 99998952

. 99998013
. 99804111
. 97295839
. 86930800
66412320
. 42040330
. 22107420
. 09829883
.03774765
.01277058

CoOo OO oo0

.99999473

25 d.f.
1.1411e-07
30 d.f.

. 00000000
. 99999998
. 99999993
. 99999977
.99999933
. 99999823
. 99999574
.99999047
. 99998007
. 99996068
.99992634
. 99986821

OO0 OOCOTOOO R

. 99977375
. 98973957
. 91654153
.72503188
. 46565371
. 24264044
. 10486428
.03860176
01240206
. 00354993
. 00092068
. 00021935
. 8549e-05
L 0075e-056
.9756e-06
,B6838e-07
.5673e-0B

NWr = i OO OO0 COOoOOCOO0O

35 d.f.

0.99999999
0.99999997
0.99999992
0.99999978
0.99999947
0.99999878
0.99999737
0.99999463

0.99998956
0.99874797
0.98023092
0.89453283
0.70813095
0.46820272
0.25778138
0.11993375
0.04809770
0.01695320
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31 d.f,

. 00134979
. 00033364
.6437e~05
.6385e-05
. 312506
. 3574e-07
. 1648e-07
. 0469¢-08

NEHFEOW:-IOO0

.4644e-09

[4V]

36 d.f.

0.99999975
0.99999941
0.99999870
0.99999728

. 99920998
. 98572239
. 91583667
. 74885875
.51599664
. 29702840
. 14447400
. 06047504
.02220009
. 00727022
.00215551
. 00058584
. 00014750
.4705e-05
. 6886e-06
.6140e-06
. 2281e-07

WHEFTWOoOOoOOODOODOOLOOoOOoOODOO

o))

.1795e-08

o2}

-99999458

32 d.f.

.00194748
. 00049936
.00011841
.6216e-05
.4640e-06
.0793e-06
.0322e-07
.5650e-08

WN=ONOS oo

. 3580e—-09
37 d.f.

0.99999989
0,99999972
0.99998937
0.99999864

0.99999723
0.99950772
0.98981093
0.93357689
0.78602254
0.56311518
0.33840199
0.17191886
0.07506882
0.02868959
0.00975993
0.00299938
0.00084322
0.00021918
5.3149e-05
1.2116e-05
2.6133e-06
5.3630e-07

1.0622e-07
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DISTRIBUTION FUNCTION

33 d.f.

. 00276681
. 00073585
. 00018057
.1290e-05
.8714e-06
.8035e-06
. 489507
. 458508

TWHOD_RODOO

.1484e-08

—

38 d.f.

. 989598995
. 98999987
. 99999970
. 99999933

oo R e i o i m

. 999399860
. 99969700
. 89281350
. 94814825
. 81947171
. 60893402
.38142195
. 20219295
. 09204086
. 03660628
.01293270
.00411882
.00119759
. 00032135
.0304e-05
. 8835e-05
. 1740e-06
. 7891e—07

U~ COoOOOOQOOODooDC OO

.7672e-07

-

34 d.f.

.00387272
.00106814
.00027122
.4046e-05
.4185e-05
.9677e-06
. 9005e-07
.1207e-07

HONEOOOOo

[a]

.0424e-08
39 d.f.

0.99999398
0.99999994
0.,99999986
0.99999967

0.99999930
0.99981573
0.99498931
0.95995801
0.84917789
0.65289723
0.42555940
0.23514400
0.11151627
0.04613558
0.01692215
0.00558408
0.00167300
0.00046503
0.00011975
2.8897e-05
6.5790e-06
1.4214e-06

2.9287e-07

35 d.f.

. 00534322
. 00152809
.00040145
.7890e-05
.2347e-05
.8113e-06
.8297e-07
.9159e-07

HEoRsRNOOOO

.5785e—08

w

40 d.f.

0.99999999
0.99999997
0.99999993
0.99999984

. 99999865
. 99988925
. 99654566
. 96940587
. 87521878
.69453423
.47025727
. 27054435
.13357483
.05745735
.02187347
.00747712
.00232451
. 00066447
.00017630
. 3769e-05
.0237e-05
. 2692e-06

MR A OOCOOLOCoCOL oo

. 7914e-07

=
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. Oe.—02
.5e~-02
.De-02
.0e—-03
.5e~03
.0e-03
.De-04
5e-04
.0e—04
. 0e~05
.5e-05
.0e-05

. 0e-02
5e-02
.0e-02
.0e-03
.5e-03

Oe—-03
Oe-04

He-04
.0e—-04
.0e—~05
.5e—05
. 0e—05

.0e—02
.5e-02
.0e—02
.0e—-03
.5e~03
.De~03
.De—04
.5e-04
.0e—-04
.0e-05
.5e~-05
.0e—-05

.0e~02
.5e-02
.0e-02
.0e—03
.5e-03
.0e—-03
Oe—04
.be-04
.De~-04
.0e-05
.5e-05
.0e-05
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CRITICAL POINTS OF THE CHI--SQUARED DISTRIBUTION

14d.f.
3.84145882
5.02388619
6. 63489660
7.87943858
9.14059346
10.82756617
12.11566515
13.41214780
15.13670523
16.44811021
17. 76453626
19.51142096

6 d.f.
12.59158724
14.44937534
16.81189383
18.54758418
20.24340205
22.45774448
24.10279899
25.72959419
27.85634124
29.44972494
31.03155887

133.10705682

11 d.f.
19.67513757
21.92004926
24.72497031
26.75684892
28.72934952
31.26413362
33.13661500
34.97673714
37.36698644
39.14758136
40.90748557
43.20595972

16 d.f.
26.29622760
28.84535072
31.99992691
34.26718654
36.45574943
39.25235479
41.30807372
43.32070595
45.92489905
47.85807872
49.76357138
52.24497689

10.

11

13.
15.
16.
18.
19.
21.
23.

14,
16.
18.
20.
22.
24.
26,
27.
28.
31.
33.
35.

21.
23.
26.
28.
30,
32,
34.
36.
39.
40,
42.
45.

27.
30.
33.
35.
37. |
.79021671
42,
44.
47,
49.

40

51
53

2 d.f.
. 99146455
.37775891
. 21034037
59663473
. 98292909
81551056
20180492
58809928
42068074
80697511
19326947
02585093

7 d.f.
06714045
01276427
475630691
27773987
04039059
32188635
01776771
69213487
87750391
51244350
13373235
25853642

12 d.f.

02606982
33666416
21696731
29951882
31847913
90949041
82127464
69836174
13440388
94762380
73863015
07614652

17 d.f.

58711164
19100912
40866361
71846566
94613878

87921296
92321540
566369586
52737490
45944770
.97429344

3 d.f.
7.81472790
9. 34840360

11.34486673
12.83815647
14.32034710
16.26623620
17.72999623
1S. 18788484
21.10751347
22.554743807
23.99833330
25.90174975

8 d.f.
15.50731308
17.53454614
20.09023503
21.95495499
23.77447432
26.12448156
27, 86804640
29.58710481
31.82762800
33.50172020
35.16022442
37.33159365

13 d.f.
22.36203249
24.73560488
27.68824961
29.81947122
31.88308547
34.52817897
36.47779372
38.39048171
40. 87065501
42.71533530
44,53634852
46.91155313

18 d.f.
28. 86929943
31.52637844
34.80530573
37. 15645146
39.42214703
42.31239633
44.,43377074
46.50830576

49. 18939447

51.17750188
53.13547110
55.68290738

4 d.f.
9.48772904
11.14328678
13.27670414

14.86025900 .

16.42393612
18.46682695
19.99735500
21.51727547
23.51274244
25.01334257
26.50729515
28.47325542

g d.f.
16.91897760
19.02276780
21.66599433
23.58935078
25.46247870
27.87716487
29.66580810
31.42716313
33.71994844
35.43118280
37.12502426
39.34065373

14 d.f.
23.68479130
26.11894805
29.14123774
31.31934962
33.42601051
36.12327368
38.10940393
40.05647283

42.57928895

44.45438498
46.30442153
48.71609690

19 d.f.
30.14352721
32.85232686
36.19086913
38.58225655
40.88497373
43.82019596
45,97311956

48.07741433

50.79548967
52.81003035
54.79326363
57.37250401

11.
12.
15.
16.
18.
20.
22.
23.
25.
27.

30.

18,
20.
23.
25.
27.
29.
31.
33.
35.
37.
39.
41.

24.
27.
30.
32.
34.
37.
39.
41.
44.
46.
48.
50.

31.
34.
37.

39

42.
45,
47.
49.
52.
54.
56.

59.

5 d.f.
07049769
83250199
08627247
74960234
38561256
51500565
10532678
68098327
74483196
29370745
.83334372
85618994

10 d.f.

30703805
48317735
20925116
18817957
11217103
58829845
41981251
22142994
56401394
31067361
03824512
29615797

15 d.f.

99579014
48839286
57791417
80132065
94958514
69729822
71875979
69910967
26322494
16779243
04596235
49300558

20 d.f.
41043284
16960690
56623479
. 99684631
33566008

31474662
49845189
63179033
38597327
42632659
43423673
. 04455038
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.0e-02
.5e-02
.0e-02
.0e-03
.5e-03
.0e-03
.0e~04
.5e~-04
.0e-04
.0e-05
.5e-05
. 0e-05

.0e-02
.5e-02
De-02
. 0e—-03
.5e-03
.0e—03
0e-04
.5e-04
De-04
.0e—05
.5e-05
.0e-05

. 0e—02
.5e—02
.0e-02
.0e~03
.5e-03
0e-03
.0e-04
.he-04
.0e-04
.0e-05
.5e-05
.0e~05

.0e—-02
He—02
.0e-02
.0e~03
5e-03
.0e~03
.0e—-04
.5e-04
LDe—04
.0e-05
.5e-05
0e-05
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CRITICAL POINTS OF THE CHI-SQUARED DISTRIBUTION

32,
35,
38.
41.
77511678
79703804

43

46.
49,
51.
53.
56.
58.
60.

38.
41.
45.
48,
50.
54,
56.
58.
61.
.84154680
65.
68.

63

44,
43.
52.
55.
57.
61.
.58201075
65.
69.
71.
73.
76.

63

50.
54.
58.
.58117911
64.

61

67

76

21 d.f.

67057334
47887591
93217268
40106477

01081160
17252772
96200012
02758799
05962772
70033312

26 d.f.

88513866
92317010
64168267
28988233
82910648
05196239
40689012
70190660
65726128

98714983
77097979

31 d.f.

98534328
23188959
18139483
00270388
69231551
09830608

99873850
10569229
39855157
64810871
56306136

36 d.f..
99846017
43729363
61921450

40978764

. 98516763
70.
73.

58807009
11752340

. 36497897
78.
81.
. 14124764

75853051
10454860

33.
38.
40.
42,
45,
48.
50.
52.
55.
57.
59.
62.

40

43.
46.
49.
52.
55.
57.
60.
63.
65.
67.
70.

46.
49,
53.
56.
59.
62.
64!
67.
70.
72.
75.
78.

52.
65.
59,
B62.
B5.
69.
71.
74.

77
80
82
85

22 d.f.
92443847
78071208
28936044
79565500
20414590
26794229
51111876
70059100
52458878
61487098
67052860
34098809

27 4.f1.

. 11327207
19451097
96294212
64491530
21526915
47602021
85758614
17777222
16446742
37119186
53827362
34918806

32 d.f.

19425952
48043774
48577184
32811496
04635245
48721908
99545945
43538579
57124758
88481931
15421470
09420036

37 d.f.

19231973
66797326
89250005
88333545
73858924
34645250
97222133
52330585
. 79773171
. 21081817
.57516374
.5635625412

35.
38.
41.
44.
46,
49.
52.
54,
57.
59.
61.
63.

41

44,
48.
50.
.59430618

53

56.
58.
61.
64.
66.
69.
71,

47.
50.
54,
. 64844526

LY

60.
63.
66.
68.
72.
74.
76.
79.

53.
58,
61.
.64,
67.
70.
73.
75.
79,
. 65669856
. 03953962
87.

81
84

23 d.f.

17246163
07562725
63839812
18127525

62345817

72823247
00018929
21683575
07464314
18911330
26790882
96752419

28 d.f.

.33713815

46079184
27823577
99337627

89228539
30002543
64494631
66244583
89122891
07942827
91697592

33 d.f.

39988392
72508007
77553976

39487698
87009852
40251132
86529528
02964379
36362867
65257762
61723994

38 d.f.
38354062

89552054

16208676
18141236
06296262
70288741
35122809
92366708
22472082

12273053

36.
39.
42.
45,
48.
.17859778

51

53.
55.
58.
.75115190

60

62.
65.

- 42
45,
49.
52.
54,
58.
60.
63.
66.
68.
70.
73.

48.
51.
56.
58.
73813927
.24721746

61
65

87.
.28877048
.48120252
.83531397
78.
81.

70
73
75

54.
58,
62.
65,
68.
72.
4.
77.
BO.
83.
85.
88.

24 d.f.

41502850
36407703
97982014
556851194
03368695

47875077
72202514
61296975

B5263426
58084237

29 d.f.

.55696780

72228580
58788447
33561779
96659884
30117349
73464717
10383007
15168463
40216501
61113873
47489049

34 d.f.

60236737
96599520
06090875
96392588

80345512

14354387
13254149

39 d.f.
57222776
12005973
42812102
47557090
38308229
05466295
72520212
31881927
64617129
09700574
49791889
60393026

. 25 d.f.
37.65248413
40.64646912
44.31410490
46.92789016
49,43539955
52.61965578
54.94745532
57.21684336
60. 14029191
62.30173755
64.42548124
67.18175123

30 d.f.

- 43.77297183

46.97924224
50.89218131
53.567196193
56.33249550
59.70306430
62.16185287
64.55502519
67.63263026

-69. 90446403

72.13388529
75.02343244

35 d.f.
49,80184957
53.20334854
57.34207343
60.27477090
63.07637108
66.61882884
69. 19855850
71.70609273
74.92622189
77.30018521
79.62743467
82.64044019

. 40 d.f.

55.75847928
59.34170714
63.69073975
66. 76596183
69. 69911154
73.40195752
76.09460230
78.70896109
B2.06229384
84.53175883
86. 95052884 -
90.07309064
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CRITICAL POINTS OF THE CHI-SQUARED DISTRIBUTION

Q
5.0e-02
2.5e-02
1.0e-02
5.0e~03
2.5e-03
1.0e-03
5.0e~-04
2.5e-04
1.0e-04
5.0e-05
2.5e-05
1.0e-05

o
5.,0e~02
2.5e-02
1.0e-02
5.0e~03
2.5e~03
1.0e-03
5.0e-04
2.5¢-04
1.0e—04
5.0e~05
2.5e-05
1.0e-05

90

Q
5.0e-02
2.5e-02
1.0e-02
5.0e-03
2.5¢-03
1.0e-03
5.0e-04
- 2.5e~-04
1.0e-04
5.0e-056
2.5e—05
1.0e-05

Q
5. 0e-02
2.5e-02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e-04
5.0e-05
2.5e~05
1.0e-05 113

83

91

56.
60.
64.
68.
71.
74.
77.
80.
83.
85.
88.
gl.

b2.
66.
71.
74.
77.
81.
84.
86.

93.
95.
98.

68.
72.
77.
80.
83.
87.
90.
93.
97.
99.
102.
105,

74.
78.
.51342993
86.
90.

97,
100.
104.
106.
109,

41 d.f.

94238715
56057173
95007134
05272646
01120348
74493840
45933575
09427886
47328610
96116379
39758272
54843436

46 d.f.

82962041
61652877
20140025
43653537
51735068
40032566
21384665
95428814
.45742704
03434678
55613146
81481924

51 d.f.
66929391

38596202
74665895
94346142
96798048
88723993
71611120
33709836
99858115
60146017
96262078

56 d.f.
46832416
56716489

99375516
30109330
.46054464
47491199
39385150
12727559
86946096
54975031
.00875445

61599227

58.
61.
66.
69.
72.
76.
78.
8I.
84.
87.
89.
93.

64.
67.

72

75.
78.
82.
85.
88.

91

9.
96.
100.

69.
73.
78.
82.
85.

89

92.
95.
98.
101.
103.
107.

75.
79.
84.
88.
9l.
95.
98.
101.
105.
108.

110
114

42 d.f.
12403768
77675581
20623628
33599746
31950189
08376271
81965886
47494763

38541357
83928092
01217076

47 d.f.

00111197
82064698
44330738
70407310
80856178
72042252
56029507
31400277
.84118289
43535151
97367583
25326108

52 d.f.

83218034
80986340
61575571
00082570
22014647
. 27215083
21078135
05799554
70187873
37979366
99843310
37951230

57 d.f.

62374847
75219228
73276571
23637541
56523128
75095383
78384155
72032239
47564755
23355493
. 92892680
. 40899733

B7933377

59.
62.

67

70,
73.
77.
80.
82.
86.

88,
91.

94

65.
69.
73.
76.
80.
84.
86.
89.

93

95.
98.

101

70.
75.
79.
83.
86.
90.
93.
96.
100.
102,
106.
108.

76.

80
85
89
92
97
100
103
106
109
112
115

43 d.f.

30351203
98035553
.45934792
61589362
62414200
41857824
17572814
85113208
28061161
80469011
27581204
.47049685

48 d.f.

17076890
02258579
68263852
96876773
09668449
03713372
89714977

.22090628
83215062
38684943
.68712476

53 d.f.

99345283
00186432
84333812
252556121
49417897
57341231
53123433
39662229
06319162
75738891
39164584
79246399

58 d.f.

77780316
. 93559189
. 95017625
. 47686974
. 82705882
. 03882857
. 09007962
.04395378
. 82099623
. 59449440
. 30482349
. 80180284

66992781

44 d.f.
60.48088658
64.20146147
68.70951297
71.89255046
74,92525119
78.74952423
81.52769106
B4.22298738
87.67728426
90.21916481
92.70735386
95.92358835

49 d.f.
66.33864886
70.22241357
74.91947431
78.23070809
81.38181516
85.35056461
88, 23052238
91.02218077
94.59672198
97.22487404
99. 79578706

103.11656114

54 d.f.
72.15321617
76.19204817
81.06877191
84.50190453
87.76563384
91.87184688
94.84868578
97.73208297

101.42113424
104.13146818
106.78120350
110.20158575

59 d.f.
77.93052381
82.11740594
87.16571140
90.71529311
94, 08663555
98.32423413

101.39369545
104.36481861
108. 16339913
110.95236011
113.67752418
117.19325862

61.
65.
89.
73.
76.
80.
82.
85.
89.
91.
94.
g7.

67.

71
76

79.
82.
86.
89.

92

95.
98.
101.
104.

73

77.

82
85

89.
93.
96.
99.
102.

105

108.
111.

79.
83.
88.

g1

95.

99

102.
105.
103.
112.

115
118

45 d.f.
65623338
41015901
95683207
16606082
22294959
07673201
B7568675

59065996
06950713
62899942
13407414
37165059

50 d.f.

50480655
.42019519
. 15389125
48997847
66404518
66081519
56051887
. 37087323
96874848
61364512
20061674
54167405

55 d.f.

.31149303
38046558
.29211683
. 74895156
03458254
16753277
16321862
06446492

77579937
.50212810
16720638
60698248

60 d.f.
08194449
29767488
37941890
.95169816
34401859
.60723307
69475534
68298675
50293050
30722944
.04710924
.58144877



5.0e-02

2.5e—02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e~04
5, 0e-05
2.5e05
1.0e-056

5.0e-02
2.5e-02
1.0e—-02
5.0e-03
2.5e—-03
1.8e-03
5.0e-04
2.5e-04
1.6e-04
5.0e-05

-+ 2.5e-05

1.0e-05

5.0e-02
2.5e-02
1.0e-02
5.0e-03
2.5e—-03
1.0e-03
5.0e-04
2.5e-04

1.0e-04

5.0e-05
2.5e-05
1.0e-05

5. 0e~-02
2.5e-02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e-04
5.0e-05
2.5e—05
1.0e-05

CRITICAL POINTS OF THE

65 d.f.

82064550
17714500
94,42207901
98, 10514381
101.59986837
105.98814309
109.16385261
112.23562837
116.15990748
119.03912407
121.85088952
125,47612445

84.
89.

90 d.f.

14527014
118.13589256
124.11631869
128.29894360
132.25563268
137.20835413
140, 78228067
144.23146210
148.62728755
151.84525139
154.98218017
159. 01874650

113.

115 d.f.
141.02970429
146.57105181
153.19060434
157,80758605
162, 16614004
167.61015088
171.53087444
175,30888309
180.11577865
183.62920125
187.04986747
191.44554430

140 d.f.
168.61295425
174,64783219
181.84033713
186, 84684216
191.56589116
197.45076969
201.68280628
205.75608384
210.93222233
214.71112882
218. 38681893
223, 105636855

70 d.f.

90.53122543
95.02318418
100.42518423
104.21489878
107.80822146
112.31693185
115.57758394
118.72984327
122, 75465376
125.70606968
128.58712309
132.29998398

95 d.f.
118.75161175
123.85796660
129.97267873
134.24654953
138.287645609
143.34353978
146.99028216
150.50849629
154.,99060580
158.27057652
161.46704394
165.57895295

120 d.f.
146.56735758
152.21140273
158.95016590
163.64818381
168.08172747
173.61743646
177.60290407
181.44231409
186, 32598545
189.89460338
183, 36828530
197.83107564

145 d.f.
174,100988057
180.22912239
187.52991695
192.61005485
197.39725877
203. 36550060
207.65641241
211.78553840
217.03152780
220.86066440
224.58461179
229.36426770

~21—

CHI-SQUARED DISTRIBUTION

75 d.f.
96.21667075
100.83933840
106.39292293
110.28558336
113.97409415
118,59909476
121.94177948
125.17177624
129.29370362
132.31487775
135.26288544
139.06043392

100 d.f.
124.34211340
129.56119719
135.80672317
140.16948944
144.29282620

149.44925278

153.16695508
156.,75244790
161.31865636
164.65907025
167.91357880
172.09894203

125 d.f.
152.09387569
157.83850288
164.69402832
169.47142319
173.97842510
179.60396526
183.65286270
187.55243093
192.51132820
196. 13403050
199.65966366
204. 18822383

150 d.f.
179.58063415
185.80044700
193.20768639
198. 36020600
203.21440934
209.26460477
213.61339872
217.79743321
223.11210086
226.99062641
230.76202468
235.60176730

80 d.f.

. 87947397
62856773
32879252
32105651
10167707
83922402
26131219
56656429
78252112
87124531
88409556

76367171

101
106.
112.
116.
120,
124,
128.
131.
135.
138.
141.

145.

105 d.f.
129.91795529
135.24638697
141.62011104
146.06959531
150.27316400
155.52767718
159.31461879
162. 96576382
167.61404626
171.01345087
174.32461098
178.58167564

130 d.f.
157. 60992312
163.45314242
170.42312675
175.27833734
179. 85735633
18557097039
189. 68206048
193. 64061644
198. 67328015
202. 34902049
205. 92560226
210.51866645

155 d.f.

.05233172
36230169
87423232
09794423
01804840
14885695
55458866
79263766

185
191.
198.
204.
209.
215.
219.
223.
229,
233.10198242
236. 92006436
241.81892448

17486812

85 d.f.

52174097
39337362
23574925
32458070
19451379
04120375
54030444
91855400
22573071
37999479
45576468

41494556

107.
112.
118,
122.
126,
131.
134.
137.
142,
145.
148.

152,

110 d.f.
135.48017793
140,91657279
147.41430540
151.94848294
156.23041577
161.58073983
165,43531974
169. 15060328
173.87907303
177.33611773
180.70263539
185.02976893

135 d.f.
163.11610079
169. 05603592
176. 13830702
181.06886079
185.71953738
191.51956746
195.69168278
199.70812188
204,81317449
208.54096511
212.16754885
216.82392175

160 d.f.
190.51645651
196.91514233
204.53009459
209.82386618
214.80882494
221.01896990
225.48073980
229.77195169
235.22068225
239.19562283
243.05965734
248.01671129
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'STUDENT’S t' PROBABILITY DENSITY FUNCTION

=1 E-1

. 315158303
. 350918217
.365114444
. 372666466
. 377338130
. 380508511
. 382799334
. 384531296
. 385886327
. 386975226

. 387869292
. 3886164869
. 389250176
. 389794417
. 390266876
. 390680867
. 391046605
. 391372058
. 391663531
. 391926080

.392163805
. 392380067
. 392577645
.392758861
. 392925665
.393079711
.393222408
. 393354965
. 393478426
. 393593696

393701563
. 393802719
.393897771
. 393987255
. 394071647
.394151368
. 394226797
. 394298270
. 394366091
. 394430533

394431843
. 394550242
. 394605934
. 394659103
. 394709915
.3947585286
. 394805073
. 394849687
.394892485
. 394933576

Do o OO o O OO

Lo oo OO0
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OO0 OO0

2 E-1

. 306067198
. 343205903
. 357943795
. 365786635
. 370639978
. 373934678
. 376315935
. 378116644
. 379525702
. 380658181

.381588143
. 382365399
. 383024676
. 383590922
. 384082518
. 384513304
. 384893901
. 385232592
. 385535934
. 385809186

. 386056611
. 386281704
. 386487358
. 386675985
. 386849616
. 387009971
. 387158515
. 387296506
. 387425031
. 387545032

. 387657328
. 387762638
. 387861596
. 387954758
. 388042619
. 388125620
. 388204152
. 388278567
. 388349180
. 388418275

. 388480110
.388540915
. 388598902
. 388654262
. 388707170
. 388757785
. 388806252
. 388852706
. 388897270
. 388940056

OO0 OOOOoOC
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3 E-1

292027419
.330963858
. 346453574
. 354709627
.359824328
.363299252
. 365812301
.367713578
. 369201801
. 370398462

371381302
. 372202936
. 372899987
. 373498775
. 374018696
.3744774362 .
. 374876985
. 375235313
. 3755566272
. 375845417

. 376107252
. 376345470
. 376563130
. 376762780
. 376946567
. 377116309
. 377273557
. 377419640
. 377555706
. 377682753

. 377801646
.377913148
.378017926
. 378116571
. 378209605
. 378297495
. 378380655
. 378459457
. 378534235
378605289

. 378672891
. 378737287
. 378798699
. 378857329
. 378913363 -
.378966970
. 379018303
. 379067505
.379114705
.378160023

QOO OO OO SCODOoOODOo O QOO0 | an-Tk en T o I - B e I v oo Lo R oo [ o OO oo oo
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4 E-1

. 274405074
. 315006397
.331274372
. 339975734
.345378076
. 349053932
.351715215
. 353730330
. 355308811
. 356578534

. 357621931
. 358494513
. 358235022
.359871314
. 360423932
. 360908354
. 361336465
.361717540
. 362058924
.362366510

. 362645078
. 362898549
.363130167
. 363342641
. 363538249
.363718924
.363886311
. 364041824
. 364186684
. 364321949

. 364448540
. 364567267
. 364678840
. 364783887
. 364882964
. 364976566
. 365065134
. 365149064
. 365228710
. 365304393

. 365376402
. 365444996
.365510415
. 365572872
. 365632565
. 365689673
. 365744361
. 365796779
. 365847066
. 365895349

5 E-1

0.254647509
0.296296296
0.313180911
0.322261869
0.327918531
0.331776000
0.334573253 .
0.336693898
0.338356623
0.339695136

0.340795755
0.341716676
0.342498557
0.343170658
0.343754570
0.344266575

0.344719180
0.345122151
0.345483225
0.345808612

0.346103352
0.346371579
0.346616716
0.346841620
0.347048697
0.347239985
0.347417223
0.347581904
0.347735317
0.347878580

0.348012667
0.348138434
0.348256630
. 348367320
0.348472891
0. 348572067
0.348665915
0.348754852
0.348839265
0.348919462

0.348995777
0.349068477
0.349137814 "
0.349204015
0.349267288
0.349327824
0.349385796
0.349441364
0.349494674
0. 349545860



d.f.

55
60

65: 
70

75
80
85
90
95
100

105
110
115
120
125
130
135
140
145
150

155

160 -

165
170
175
180
185
180
195
200
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'STUDENT’S t’ PROBABILITY DENSITY FUNCTION

= 1 E-1

.395118673
.395269323
. 395398537
.395509328
. 395605373
.395689433
. 395763619
. 395829574
. 395888597
.395941724

. 395989799
. 396033508
. 396073421
.396116012
.396143678
. 396174757
. 396203537
. 396230262
. 396255146
.396278373

. 396300102
. 396320475
. 396339613
. 396357627
.396374612
. 396390654
.396405830
. 396420208
. 396433848
. 396446807

= 6 E-1

.234051387
. 275823964
. 293010680
. 302318708
.308141010
.312122533
. 315015547
.3172121156
.318936410
. 320325811

. 321469166
.322426471
.323239694
. 323939069
. 324546930
.325080127
.325551616
.325971520
.326347864
. 326687089

COQOOOOCOHD OO OO0 DO oODLDOoOC OO0 OO OO0 OO oS

COCOODOOCOoOOOD

2 E-1

.389130712
. 389289668
.389424223
. 389539596
. 389639615
. 389727154
. 389804411
. 389873098
. 389934565
. 389989894

. 390039961
.390085482
. 390127650
. 390165158
. 390200220
. 390232588
. 390262561
. 390290396
. 390316312
©390340503

. 390363134
. 390384352
. 390404285
. 390423046
. 390440737
. 390457445
. 390473251
. 390488225
. 390502432
. 390515929

7 E-1

. 213630796
. 254507731
. 271588353
. 280908832
. 286765458
.290782716
. 283708135
. 295933008
. 297681800
. 299092418

.300254233
.301227696
. 302055151
.302767140
. 303386246
.303929525
.304410100
.304838230
. 305222055
.305568112

oLV OCoOOOOC0O COQOQoOoOOl
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3 E-1

. 379361967
.379530344
. 379672880
.379795101
.379901060
. 379993800
. 380075650
.380148422
.380213546
.380272168

.380325215
. 380373447
.380417490
. 380457868
. 380495020
.380529317
. 380561077
. 380590571
.380618032
. 380643665

.380667646
. 380690130
.380711252
.380731133
.380749879
. 380767584
. 380784333
. 380800201
. 380815256
. 380829559

8 E-1

. 194091394
. 233127824
. 249665905
. 258753537
. 264488357
. 268433522
. 271312505
. 273505568
. 275231524
. 276625132

. 277773896
. 278737095
. 279556312
.280261572
. 280875100
. 281413695
. 281890289
. 282315005
. 282695874
. 283039350
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4 E-1

.366110517
. 366289935
. 366441828
. 366572081
. 366685009
. 366783853
. 366871094
. 366948662
.367018080
. 367080569

.367137117
.367188533
. 367235485
.367278531
.367318138
. 367354702
. 367388562
. 367420006
. 367449284
. 367476613

.367502181
. 367526152
.367548673
. 367569870
. 367589857
. 367608735
. 367626593
. 367643512
. 367659565
. 367674815

9 E-1

.175861816
. 212295369
. 227883066
. 236493144
.241944344
. 245702817
. 248450062
. 250545396
. 252196066
. 253529951 -

. 2545630209
. 255553249
. 256338680
.257015130
. 257603803
. 258120739
. 258578295
. 258986144
. 259351968
. 2569681943

SO O oo OO0
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5 E-1

. 349773988
.349964235
.350125312
. 350263451
.350383226
. 350488070
. 350580612
. 350662896
. 350736539
. 350802833

. 350862827
. 350917378
. 350967195
. 351012867
. 351054892
. 351093690
.351129619
.351162985
. 351194054
.351223054

.351250186
. 351275625
351299523
.351322018 -
. 351343229
. 351363263
.351382216
.351400172
.351417208
. 351433394

10 E-1

. 159154843
. 192450090
. 206748336
. 214662526
. 219679797
. 223142291
. 225674920
. 227607580
.229130733
.230361989

.231377879
.232230341
. 232955863
. 233580824
.234124773
. 234602498
.235025398
. 235402396
. 235740580
. 236045649



d.f.

21
29

23
24

25"

26
27
28
29
30

31
32
33
34
35
36
37

38

39
40

41
42
43
44

45
a8

47

48
49

50

55
60

65

70

75
80
85
90
95
100

105
110
115
120

125
130

135
140.
145
150
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’STUDENT’S t* PROBABILITY DENSITY

= 6 E-1

. 326994428
.327274174
. 327529882
.327764522
. 327980595
.328180221
.328365207
. 328537108
. 328697264
. 328846838

. 328986847
.329118178
. 329241615
. 329357848
.329467491
.329571087
. 329669124
. 329762038
.329850219
. 329934021

.3300137862
.330089729
.330162185
. 330231368
. 330297494
. 330360762
. 330421352
.330479432
. 330535155
. 330588660

.330827143
. 331026054
.331194489
. 331338952
.331464222
331573884
. 331870686
. 331756763
. 331833804
.331903162

. 331965930
.332023006
.332075131
. 332122921
. 332166896
. 332207495
. 332245092
. 332280009
.332312523
. 332342872

CoomoDLOOE
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7 E-1

. 305881713
. 306167218
. 306428241
.306667801
. 306888439
.307092313
.307281263
. 307456869
. 307620497
. 307773331

. 307916406
. 308050627
.308176791
. 308295603
.308407687
.308513598
. 308613834
. 308708838
. 308799009
. 308884707

. 308966256
. 309043952
309118060
.308188824
. 309256465
.309321185
.309383169
. 309442587
. 309499596
. 3095654339

.309798364
.310001931
.310174330
.310322212
. 310450458
.310562736
.310661854
. 310749997
. 310828892
. 310899922

. 310964208
.311022666
.311076054
.311125005
.311170050
.311211638
.311250153
.311285922
.311319230
.311350323

OO OoCO OO COOOOC OO OO0 [ it e e L e i e Bt e e
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CoOCcCoCOCoOOo

ey

8 E-1

. 283350683
.283634181
. 283893418
. 284131379
. 284350580
. 284553155 .
. 284740927
. 284815461
. 285073108
. 285230043

. 285372291
. 285505749
. 285631208
. 285749365
. 285860840
.285966185
. 286065891
. 286160399
.286250106
. 286335368

. 286416507
. 286493816
. 286567560
. 286637979
. 286705294
. 286769705
.286831396
. 286890536
. 286947279
. 287001770

. 287244696
. 287447378
. 287619051
. 287766326
. 287894059
. 288005897
. 288104634
. 288192444
. 288271046
. 288341816

. 288405869
. 288464118
. 288517318
. 288566098
. 288610986
. 288652432
. 288690815
. 288726464
. 288759660
. 288790649

FUNCTION
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9 E-1

. 259981092
. 260253540
. 260502710
. 260731462
. 260942207
. 261136990
.261317559
.261485414
.261641853
. 2617880062

.261924844
. 2620563239
.262173948
. 262287640
. 262394909
. 262496285
. 262592240
. 262683198
.262789540
. 262851607

262929711
. 263004130
. 263075121
.263142913
. 263207720
. 263269733
.263329130
. 263386073
.263440710
.263493180

.263727115
. 263922321
. 264087680
. 264229551
. 264352607
. 264460357
. 264555491
.284640101
. 264715842
. 264784039

. 264845766
. 264901902
. 264953174
. 265000187
. 265043451
. 265083397
.265120393
. 265154754
. 265186752
. 265218622
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10 E-1

. 236322240
. 236574163
. 236804575
. 237016120
.237211023
. 237391173
. 237558185
. 237713444
. 237858150
. 237993342

. 238119930
. 238238708
. 238350379
. 238455562
. 238554805
. 238648599
. 238737379
.238821539
.238901428
. 238977364

.239049634
. 239118497
. 239184188
.239246921
. 239306891
. 239364278
.239419245
.239471941
. 239522504
.239571062

. 239787565
. 239968235
.240121288
. 240252606
. 240366513
. 240466255
. 240554320
. 240632646
. 240702763
. 240765897

. 240823042
.240875012
. 240922480
. 240966005
. 241006060
. 241043044
L 241077297
.241109110
.241138735
. 241166391



d.f.

155
160

165

170
175
180
185

S 190 -

195
200
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’STUDENT’S t’ PROBABILITY DENSITY FUNCTION

=6 E-1

. 332371267
332397890
. 332422903
. 332446446
332468646
. 332489614
. 332509450
332528244
. 332546076
. 332563017

= 1E4Q

. 159154943
.192450090
. 206748336
. 214662526
. 219679797
.223142291
. 225674920
. 227607580
. 229130733
. 230361989

. 231377879
. 232230341
. 2329556863
. 233580824
234124773
. 234602498
. 236025398
. 235402396
. 235740580
. 236045649

. 236322240
.236574163
. 236804575
.237016120
.237211023
.237391173
. 237558185
.237713444
. 237858150
. 237993342

. 238119930
. 238238708
. 238350379
. 238455562
. 238554805
. 238648599
. 238737379
.238821539
.238901428
. 238977364

7 E-1

0.311379413
0.311406688
0.311432314
0.311456435
0.311479180
0.311500664
0.311520989
0.311540245
0.311558516
0.311575874

2ZEO

0.063661977
0.068041382
0.067509661
0.066291261
0.065080310
0.064036123
0.063135337
0.062368085
0.061711568
0.061145766

0.060854323
0.060224175
0.059844941
0.059508341
0.059207732
0.058937743
0.058693998
0.058472898
0.0582714656
0.058087215

0.057918058
0.057762226
0.057618218
0.057484744
0.057360697
0.057245117
0.057137170
0.0567036127
0.056941350
0.056852275

0.056768405

0.058689297
0.056614559
0.056543839
0.056476823
0.056413227
0.058352797
0.056295304
0.056240537
0.056188309
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B E-1
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.54820e-07
.53893e—08
.01281e-0S
.19176e-11
.46083e-12
.40128e-13
.7423%-14
.34027e-15

=1E2

. 18278e-05
. 99700e-07
.30599e-08
. 1988009
L73797e-11
.02075e-12
.2178le-14

=6 E 2

.84192e-07
.62958e—09
.55241e-11
.54317e-13
.01699e-15

DO HHHHNE~DI—ND WM NO NS = GO T A =] e L3 00RO

GO = =3 L BN =T

W~ - D

2E1

. 03029e-19
.85137e-20
.90898e-20
.74795e-20
.91091e-21
.62235e-21
.B7750e-21
.85395e-22
. 71645e~22
. 77683e—-22

.58050e-23
.18414e-23
.05973e-23
.02332e-23
.12985e-24
.59412e-24
.32303e-24
.80373e-25
.52726e-25

7TE1

.49473e-05
.91367e-06
.37606e-07
. 12533e-09
.02093e-10
.44838e-11
.59433e-12
.10207e-13
.03745e-15
.15350e-16

2E2

. 95755e-06
. 24991e-07
.06717e-09
.74906e-11
.41141e-13
.58120e~14
.60827e-16

7E2

.48611e-07
. 91543e-09
.37773e-11
.13974e-14
.03313e-16

bt IO D N LD e W2 00 b= TN =~ b U1 i el L3 LWLWWWMNGNONODMNW

— T Oy o b IO

— ) GO

3E1

.03651e~25
. 73609e-25
.40174e-26
.61534e-26
. 24943e-27
.6356be~27
.52622e-28
.79176e-28
. 24925e-29
. 09959%e-29

.056037e—29
.59824e-30
. 24576e-30
.35771e-31
.53976e-31
. 49436e-32
.97947e-32
. 19870e-33
.64205e-33

8E 1

.97281e-05
.95221e-06
.06854e-08
.65639%e-09
. 80587e~10
.62434e-12
.48560e-13
.31915e-14
.11901e~15
.42021e-16

3E2

.53674e-06
. 70358e-08
.08365e-10
.93772e-12
.50795e-14
.25710e-16
.40844e-17

8B EZ

.97358e—-07
.95312e-09
.07603e-12
.66205e-14
.81006e-16

Lo O B W 00 B U7 = Lo

Lo = Ut D CO WO bk O TN b=

B WLk N0

bk et fod et el fad el

oo CI4L RN

4 E 1

. 14797e-28
.54612e-29
. 18860e-30
.48787e-30
.52950e-31
.650003e-32
. 12268e-32
.30533e~-33
.34227e~33
.43658e-34

.90109e-35
.33164e-35
.17540e-36
.65324e-36
.47270e-37
.22253e-37
.37522e-38
.41038e-39
.6489%e-39

9E1

.92927e-05
.37123e-06
.03814e-08
.02970e-09
.91220e-11
.2228le-12
.13994e-13
.15124e-14
.53502e-16
. 89454e-17

4 E 2

. 9894206
.56247e—08
.29213e-10
.17180e-12
.15836e-14
.23580e-16
.41022e-18

9E 2

. 92975e-07
.37174e-09
.04184e-12
.03219e-14
. 92855e-17

5E1

1.01513e-31
1.88513e-32
3.55271e-33
6.79176e—34
1.31653e-34
2.58660e-35
5.14896e-36
1.03812e—-36
2.11916e-37
4.37859¢~38

9. 15430e-39
1.93602e—-39
4.14068e-40
8.95350e—41
1.95689%-41
4.32202e—-42
9.64393e-43
2.17357e-43
4.94710e-44

10E 1

3.18278e-05
9.99700e—-07
3.30599e-08
1.19880e-09
4.73797e-11
2.02075e-12
9.2178le-14
4.46391e-15
2.28102e-16
1.22372e-17

5E 2

1.27323e-06
7.99990e~-09
5.29263e-11
3.83985e-13
3.03667e-15
2.59178e-17
2.36611e-19

10 E 2

3.18310e-07
9.99997e-10
3.30795e-12 .
1.1999%e-14"
4.,74501e-17



I

M R W~

y

[IVIN SV ]

B

G 1D

X

k= G2 D W

"

=1E3

.18310e-07
.99997e-10
.30795e-12
.19999%e-14

=6 E 3

.84194e-09
.62963e-12
.55245e—-15

=1E4

.18310e-09
.00000e~12
.30797e-16

=6E4

.84194e-11
.62963e-15"

=1E35

.18310e-11
.00000e--15

=6 ESbH

.84194e-13
.62963e-18

B P~ =] ~ DO L BN e ]

By O3

2E3

.95775e—08
. 25000e-10
.06748e-13
. 7499%e-15

7E3

.49612e-09
.91545e-12
.37775e-156

2E 4

.95775e-10
.25000e-13
.06748e~17

7E 4

.49612e~11
.91545e-15

2ZE5

.95775e~12
.25000e-16

7TES

.49612e-13
.91545e-18

-30-.
'STUDENT’S t’ PROBABILITY DENSITY FUNCTION

W LW CO p=t s s L) W

—

3E3

.53678e—08
.70370e~-11
.08392e-14
.93827e-17

BE3

. 97359e-09
.95312e~12
.07611e-16

3E4

.53678e-10
L70370e-14
.08392e-18

8EA4

. 9735911
.95312e-15

3ES5

.53678e—-12
.70370e-17

BES

.97359%e-13
.95312¢-18

— e G2 el D= W o

b LD

4 E 3

. 9894408
.56250e-11
.29218e-14
.1718%7e—17

9E 3

. 92975e-09
.37174e-12
.04187e-16

4 E 4

.989%44e-10
.56250e-14
.29218e-18

9E 4

.92975e-11
.37174e~15

4 E5

.98944e-12
.56250e-17

9E S5

.92975e-13
.37174e-18

[SV IS v e T ]

Ll = L

ol ™)

et 13

5E3

.27324e-08
.00000e-12
.28276e-15
. 84000e-18

10 E 3

.18310e-09
.00000e~-12
.30797e-16

5E4

.27324e-10
.00000e-15
.29276e-19

10 E 4

.18310e-11
.00000e-15

5ED5H

.27324e-12
.00000e-18

10 E 5

.18310e-13
.00000e-18



o
™

DWW~ A LN
[ B o B B - B o o B o B . Y v Rl v

cococooocoOoo

w

SO0 OoOQOoOO

COoOLOoOOODooCD

OO oo oO

’STUDENT’S t’ CUMULATIVE

=1 E-1

.468274483
464732719
.463326174
462577920
.462115071
. 461800976
. 461574030
461402455
.461268224.
.461160359

.461071796
. 460997785
. 460935015
.460881107
.460834310
. 460793305
. 460757079
460724844
. 480695975
. 460669971

. 460646425
. 460625006
. 460605437
. 460587489
.460570968
.4605556711
. 460541578
. 460528450
.460516222
.460504806

.460494123
.460484104
. 460474630
.460465828
. 460457470
. 460449574
.460442104
. 4604350286
. 460428309
. 460421927

. 460415855
.460410071
. 460404555
.460399290
. 460394257
.460389443
. 460384833
.460380415
.460376176
. 460372107

CODOOO0COOO0O OO0 O0OoCOoCOO

QOO OOoOCOQOOOoOO

SO0 OoOOoOQOOoo

OO0 oo OO0O

2 E-1

.437167042
.429985996
.427135165
.425618507
424680257
. 424043496
423583376
.423235496
.422963320
. 422744596

.422565004
422414917
422287621
422178295
.422083388
.422000228
421926756
.421861378
.421802826
.421750083

421702328
421658884
.421619193
421582789
.421549279
421518333
.421489667
.421463037
.421438235
421415079

.421393409
.421373087
421353992
.421336015
.421319062
421303046
.421287893
421273534
.421259909
421246963

.421234647
.421222914
.421211726
.421201045
.421190837
.421181071
421171720
.421162757
.421154159
.421145904

cCooomooOsooOo

OO Ooo OO

DO OO OOOO

COCOQOoOOoCOOO

CoOOQOOOOoOO

=-31-

DISTRIBUTION FUNCTION

3 E-1

.407226421
.396242830
.391881646
.389560714
.388124521
.387149610
. 386445025
.385912241
.385495352
.385160304

.384885179
.384655237
.384460202
.384292692
.384147267
.384019834
.383907248
.383807061
.383717330
. 383636502

.383563313
.383496731
. 383435900
.383380105
.383328747
.383281316
.383237378
.383196562
.383158547
.383123053

. 383089838
. 383058689
.383029419
.383001864
.382975876
.382951327
. 382928099
. 382906089
.382885203
. 382865358

. 382846478
. 382828493
.382811343
.382794969
.382779320
.382764350
.382750015
.382736275
.382723095
.382710440

4 E-1

0.378881058
0.363917237
0.357967577
0.354798631
0.352836557
0.351504116
0.350540834
0.349812252
0.349242046
0.348783705

0.348407288
0.348092653
0.347825756
0.347596506
0.347397468
0.347223042
0.347068931
0.346931783
0.346808345
0.346695288

0.346598088
0.346506928
0.346423640
0.346347245
0.346276923
0.346211976
0.346151812
0.346095921
0.3465043864
0.3459956258

0.345949773
0.345907116
0.345867033
0.345829296
0.345733706
0.345760085
0.345728274
0.345698130
0.345669526
0.345642347

0.345616488
0.345591856
0.345568366
0.345545940
0.345524507

0.345504003

0.345484369
0.345465550
0.345447497
0.345430164

OO Co CCoCOoOOOoOOOO o0 oCOoOOOoO 0 oMo oW

Qo0 o o OO oo

5 E~-1

.352416382
.333333333
. 325723982
. 321664982
. 319149436
.317440000
. 316203568
.315268038
. 314535650
.313946803

.313463110
. 313058738
.3127156671
. 312420958
. 312165057
. 311940778
.311742603
. 3115656229
.311408246
. 311265921

.311137038
.311019778
.310912638
. 310814361
.310723893
. 310640337
.310562932
.310491022
.310424042
.310361502

.310302976
. 310248087
.310196509
.310147950
.310102152
. 310058886
.310017949
. 309979157
. 309942346
. 309907368

. 309874089
. 309842388
. 309812157
. 309783294
. 309755710
. 309729320
. 309704050
. 309679829
. 309656593
. 309634284



d.f.

55
60
65

70 .

75
80
85
90
95
100

105
110
115
120
125
130
135
140
145
150

155
160
165
170
175
180
185
190
195

200

d.f.

SOWO~TOC & LW

o

DO bt b Pt et o b et o ot
OO0 =TO N D LAY

COOoCOCOOoOOOoOC

OO0 OoOOoOR

£ COOOCOC OO OO LS

COOoOOCoOOoCOLOoQ

CCOoOOCOoOTCOoOD

*STUDENT’S t’ CUMULATIVE

= 1 E-1

.460353974
460338856
.460326059
460315087
.460305575
.460297251
.460289904
.460283372
480277527
. 460272266

.460267505
.460263176
.460259223
.460255600
.460252266
.460243188
.460246338
.460243691
.460241227
. 460238927

.460236775
460234757
.460232862
.460231078
.460229396 -
.460227807
.460226304
.460224880
.460223530
.460222246

=6 E-1

. 327979130
.304716634
. 295400604
. 290420579
. 287330144
. 285228135
. 283706748
.282555029
.281653036
. 280927591

. 280331534
.279833115
. 279410177
. 279046793
.278731218
. 278454604
.278210160
. 277992584
. 277797678
. 277622076

oo oo Qo COOOOOo QOO0

OO oOOoOC

COCOoODOoOCOoOOO

COoOQOoOoOCOoOOO

2 E-1

.421109120
.421078453
.421052494
.421030237
.421010941
. 420994054
. 420979150
.420965899
420954042
.420943368

.420933710
. 420924929
.420916810
. 420909559
.420902795
.420896551
. 420890770
.420885400
420880401
.420875735

.420871368
.420867277
.420863431
.420859812
420856400
420853177
.420850128
. 420847240
.420844499
. 420841896

7 E-1

. 305599888
.278196512
. 267163499
.261250083
. 257574474
. 255071690
. 253258776
. 251885526
.250808520
. 249843785

. 249232233
. 248637077
.248131937
. 247697840
. 247320791
. 246990244
. 246698100
. 246438035
. 246205044
. 245995109

OO oo OO0 COQOoOOOoOC OO

cCoooCocS oo oo

COCOoOLoOOCOOO

OO0 CoOOooOoO

-32~

DISTRIBUTION

3 E-1

. 382654051
. 382607038
. 382567241
.382533119
. 382503537
. 382477647
.382454798
.382434483
.382416304
. 382399940

.382385133
382371670
.382359376
. 382348106
.382337736
.382328163
.382319298
.382311066
.382303401
.382296247

.382289554
.382283279
382277384
.382271835
.382266603
.382261662
.382256987
.382252559
.382248357
. 382244365

8 E-1

.285223287
.253817018
.241099476
. 234263568
.230007033
.227105182
.225001350
. 223406667
.222156499
.221150210

.220322844
.219630616
.219042939
.218537803
. 218098970
.217714194
. 217374072
-217071259
. 216799937
. 216555439

COoOocOoOo oo OO CoOooOOoOOoOC OO C OO OO OQ [ R e e Y on- Y o e Y o ) wue B o ) o

CO0oOoOLDOOOooOO

FUNCTION

4 E-1

. 345352926
. 345288529
.345234017
. 345187275
. 345146754
.345111288
. 345079987
. 345052158
. 345027254
. 345004837

. 344984552
. 344966109
. 344949267
. 344933827
. 344919621
. 344906506
. 344894362
. 344883084
. 344872583
. 344862782

. 344853612
. 344845015
. 344836939
.344829337
. 344822169
.344815399
. 344808995
. 344802928
.344797171
.344791702

9 E-1

. 266737708
. 231552506
.217225516
. 209502760
. 204685600
. 201397617
.199011759
. 197202102
. 195782658
. 194639631

.193698512
.192912716
. 192244587
. 191670176
. 191171067
. 190733369
. 190346409
-190001851
. 189693090
.189414825

CooOCOoOOTC

o0 LLOoOo Do CO O C OO0 OC O

CoOCoOoOOoO OO0

COOOOOOOOO

5 E-1

. 309534870
. 309451980
. 309381810
.309321642
. 309269479
. 309223823
. 309183529
. 309147703
.309115643
. 309086783

. 309060668
. 309036923
.309015240
. 308985362
. 308977072
. 308960187
. 308844552
. 308930032
. 308916512
. 308903893

. 308892087
.308881018
. 308870620
. 308860832
. 308851604
. 308842887
. 308834641
. 308826829
. 308819418
. 308812376

10 E-1

. 250000000
. 211324865
.195501109
. 186950483
. 181608734
. 177958842
. 175308331
. 173296754
.171718198
. 170446566

. 169400348
. 168524529
. 1687780639
. 167140972
. 166585068
. 166097492
. 165666381
. 165282466
.164938400
. 164628289



d.f.

21

22
23
24
25
.26
27
28
29
30

31
32
33
34
35
36
37
38
39

40

41
42
43
44
45
46
47
48

49

50

hb

60

85
70
75
80
85
96
95
100

105
110

115 -

120
125
130
135
140
145
150

-33-

*STUDENT’S t’ CUMULATIVE DISTRIBUTION

x = 6 E-1

0.277463047
0.277318351
0.277186133

- 0.277064848

0.276953193
0.276850065
0.276754523
0.276665761
0.276583081
0.276505880

0.276433629
0.276365869
0.276302192
0.276242241
0.276185698
0.276132280
0.276081736
0.276033839
0.275988387
0.275945197

0.275904105
0.,275864961
0.275827630
0.275791989
0.275757926
0.275725338
0.275694132
0.275664221
0.275635526
0.275607975

0.275485199
0.275382825
0.275296158
0.275221841
0.275157409
0.275101014
0.275051239
0.275006985
0.274967380
0.274931729

0. 2748994867
0.274870134
0.274843347
0.274818730
0.274796194
0.274775334
0.274756018
0.274738079
0.274721376
0.274705786

QOO COOOooOO OO OoOOOOOOO COCCoOoCQOOOoO0 CODQOOODOOO0O

ODCO0OOoCOoOO0oCQQOO

7 E-1

. 245804970
. 245631953
. 245473847
. 245328803
. 245195268
. 245071925
. 244957649
.244851476
. 244752574
. 244660222

. 244573789
. 244492724
. 244416542
. 244344815
. 244277163
. 244213249
. 244152771
. 244095453
. 244041071
. 243989389

. 243940216
. 243893374
. 243848700
. 243806048
. 243765283
. 243726283
. 243688935
.243653137
. 243618795
. 243585820

. 243438871
. 243316332
. 243212590
. 243123626
. 243046493
. 242978978
. 242919388
. 242866405
. 242818988
. 242776303

. 242737676
. 242702555
. 242670482
. 242641078
. 242614022
. 242589045
. 242565915 -
. 242544435
.242524434
. 242505765

8 E-1

0.2186333975
0.216132437
0.215948253
0.215779273
0,215623691
0.215479974
0.215346814
0.215223091
0.215107834
0.215000205

0.214899470
0.214804987
0.214716192
0.214632587
0.214553729
0.214479225
0.214408725
0.214341914
0.214278510
0.214218258

0.214160930
0.214106318
0.214054233
0.214004504
0.213956974
0.213911501
0.213867954
0.213826213
0.213786169
0.213747719

0.213576360
0.213433458
0.213312468
0.213208709
0.213118745
0.213039996
0.212970488
0.212908685
0.212853373
0.212803580

0.212758520
0.212717548
0.212680133
(.212645830
0.212614266

0.212585126

0.212558142
0.212533082
0.212509748

0.212487967

oo Qe B oo B 0 e B o Y oo R o -} COoOOoOQOoOOOO o0 OO OoOoOoO0O0Oo0o SO0 OO0 0O

COoOOooCOoOOoDOoOOoO

FUNCTION

9 E-1

.189162751
. 188933337
. 188723660
. 188531279
. 188354138
. 188190497
. 188038868
. 187897976
. 187766720
. 187644143

. 187529414
.187421801
. 1873206863
. 187225432
. 187135605
.187050736
. 186970424
. 186894313
. 186822081
. 186753439

. 186688126
. 186625905
. 186666562
. 186509903
. 186455748
. 186403935
. 186354316
.186306755
. 186261125
186217312

.186022040
. 185859186
.185721295
. 185603037
. 185500497
. 185410736
. 185331507
. 1852610568
. 185198006
.185141244

. 185089877
.185043169
. 185000515
. 184961408
. 184925424
. 184892202
. 184861438
. 184832867
. 184806264
.184781431

SO OO Oo OO0

CSCC oo oo

CoOoOCLOoOOoOOCTC OO

COCoOQCOoOo

COLoODQoCOoOO0o

10 E-1

. 164347342
. 164091631
. 163857903
.163643441
. 163445856
.163263511
. 163094450
. 162937353
. 1627390994
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. 34094670
.90508368
. 65838864
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b= 4 b= 5

0.94053408 £.90714622
2.04666749 1.88426785
4,19086044 3.51947741
6.59138212 5.40945132
9.97919853 7.76358948
16.69436924 12.05995369

24.25911989
34.95563637
56.17718849
80.09249621
1.13913e+02
1.81018e+02

= 9 .
.85168395
.63154633
. 81286300
. 86254836
.07811865
.99191722
. 71705528
. 72649659
. 90180319
. 77002060
.11451738
. 40363768
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. 79952877
41278794
. 19672976
.79000841
.39018878
. 19934345
. 82586925
.46637136
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01331530
. 70737905
.85244176
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. 79251781
. 38474842
.12331802
. 66925636
. 21077499
.92461701
.46522233
.00752531
. 72823308
. 27699346
.829268%4
. 56526196
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16.52977046
22.42561643
33.20246318
44.,42245127
59.22657461
86.28152845

b= 10
0.84508058
1.60284883
.72767314
. 70826482
.82562149
.55231256
. 08074665
.83337198
.55274539
. 96550051
17.73558305
. 03762163
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= 60
. 79770323
. 40545599
.17741094
. 75807830
. 34251973
. 12589193
.72899121
. 34253655
.17123078
.81243723
.46670853
. 35264736
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. 79203397
. 38282518
.11832928
.66110830
. 19875340
. 90637866
. 44144666
. 97748627
. 68878605
. 22956410
. 77310049
.49636121
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.0e-04
.He-04
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.0e-01
.5e-01
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.5e—04
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.0e-01
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.0e-03
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5.0e-01
2.5e-01
1.0e-01
5. 0e-02
2.5e¢-02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5,0e-04
2.5e~04
1.0e-04
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1.82271484
8.58094417
55,83296112
2,24583e+02
8.99583e+02
5.62458e+03
2,24996e+04
8.99996e+04
5.62500e+05
2.25000e+06
9. 00000e+06
5.62500e+07

b= &
0.94191327
1.78716455
3.18076287
4,53367695
6.22716116
9.14830103
12.02753029
15.65182375
21.92354136
28.11521342
35.91493413
49.41865819

b= 20
0.86829269
1.46518978
2.24893440
2.86608140
3.51469516
4.43069016
5.17427991
5.96652715
7.09603407
8.01847415
9. 00469087
10.41472326

b= 80
0.84632900
1.37509999
2.01648649
+ 2.48588494
2,95036120
3.56310963
4.02850597

4.49709824

5.12312262
5.60262071
6.08787084
6.73896435
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F-DISTRIBUTION CRITICAL POINTS: a

b= 2
1.20710678
3.23205081
9.24341649
19.24679434
39.24841766
99.24937186
1.99250e+02
3.99250e+02
9.99250e+02
1.99925e+03
3.99925e+03
9.99925e+03

b= 7
0.92619310
1.71573804
2.96053409
4.12031173
5.52259435
7.84664506
10.05049125
12.73337345
17.19799378
21.44083788
26.61139231
35.22200612

b= 30
085843675
1.42443552
2.14223486
2.68962757
3.24992538
4.01787684
4.62335729
5. 25263761
8. 12452095
6.81679047
7.53926013
8.54372411

b = 100

0.84489147
1.36929540
2.00193845
2.46261493
2.91658201
3.51268406
3.96337719
4.41541461
5.01665040
5.47514664
5,93740731
6.55497858

b= 3
1.06322570
2.39010880
5.34264448
9.11718225
15. 10097893
28.70989839
46.19462233
73.94848584
1.37100e+02
2.18251e+02
3.47069e+02
6.40191e+02

b= 8

0.91464536
1.66421544
2.80642571
3.83785335
5.05263222
7.00607662
8.80512953
10.94070768
14,39158451
17.57822751
21.36609237
27.49283567
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. 85356585
.40449186
. 09095000
. 60597495
.12611417
. 82829355
.37377546
. 93360929
.69813414
. 29655925
. 91350477
. 75922632
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. 84393491
. 36543912
. 99230227
.44723651
. 89430846
47953139
.92065164
. 36194547
.94715419
. 39212129
.83961893
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. 06600000
06417777
.10724954
. 38823291
. 60452988
15.97702485
23.15450144
33.30274407
53.43582912
76.12415689
1.08210e+02
1.71871e+02
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b= 9
0.90580385
1.62529780
2.69268006
3.63308851
4.71807846
6.42208546
7.95588513
3. 74105900
12.56031874
15.10595725
18.07366062
22.76609372

b = 50

0.85066120
1.39266064
2.06081565
2.55717915
3.05441497
3.71954519
4.23163204
4.75320657
5.45928316
6.00720695
6.56793070
7.33005237
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84325253
1.36269120
1.98544971
2.438631746
2.87851798
3.45607544
3.89046811
4,32422836
4,89822741
5,33375571
5.77097590

b
0.

6.35220428
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0.96456230
1.89268285
3.52019625
5.19216777
7.38788575
11.39192807
15.55605980
21.04780179
31.08500557
41.53441461
55.32148842
80.52679983

b= 10
0.89881713
1.59486649
2.60533643
3.47804969
4,46834158
5.99433866
7.34280574
8.88760116

11.28275151

13.40681009

15.84474027

19.63005182

b = 60

0.84873213
1.38482853
2.04098590
2.52521510
3.00765937
3.64804749
4,13989373
4.63728953
5.30670156
5.82317507
6.34910409
7.05986063

b = 160

0.84274123
1.36063382
1.98032684
2.42816381
2.86673984
3.43860516
3.86801161
4.29619731
4,86181717
5.28048694
5.72014228
6.29042743
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.0e-01
.5e-01
.0e-01
.0e—02
.5e-02
.0e-02
.0e—03
.5e-03
.0e-03
.0e-04
Se-04
.0e-04
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.5e-01
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.0e=04

.0e-01
Se-01
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.5e-01
.0e-01
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He-02
.0e—02
.0e-03
.5e-03
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.0e-04
5e-04
.0e-04

b= 1
1.89367482
8.81979304
57.24007713
.30162e+02
.21848e+02
. 76365e+03
. 30558e+04
. 22244e+04
. 76405e+05
. 30562e+06
. 22248e+06
. 76405e+07
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= &
97653640
1.78521248
3.10751187
4,38737419
5.98756513
8.74589526
11.46363566
14.88421766
20.80266396
26.64521583
34.00452000
46.74657096

b
0.

b = 20

0.90037648
1.44995229
2.15822722
2.71088984
3.28905585
4.10268463
4.,76157368
5,46252153
6.46056185
7.27483822
8.14484582
9. 38799089

b = 80

0.87768409
1.35544448
1.92063596
2.32872059
2.72953189
3.25504930
3.65235549
4.05115723
4.58241281
4.98836693
5.39849817
5.94788813
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b= 2
1.25192518
3.27989441
9.29262635
19.29640965
39.29822778
99,29929648
1.99300e+02
3.99300e+02
9.99300e+02
1.99930e+03
3.99930e+03
9. 99930e+03

b= 7

0.96025973
1.71105700
2.88334450
3.97152315
5.28523685
7.46043549
9,52205882
.03115594
. 20580032
. 17264770
. 00657806
. 05626518

= 30
.89019259
.40725869
. 04924608
. 53355465
. 02646641
. 68901881
. 22757698
.T7577584
.53391314
. 13499834
. 76168097
63215150
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= 100
.87619905
.34933734
.90574201
.30531824
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.58947293
.97297415
.48150773
. 86834396
. 25765603
. 77684795
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b= 3
1.10235812
2.40949587
5.30915702
9.01345517
14.88482292
28.23708084
45,39164571
72.62124836
1.34580e+02
2.14197e+02
3.40581e+02
6.28165e+02

b= 8

0.94830808
1.65750198
2.72644692
3.68749867
4.81727556
6.63182516
8.30179885
. 28342993
.48468845
.44033677
. 95329797
. 63499013

= 40

. 88516027
.38633195
. 99681977
. 44946643
.90372232
.51383983
. 98604571
46950063
.12826342
.64299818
.17361043
89870471
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.87521088
. 34527867
. 89587480
.28985128
.67398832
.17354548
.54823223
.92181483
.41567581
. 79021350
. 16617603
. 66607707
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. 036733967
. 07229963
.05057907
. 25605650
.36447082
15,
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45642554
26088089
71156856
.63071456

1.04628e+02
1.66131e+02
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0
1
2
3
4
6
7
9

11
14
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1
1
2
2
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. 93916021

.61701115
61061255

. 48165865

.48441131

.05694071

.47115811
.11637189
. 71366731
.05834123

. 11234895

= 50
.BB8215951
. 37390574
. 96599886
.40040913
.B83265408
.40767951
. 84860446

4,29650034

4
5
5

.90134819
. 36978062
. 84850711

6.49828696
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0
1
1
2
2
3
3
3
4
4
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= 140
. 87450595
.34238582
. 88885698
. 27886882
. 65834216
.15087703
.51910315
. 88573600
.36934360

.73530928
.10198800
.58850790
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4
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2
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.89465977
.45298225
.05032906
.14638183
. 96702065
. 93960546
.17826615
. 75239858

. 71944679

. 86992362

.91122960
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.93193316
.58532326
.52164069

. 32583453

. 23608567
.63632619
.B7236676
. 28754026
.48072247
.42508628
. 65636896
12031982

= 60
.88016665
. 36567462
. 94571033
. 36827024
. 78631480
.33888442
. 75994848
.18541724
. 75652075
. 19620585
. 64326087
.24653069
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.87397774
. 34021957
.88361004
. 27066749
.64667192
. 13364588
.49743416
.B5892738
33496692
.694561760
. 05448807
.53116463
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5.0e-01
2.5e-01
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b= 1
1.94216329

8.98325631

58.20441643
2.33986e+02
9.37111le+02
5.85899e+03
2.34371e+04
9.37496e+04
5.85937e+05
2.34375e+06
9.37500e+06
5.85937e+07

b= &
1. 00080000
1.78213518
3.05455068
4.28386571
5.81975658
8.46612534
11.07303891
14. 35366220
2002965472
25.63264742
32.69044991
.90926558

= 20

. 82209307
. 43660420
.09132249
.59897771
. 12833996
.87142682
.47214659
.11052016
.01860847
. 75896790
.54962353
.67889223
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= 80
. 89890561
. 33842281
.84911259
.21419280
57077051
.03611087
. 38667588
.T3771799
. 204299089
.56017134
. 91922394
. 39955540
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b= 2
1.28244070
3.31205614
9.32553045
19.32953402
39.33145796
99.33258887
1.99333e+02
3.99333e+02
9.99333e+02
1.99933e+03
3.99933e+03
9.89933e+03

b= 7
0.98333868
1.70593189
2.82739227
3.86596885
5.11859661
7.19140479
9.15533592
11.54514000
15.52084044
19.29838451

23.90146269

31.56651615
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0.91168594
1.39231983
1.98033315

2.42052319 .

2. 86669615
3.47347661
3.94921391
4.44187172
5.12225568
5.66110804
6.22248494
7.00168902

b = 100

0.89738839
1.33205721
1.83389555
2.19060094
2.53740316
2,98768450
3.32523238
3.66183950
4.10712455
4.44517798
4.78490668
5.23732804

49—

b= 3

1.12894436
2.42178539
.28473156
. 94064512
14.73471841
27.91065736
44.83846833
71.70803432
1.32847e+02
2.11412e+02
3.36125e+02
6.19905e+02
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b= 8

0.97110826
1.65083882
2.66833472
3.58058032
4,65169554
6.37068073
7.95199224
9.82797076
12.85802614
15.65530173
18.97982746
24.35650380

b = 40

0.90654402
1.37057411
1.92687856
2.33585240
2.74438158
3.29101239
3.71290608
4.14405914
4,73056833
5.18823003
5.65902893
6.30305962

b = 120
0.89637882
1.32782510
1.82381158
2. 17500625
2.51540088
2. 95585400
3.28494141

3.61219932 -

4,04374661
4.37035025
4,.69770349
5.13231929

b= 4

1.06166888
2.07656825
4.,00974931
6.16313228
9.19731108
15.20686486
21.97457925
31.54293325
.52502195
71.91599825
1.0216%7e+02
1.62187e+02

= 9
. 96174924
.60914497
. 55085525
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.13385028
. 68302680
.12812978
. 33507576
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.92594441
. 34883843
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. 89565862
. 32480780
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. 99915128
.31778086
.63653514
. 05881163
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b= &
1.02402737
1.89447158
3.40450658
4.95028807
6.97770186
10.67225479
14.51326301
19.57813950
28.83436098
38.47029110
51.18379538
74.42612999

- 10
5435681
1.57648745
2.46058197
3.21717455
4.07213132
- 5.38581104
6.54463054
7.87087430
9.92561291
11.74687111
13.83663064
17.08055583
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b= 60
0.90144198
1.34907933
1.87472025
2.25405301
2.62736959
3.11867427
3.49183152
3.86806700
4,37205461
4.75942148
5.15281145
5.68304344

b = 160
0.89511898
1.32254788
1.81127429
2.15566118
2.48816758
2.91656857
3.23531972
3.55119162
3.96606860
4.27882717
4.59126095
5.00448520
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.0e-01
.5e-01
.0e-01
.0e-02
be—-02
.0e-02
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.5e-02
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2.00408012
9.19227857
59.43898057
2.38883e+02
9.56656e+02
5.98107e+03
2.39254e+04
9.57027e+04
5.98144e+05
2.39258e+06
9.57031e+06
5.98145e+07

= 6
02975131
1.77596228
2.98303561
4.14680416
5.59962301
8.10165137
10.56576351
13.66631442
19.03033312
24.32513325
30.99457530
42.54086825

b
1.

b= 20

0.94958829
1.41533425
1.99853387
2.44708375
2.91279653
3.56441205
4,08997348
4,64767036
5.43999319
6.08534985
6.77410544
7.75725282
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0.92577020
1.31121002
1.74825210

. 2.05637261

2.35494113
2.74196415
3.03202536
3.32145832
3.70486836
3.99649283

- 4.,29013024

4.68216385
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b= 2

1.32130338
3.35255771
9.36677033
19.37699290
39.37302207
99.37421482
1.99375e+02
3.99375e+02
9.99375e+02
1.99937e+03
3.99937e+03
9.99937e+03

= 7
.01259144
. 69687168
. 75157958
. 72572532
. 89934065
. 84004907
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10.91432763
14.63400663
18. 16800387
22.47412492
29.64445771
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0.93889604
. 36852491
. 88412068
. 26616327
.65125626
. 17262396
.58005978
. 00108804
.58142498
.04033981
.51792985
. 18016566

GO e B QOO B e

= 100
.92421220
.30441040
.73244278
. 032327569
.32148052
.69426273
. 97218984
. 24830386
. 61226059
.88774624
. 16399355
.53107485
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.67811474
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b= '3

1.16273958
2.43636625
.25167108
. 84523846
14.53988657
27.48917703
44.12557171
70.53246151
1.30618e+02
2.07830e+02

oo O,

3.30385e+02

6.09289e+02

= B
.00000000
.639577398
. 58934906
.43810123
.43326989
.02887011
49590591
. 23582571
12.04554124
. 639063989
17.72122257
. 70563892
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b= 40

0.93361459
1.34545147
1.82886338
2.18017045
2.52886345
2.99298087
3.34978976
3.71348230
4.20703658
4.59141906
4.98629362
5.52574668

b = 120

0.92317551
1.29988570
1.72195924
2.01642561
2.29940990
2.66290563
2.93295508
3.20045436
3.55188188
3.81701581
4.08214785
4.43334442

b= 4
1.09331993
2.08046390
3.95493994
6.04104448
8.97958042
14,79888879
21.351980636
30.61669240
48, 99618877
69.70799604
98.99810985
1.57113e+02

b= 9

0.99036782
1.59614063
2.46940565
3.22958261
4.10195570
5.46712252
6.69330016
8.11877788
108.36806037
12.39776810
14.76328871
18.50259148

b = 50

0.93046581
1.33170427
1.79629964
2.12992276
2.45794198
2.89000772
3.21885741
3.55124821
3.99804325
4.34277627
4.69412469
5.16977318

b = 140

0.92243597
1.29665778
1.71449812
2.00512910
2.283759864
2.64072214
2.90524639
3.16671901
3.50240693
3.76734061
4.02475994
4.36496485

8

b= 5
1.05450963
1.89230439
3.33927571
4,81831954
6.75717201
10.28931105
13. 96096260
18.80222981
27.64947537
36.85948243
49.01092725
71.22560842

b= 10
0.98276167
1.56206191
2.37715002
3.07165839
3.85489088
5.05669313
6.11591875
7.32760050
9,20414986
10.86705246
12.77482756
15.73590050

b = 60

0.92837483
1.32257756
1.77482888
2.09696831
2.41167182
2.82328022
3.13443791
3.44716499
3.86482817
4.18505663
4.50968828
4.94648043

b = 160
0.92188183
1.29423899
1.70891699
1.99669039
2.27208403
2.62420066
2.88463589
3.14165672
3.47790266
3.73054001
3.98229605
4, 31444837
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Q

.0e-01
5e~01
.0e-01
.0e=02
He-02
0e-02
.0e-03
.5e-03
.0e-03
LJe~-04
5e-04
. De—04

.0e-01
.5e-01
.0e-01
.0e-02
5e-02
.De-02
.0e-03
.5e~03
.0e-03
.0e-04
He—04
.De-04

0e-01
5e-01
De-01
.0e-02
.5e-02
.0e-02
.0e-03
.5e—03
.0e-03
De—04
.5e-04
.De-04

.De—-01
He-01
.0e-01
.De—-02
.5e-02
.De—02
.0e—03
5e-03
.0e-03
.0e-04
.5e~04
.De-04

b= 1

2.04191262
9.32014944
60.19498034
2.41882e+02
9.68627e+02
6.05585¢+03
2.42245e+04
9.68990e+04
6.05621et+05
2.42248e+06
9.6899%4e+06
6.05621e+07

= 6
04782613
1.77084828
2.93693467
4.05996279
5.48132372
7.87411853
10.25003712
13.23942867
18.41092480
23.51556871
29.94541132
41.07681527

b
1.

b= 20

0.96626389
1.39948744
1.93673830
2.34787757
2.77367138
3.36818639
3.84700175
4.35463134
5.07524621
5.66183781
6.28761962
7.18053924

b = 80

0.94205994
1.29062971
1.67956794
1.956122032
2.21302571
2.55081190
2.80305422
3.05412127

3.38591391

3.83777320
3.88100000
4,22858731

F-DISTRIBUTION CRITICAL POINTS: a = .

b= 2
1.34500479
3.37701838
9.39157278
19.39589672
39. 39797460
99.39919597
1,99400e+02
3.99400e+02
9.99400e+02
1.99940e+03
3.99940e+03
9.99940e+03

= 7
.03035648
. 68980277
.70251048
.63652312
.76111643
. 620062867
.38032593
.52165948
.08325538
.46691232
.58974925
. 45476856

bk et
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[N o]
Lo =

= 30
. 95539658
.35071506
.81948544
. 16457992
.51119130
.97909356
.34396482
. 72047844
. 23879176
.64824212
. 07405129
. 66408483

Ot 2 WD W BB OO

= 100
.94047716
. 28346777
.66322513
. 92669249
.17928041
.50331113
. 74395626
. 98238950
. 29586659
.53262738
.'76966311
.08413337
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b= 3

1.18331912
2.44466882
5.23041127
8.78552471
14.41884204
27.22873412
43,685680112
69.80799214
1.29247e+02
2.05625e+02
3.26869e+02
6.02755e+02

= 8

.01754070
.63099449
.53803678
.34716312
.29512696
.81429386
. 21063592
. 86645540
11.54005611
14.00776672
16.84027977
21.68255525
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= 40

. 85002982
. 32658201
. 76268577
.07724805
.38816109
.80054511
.11674828
.43848421
.87438608
.21341763
.561374086
.03629308
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= 120
.93942399
.27869738
.65237930
. 91046106
. 15701144
. 47207875
. 70519856
. 93546807
3.23716241
3.46425175
3.69095395
3.99073189
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= 4

. 11257336
. 08196054
. 91987560
. 96437055
. 84388097
.54590080
. 96673027
.04435169
.05268912
. 34597381
97.04433586

1.53985e+02 .

= 9

00773884
1.58633970
2.41631558
3.13723011
3.96386516
5.25654199
6.41715965
7.'76613562
9.89430492
11.81462932
14.05246700
17.58976366

b
1.

b = 50

0.94683051
1.31216939
1.72914957
2.02614296
2.31679418
2.69813941
2,98751918
3.27942373

3.67105214

3.97274845
4,27988874
4,69522944

= 140

. 93867270
1.27529187
1.64465603
1.89892540
2.14121518
2.44997541
2.67782338
2.80238559
3. 19586776
3.41623640
3.63577586
3.92539904

b
0
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b= 5
1.07303833
1.88985300
3.29740167
4.73506307
6.61915433

10.05101722

13.61817961

18.32152712

26.91656759

35.86394325
47.66882750
69.24988423

= 10

00000000
1.55125573
2.32260394
2.97823702
3.71679186
4, 84914680
5.84567843
6.98747494
8.75386628
10.31892882
12.11430327
14.90072411

b
1.

b= &0

0.94470610
1.30258542
1.70700876
1.99259200
2.27019826
2.631'75078
2.80417997
3.17737545
3.54147524
3.82014965
4,10229917
4,48145666

b = 160
0.93810977
1.27273871
1.63887641
1.89030517
2.12942767
2.43351248
2.65745903
2.87780749
3.16524012
3.38066866

3.59495280
3.87714110



Q
5.0e-01
2.5e-01
1.0e-01

5.0e-02

2.5e~02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e-04

Q
5.0e-01
2.5e-01
1.0e-01
5.0e-02
2.5e-02
1.0e—02
A.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e-04

Q
5.0e-01
2.5¢-01
1.0e-01
5.0e-02
2.5e-02
1.0e~02
5.0e-03
2.5e~-03
1.0e-03
5.0e~04
2.5e-04
1.0e~-04

Q
5.0e-01
2.5¢-01
1.0e-01
5.0e-02
2.5e-02
1.0e-02
5.0e-03
2.5e~03
1.0e-03
5.0e-04
2.5e-04
1.0e-04

40.

b= 1
2.06741246
9.40640006
60.76521187
2.43906e+02
9.76708e+02
6.10632e+03
2.44264e+04

9.77065e+04

6.10668e+05
2.44267e+06
9. 77069¢+06
6.10668e+07

b= 6
1.05997008
1.76678069
2.90472051
3.99993538
5.36624395
7.71833266
10. 03429221
12.94813481
17.98881077
22.96425725
29.23131868
08086276

= 20
. 97745286
. 38731466
.89236317
. 27758057
.67583062
.23111983
. 67790684
.15128771
. 82291806
. 36940785
.95224501
. 78367218

= 80

. 95298775
. 27452341
.62920909
.B7526157
.11145183
.41513608
.64129879
. 86598479
. 16237783
.38702374
.61263707
.91307438
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b= 2

1. 36096586
3.39339207
9.40813214
19.41251115
39.41461548
99.41585240
1.99416e+02
3.99416e+02
9.99417e+02
1.99942e+03
3.99942¢+03
9.99942e+03
b= 7
1.04228905
1.68431656
2.66811142
3.57467645
4.66582972
6.46909128
8.17641253
10.25321171
13.70731634
16. 98876522
20.98700934
27.64449734

= 30
. 96646670
. 33694673
.77270370
.09206319
.41203403
.84309520
.17873241
.52473568
.00061548
.37627238
.76673955
.30753728

= 100
. 95138830
.26704731
.61238102
.85025511
.07734219
. 36758212
.58250308
. 79501467
.07386111
.28411476
.49435290
. 77292408
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F-DISTRIBUTION CRITICAL POINTS: a =

b= 3

1.19716621
2.45000766
5.21561783
8. 74464066
14.33655235
27.05181926
43.38738679
69.31669341
1.28316e+02
2.04131e+02
3.24479e+02
5.98328e+02

b= 8

1.62932008
1.62439522
2.50195779
3.28393901
4.19966746
5.66871926
7.01491723
B.61349420
11.19448648
13.57661585
16.40735863
20.98497101

b= 40
0.96104223
1.31193225
1.71456263
2.00345940
2.28815698
2.66482736
2.95310109
3.24604603
3.64246960
3.95049782
4.26641634
4.69731651

b = 120

0.95032406
1.26206271
1.60120371
1.83369528
2.05481988
2,33629981

- 2.54393186

2.74858203

3.01615026

3.21719439
3.41763112
3.68232304

= 4

. 12551995
.08258018
. 89552685
.91172911
.75115892
14.37358701
20.70468755
29.65539625
47.41180417
67.42137437
95.71835713
1.51862e+02

ONWN R~

g
.01940231
.57883548
. 37888486
07294712
. 86822032
.11143102
. 22736742
.52424007
.57000509
.41585275
.56681797
. 96669499
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MW O~10UTWLWN M~

= 50
. 95780881
. 29695822
.68016749
. 95152768
. 21620916
. 56249676
. 82470195
. 08880286
. 44263307
. 714895398
. 89184032
. 36603879

= 140

. 94956488
.25850175
.59323959
.82192027
.03883734
. 31415791
.51668235
.71583928
.97555185
. 17020098
. 36384843
.61895741
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= §.
08549169
1.88768064
3.26823921
4.67770379
6.52454922
9.88827549
13.38447084
17.99416442
26.41796644
35.18703535
46.75663786
67.90753125

b
1.

b= 10

1.01157283
1.54299665
2.28405130
2.91297672
3.62094548
4.70586969
5.66132597
6.75381677
8.44518506
9. 94364059
11.66251381
14.33008743

b= 60. -

0.95566187
1.28698474
1.65742869
1.91739590
2.16919216
2.49611595
2.74186262
2.98789516
3.31528023
3.56552721
3.81865430
4.15848974

b = 160

0.94899604
1.25583062
1.58727703
1.81311786
2.02690713
2.29766106
2.49640806
2.69151077
2.94543910
3.13539014
3.32406108
3.57215698



5.
2.5e
.0e-01
.0e-02
.5e-02
.0e-02
.0e-03
.5e-03
.0e-03
.0e-04
Se-04
Qe-04
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Q
0e-01
5e-01

.0e-01
5e-01
.0e-01
.0e-02
.5e-02
.0e-02
.0e-03
.5e-03
.0e-03
.De-04
.5e-04
.0e-04

0e-01
He—01
.De-01
.0e-02
He-02
De-02
.0e-03
.5e~03
.0e-03
.0e-04
.5e-04
.0e—-04

.0e-01
Se-01
De-01
0e—02
.5e-02
.0e-02
.0e—03
.H5e-03
. De—03
.0e—04
SHe-04
.0e—04

b= 1

2.09959413
9.51532119
61.34588225
.46464e+02
.86919e+02
.17010e+03
.46815e+04
.87269¢+04

.46818e+06
.87273e+08
. 17046e+07

T ONIONTWOWN

= B
07525776
1.76088455
2.86263522
3.92228336
5.24386045
7.51857375
9. 75815750
12.57579409
17.44991260
22.26088542
28.320730380
38.81148854

b
1.

b = 20

0.991518438
1.36988631
1.83253414
2.18398317
2.54654003
3.05119839
3.45675593
3.88612228
4.49489069
4.98997307
5.51779779
6.27050390

b = 80

-0.96672123
1.25082121
1.55943591
1.77155674
1.97406032
2.23318182
2.42542549
2.61580787
2.86653772
3.05608634
3.24614646
3.49883095

.17045e+05 .

b= 2
1.38109746
3.41393407
9.42885877
19.43329253
39.43542317
99.43667556
1.99437e+02
3.99437e+02
9.99437e+02
1.99944e+03
3.99944e+03
9.99944e+03

b= 7
1.05730668
1.67649170
2.62301285
3.49440809
4.54281777
6.27500976
7.91481746
9.90935409
13.22647828
16.37770177
20.21721421
26.61032433

b= 30
0.98038068
1.31704632
1.70899831
1.99462355
2.27988920
2.66318812
2.96105443
3.26772358
3.68900394
4,02124423
4.36635238
4.84402104

= 100

96510076
1.24281552
1.541756312
1.74564723

b
0.

1.93914970

2.,18518032
2.36661106
2.545485606

2.77953224

2.955658042
3.13130034
3.36371112
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F-DISTRIBUTION CRITICAL POINTS: a =

b= 3
1.21462015
2.45645166
5.19640464
8.69228627
14.23152005
26.82685728

43.00828756

68.69290405
1.27136e+02
2,02235e+02
3.21447e+02

5.92712e+02

= 8
04414178
1.61503629
2.45450054
3.20163427
4.07609592
5.47655111
6.76328978
8.28883179
10.75171249
13.02471332
15.725671481
20.09342009

b
1.

b = 40

0.97488281
1.29062573
1.64862761
1.90374984
2.15418253
2.48442367
2.73652824
2.99228173
3.33782390
3.60596551
3.88071806
4,25512568

b = 120

0.96402256
1.23746700
1.52998722
1.72846299
1.91606823

2.15357073
2.32799461

2.49938087
2.72278030
2.89020220
3.05879579
3.27636263

= 4

. 14183020
. 08290372
. 86393631
.84411743
.63258076
14.15385989
20, 37095625
29.16043220
46,59692605
66. 24595750
94.03305949
1.49165e+02

CONWN =T

= 9
03407565
1.56821374
2.32949931
2.98896556
3.74409691
4,92402234
5,98286444
7.21320246
9.15379149
10.90461187
12.94475427
16.16935140

b
1.

b = 50

0.97160614
1.27473947
1.61277664
1.85031495
2.08097558
2.38160008
2.60855771
2.83669375
3.14175292
3.37611392
3.61422918
3.93559470

b = 140
0.96325344

© 1.23364048

1.52158301
1.71623044

1.89967336

2.13118025
2.30069615
2.46685280
2.68284259
2.84428071
3.00456112
3.21527105
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b= 5
1.10117402
1.88434658
3.23027956
4,50376403
6.40316106
9.68016431
13.08607221
17.57663692
25.78264593
34.32494470
45.59532412
66.19915969

b= 10
1.02613009

1.53130954
2. 23304250
2.82756643
3.49627142
4.,52044822
5.42209123
6.45284803
8.04839545
9.46181316
11.08303968
13.59894517

b= 860

0. 96943067
1.26412502
1.58901067
1.81511336
2.03304226
2.314793931
2.52589677
2.73675858
3.01673209
3.23034831
3.44613495
3.73545337

= 160
96267716
1.23076701
1.51530239
1.70707833
1.88742657
2.11448860
2.28037578
2.44267455
2.65321194
2.81025748
2.96591293
3.17014936

b
0.
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Q

.0e-01
.5e-01
.0e-01
.0e-02
.5e-02
.De~02
. 0e-03
.5e-03
.0e-03
.0e-04
Se-04
. De~-04

.0e-01
.5e-01
,0e-01
.0e-02
.He-02
.0e-02
.De-03
.5e-03
.0e—-03
.0e-04
.5e-04
.0e—04

.0e-01
. 5e-01

0e-01

.De-02
.5e-02
.0e-02
.0e-03
.5e-03
.0e-03
.0e-04
.B5e-04
.De—04

.0e—-01
Se-01
.0e-01
.0e-02
.5e-02
.0e-02
.0e-03
.5e—-03
.0e—03
.De—-04
.5e—04
e-04

b= 1
- 2.11906393
9.58125473
61.74029240
2.48013e+02
9.93103e+02
6.20873e+03
2.48360et+04
9.9344%e+04
6.20908e+05
2.48363e+06
9.93453e+06
6.20908e+07

= 6
. 08448922
1.75687916
2.83633965
3.87418858
5.16840094
7.39583189
9.58877073
12.34766741
17.12011020
21.83068936
27.76405791
38.03583312

b
1

b = 20

1.00000000
1.35800933
1.79384331
2.12415521
2.46448430
2.93773528
3.31778578
3.71996743
4, 28996645
4.75337842
5,24733646
5.95161262

b= 80

0.97499948
1.23408357
1.51276462
1.70316008
1.88426718
2.11527070
2.28621828
2.45529730
2.87737934
2.84508960
3.01306829
3.23614809

F-DISTRIBUTION

b= 2
1.39327262
3.42629923
9.44130938
13.44576849
39.44791130
99.44817085
1.99450e+02
3.99450e+02
9.99450e+02
1.99945e+03
3.99945e+03
9.99945e+03

b= 7

1.06637281
1.67123233
2.59473154
3.44452483
4,486673962
6.15543839
7.75396067
9.69821202
12.93162574
16.00327962
19.74581303
25.97740849

b= 30

0.98876903
1.30332015
1.66730895
1,93165348
2.19516027
2.54865918
2.82304097
3.10530817
3.49278411
3.79818583
4.11528507
4,55401187

b = 100
0.97336626
1.22563958
1.49434796
1.67643425
1.84856071
2. 06664610
2.22701711
2.38481447
2.59088001
2.74562277
2.89988470
3.10365608

~54—

b= 3

1.22517083
2.46019186
. 18448168
. 66018980
14.16738138
26.68979051
42.77750013
68.31334093
1.26418e+02
2.01082e+02
3.19604e+02
5.89297e+02

oG,

= 8

. 056308797
. 60876566
. 42463734
. 15032377
. 98945297
. 35909494
. 60820487
. 08905340
.47968282
. 68595254
. 30760753
-54696710

00 O Q1 L0 GO DO el p T

b et frd el
LMoo

= 40

.98322627
. 27581155
.60515147
. 83885935
. 06771405
.36887612
.59841759
.83103059
. 14498953
.388418951
.B3770175
.97720089

W WL LODNI NN N b bt e DT

= 120

. 97227961
. 21998690
.48207166
.65868014
.82491961
. 03458806
. 18810657
.33862840
.53441832
. 68088292
. 82642490
01797977

NN NN N = s e OO

CRITICAL POINTS: a =

b= 4

1.15168539
2.08284563
3.84433831
5.80254189
8.55994319
14.01960868
20.16727590
28.85856839
46.10025764
65.52975122
93.00638096
1.47523e+02

b= 9

1.04293082
1.56109998
2.29832236
2.93645539
3.66690550
4.80799523
5.83184098
7.02142152
8.89761271
10.59026697
12.56258680
15.67992931

b= 50

0.97992321
1.25920379
1.56810713
1.78412482
1.99329449
2.26524280
2.47015094
2.67587333
2.95060455
3.16144666
3.37550410
3.66418322

b = 140
0.97150448
1.21593688
1.47330182
1.64602715
1.80810983
2.01186010
2. 16057927
2.30602188
2.49466390
2.63538994
2.77490463
2.95804312

20

= D
11064651
1.88197592
3.20665035
4.55813150
6.32855524
9.55264616
12.90348806
17.32140862
25.39462209
33.79865873
44.88660575
65.15691217

b
1.

= 10
. 03491397
1.52347608
2.20074392
2.77401640
3.41854352
4.40539477
5.27401675
6.26692019
7.80374705
9.16507220
10.72649585
13.14953081

b
1

b= B0

0.97773037
1.24807450
1.54348574
1.74798413
1.94446982
2.19780591
2. 38720056
2.57610024
2.82655183
3.01741163
3.21003914
3.46807649

160
7092370
1.21289220
1.46672313
1.63655204
1.79554318
1.99490553
2.14007660
2.28177308
2.46515719
2.60167275
2. 73677454
2.91376586

b =
0.



Q
5.0e-01
2.5e-01
1.0e-01
5.0e-02
2.5e-02
1.0e-02
5.0e-03
2.5e—03
1.0e03
5.0e-04
2.5e-04

1.0e-04

Q
5.0e-01
2.5e-01
1.0e-01
5.0e-02
2.5e-02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e-04

Q
5.0e-01
2.5e-01
1.0e~01
5.0e-02
2.5e-02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e~-04

2.5e-04
" 1.0e-04

Q
5.0e-01
2.5e-01
1.0e—01
5.0e-02
2.5e-02
1.0e—02
5.0e-03
2.5e—-03
1.0e-03
5.0e—04
2.5e-04
1.0e-04

b= 1

2.13210973
9.62544871
62.00204594
2.49052e+02
9.97249e+02
6.23463e+03
2.49396e+04
9.97593e+04
6.23497e+05
2.49399e+06
9.97596e+06
6.23498e+07

b= 6
1.09066874
1.75400048
2.81834478
3.84145690
5.11719240
7.31272081
9.47419879
12.19348377
16. 89736868
21.54025883
27.38835483
37.51249228

b= 20

1.00567205
1.34938782
1.76666715
2.08245372
2.40756156
2.85936326
3.22202662
3.60569918
4.14932842
4,59121578
5.06216840
5.73356202

b = 80

0.98053383
1.22154226
1.47900944
1.65416788
1.82035531
2.03184705
2.18807100
2.34238905
2.54482910
2.69754289
2.85037950
3.05318646

F-DISTRIBUTION

b= 2
1.40142948
3.43455931
9.44961589
19.45408876
39.45623819
99.45750162
1.99458e+02
3.99458e+02
9.99458e+02
1.99946e+03
3.99946e+03
9.99946e+03

= 7

. 07244095
. 68747155
.57532726
.41049438
. 41499907
.07431925
.64496818
556527857
. 73220036
. 75016244
42726023
.54987978

O ~13M P LN = T

PO bt b b
o N

= 30
. 99437785
. 29325208
.63773739
. 88735998
. 13587873
.46892098
.72722133
. 89280567
.35720403
.64430450
. 94231956
. 35453286

ﬂa&:h:&bh:hnh:nﬁhdpahac>c‘

= 100
. 97889204
.21272414
.45995201
.62670811
. 78389832
. 98255615
.12834311
. 27158253
. 45837068
.59846551
. 73799694
2,92213752

BN BRI DN N b e e et e O O

—55

= 3

. 23223763
.46263144
. 17636482
. 63850104
14.12414582
26.59752322
42.62222531
68.05804738
1.25935e+02
2.00307e+02
3.18364e+02
5.87001e+02

oM =T

= 8
05907491
1.60428651
2.40409654
3.11523980
3.94722034
5.27926439
6.50294579
7.95360165
10.29543363
12.45663696
15.02471930
19.17742238

b
1.

b= 40

0.98880465
1.26486821
1.57411084
1,79293703
2,00686832
2.28799771
2.50204003
2.71878741
3.01112992
3.23767025

3.46956151 .

3.78524812

b = 120

0.97779972
1.20680948
1.44722598
1.60843710
1.75972535
1.95001810
2.08904248

2.22513831

2.40188843
2.53393217
2.665601148
2.83735242

CRITICAL PQINTS: a =

b= 4

1.15828486
2.08269754
3.83098448
5, 77438866
8.51087345
13.92906354
20.,03000071
28.65521321
45.76579762
65.04754250
92.31522585
1.46417e+02

= 9
04885621
1.55601638
2.27682727
2.90047376
3.61419574
4.72899757
5.72917229
6.89119649
8.72386163
10. 37720983
12.30370363
15. 34858365

b
1.

b= 50
0.98548374
1.24766903
1.53606637
1.73707961
1.93134276
2.18348503
2.37322904
2.56353532
2.81747058
3.01221135
3.20981715
3.47616883

b = 140

0.97702056
1.20256568
1.43812297
1.59540027
1.74251901
1.92692838
2.06121608
2.19232523
2.36209449
2.48855935
2.61379954
2.77801658

24

‘b= 5
1.11698845
1.88023528
3.19052294
4.52715311
6.27804014
9. 46647080

12.78021005

17.14918927

25.13294244

33.44383925

4440889292

64.45452382

= 10
04079112

1.561787212
2.17842592
2.73724765
3.36536871
4.32692916
5.17319682
6.14048728
7.63759697
8.96369706
10.48468814
12.84494145

b
1.

= B0

98327918
1.23611197
1.51071818
1.70011670
1.88169626
2.11536434
2.28979076
2.46357768
2.69375743
2.86901815
3.04579029
3.28243796

b
0.

b = 169

0.97643676
1.19937183
1.43128751
1.58562884
1.72964530
1.90969161
2.04047731
2.15790881
2.33254399
2.45481675
2.57588349
2.73416989
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NN~ N5

qQ

.0e-01
Se~01
.0e-01
.0e-02
.5e-02
.0e—-02
.0e-03
.5e-03
.0e-03
.0e—04
Be-04
.0e-04

,0e~-01
.5e-01
L0e-01
.0e-02
.5e-02
0e-02
.0e-03
.5e~03
.0e-03
.0e-04
.5e-04
.0e-04

.0e-01
.5e-01
.0e-01
0e-02
.5e-02
.0e-02
.0e—03
.5e-03
.0e-03
0e-04
.5e-04
.0e~04

.0e~01
.5e~-01
.0e—01
. 0e-02
.5e-~02
.0e—02
.0e—-03
.5e—03
.0e-03
.0e—-04
.5e-04
.0e—04

b= "1

2. 14520766

9. 66983109
62. 26496980
.50095e+02
.00141e+03
. 26065e+03
.50436e+04
.00176e+05
. 26099e+05
.50440e+06
.00176e+07
. 26099e+07

N ~NO N

b= 6

1.09686895
1.75094669
2.79996008
3.80816427
5,086522684
7.22853306
9. 35824456

12.03753876°

16.67221633
21.24677984
27.00880233
36.98391799

b = 20

1.01135853

1.34012048
1.73822300
2.03908590
2.34860243
2.77848490
3.12340916

3.48821737

4.00499480
4.,42497903
4.87253242
5.51049470

b = 80

0.98608042
1.20759805
1.44257530
1.60173018
1.75232953
1.94352574
2.08448664
2.22353845
2.40570884
2.54297523
2.68023522
2.86221521

F-DISTRIBUTION CRITICAL POINTS: a =

b= 2
1.40961842
3.44283271
9.45792727
19.46241141
39. 46456625
99.46583286
1.99466e+02
3.99466e+02
9.99467e+02
1.99947e+03
3.99947e+03
9.99947e+03

= 7
. 07852863
1.66349489
2.55545696
3.37580750
4.36239305
5.99201017
7.53448952
9.41050535
12.53035505
15, 49407863
19. 10507763
25.11762059

b
1

= 30
.00000000
.28231362
. 60647898
.84087169
.07394375
. 38596735
.62778092
. 87628645
.21709032
. 48543895
.76403651
. 14920845

e L3 Lo DI DN DI DN = e b e

= 100

. 98442997
. 198305687
.42269116
.57330235
. 71484888
. 89325403
. 02389230
. 15204758
. 31890870
.44389183
.56824836
2.73219511

PO B I DN IO b bt e i e 2 O

~56—

b= 3

1.23933110
2.48502719
5.16811133
8.61657587
14, 08052337
26.50453370
42.48580027
67.80092564
1.25449e+02
1.99526e+02
3.17116e+02
5.84689e+02

= 8
. 06508065
.59955178
. 38301567
. 07940647
.89401592
.19812955
. 39608957
.81621347
. 10870971
. 22435530
. 73828476
. 80339757

=1L W e T

(I
Do

= 40
. 99439586
. 25288950
. 54107579
. 74443196
. 94291600
. 20338205
.40147877
.60193164
. 87210868
. 08135264
. 29545036
. 58679472

G G L0 B B B DD b e e e £ O

= 120
. 98333194
. 19205583
.40937888
.55434260
.68994363
. 86000528
. 98395244
. 10508073
.26212523
. 37927487
.49543971
. 64739688

DI B B DS B bt bt bl ol bt el & T

= 4
. 16490819
. 08245947
.81742177
. 74587698
.45127401
13.83766034
19.89150273
28.45012228
45.42858708
64.56144114
91.61856372
1.45303e+02

O WN T

= 9
05479970
1.55063861
2,25472010
2.86365234
3.56041018
4,64858167
5.62479231
6.75892865
8.54755577
10.16114237
12.04128367

b
1.

15.01287450

b = 50

0.99105682
1.23497346
1.50179744
1.68715693
1. 86594022
2.09759344
2.27168522
2.44613068
2.67869478
2,85691325
3.03765509
3.28114342

= 140

. 98254871
1.187562093
1.39983827
1.54079053
1.67218749
1.83637749
1.95563653
2.07185899
2.22207733
2.33380046
2.44430865
2.58902905

b
0

30

b= 5
1.12335242
1.87836139
3.17408429
4.49571226-
6.22687830
9.37932621
12.65564022
16.97525293
24.86877338
33.08572863
43, 92683276
63.74585885

b= 10

1.04668577
1.51193650
2.15542594
2.69955123
3.31101667
4.24693282
5.07055061
6.01190033
7.46879771
8.75924138
10.23931010
12.53602802

b= 60

0.98884039
1.22289034
1.47553934
1.64914101
1.81520244
2.02847852
2.18743372
2.34563269
2.55494430
2.71417308
2.87466892
3.08938437

b = 160

0.98196188
1.18417471
1.39266359
1.53061905
1.65888581
1.8187194¢0
1.93451146
2.04711554
2.19231388
2.30005756
2.40642722
2.54542924



Q
5.0e-01
2.5e—01
1.0e-01
5.0e-02
2.5e~02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e-04

a
5.0e-01
2.5e¢-01
1.0e-01
5.0e-02
2.5e-02
1.0e-02
5.0e—03
2.5e-03
1.0e-03
5.0e~04
2.5e-04
1.0e-04

Q
5.0e~01
2.5e—01
1.0e-01
5.0e02
2.5e-02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e~04

Q
5.0e-01
2.5e-01
1.0e-01
5.0e-02
2.5e-02
1.0e-02
5.0e-03
2.5e-03
1.0e-03
5.0e-04
2.5e-04
1.0e~04

b= 1
2.15835716

9.71439981
62.52905173
2.51143e+02
1.00560e+03
6.28678e+03
2.51482¢+04
1.00594e+05
6.28712e+05
2.51485e+06
1.00594e+07
6.28712e+07

= B
10309039
1.74770998
2.78116855
3.77428628
5.01247138
7.14322190
9.24084802
11.87975694
16. 44454850
20.95012006
26.62523332
36.44988310

b
1.

b= 20

1.01705989
1.33011684
1.70833404
1.99381910
2.28732204
2.69474863
3.02153176
3.36706964

- 3.85644435

4.25409280
4.67779678
5.28170037

b= 80

0.99163913
1.19186135
1.40271812
1.54488737
1.67904043
1.84893238
1.97393454
2.09706735
2.25815582
2.37939044
2.50051004
2.66094326

-57—

F-DISTRIBUTION CRITICAL POINTS: a

b= 2
1.41783944
3.45111943
9.46624353
19.47073643
39.47289548
99.47416457
1.98475e+02
3.99475e+02
9.99475e+02
1.88947e+03
3.99947e+03
9.99947e+03

= 7
. 08463654
.65929078
.53509606
. 34042965
. 30887603
. 90844856
.42244649
. 26379556
12.32596245
15.23487207
18.77907418
. 68038192

W ~T ks W0 = O

= 30
. 00563572
. 27034666
57322807
. 79179012
.00887239
.28921107
.52405683
. 75501343
.07160874
. 32086129
.57945381
. 93695677

= 100

- 98997992
18194035
.38171781
.51512527
.64010656
. 79718143
.91193188
02431292
.17039339
. 27965443
.38825032
.53126014

B0 B2 B B B b et e et e e O O €O OO NI PO N DN b et b bl BT

b= 3
1.24645148
. 2.,48737850
5.15971942
8.59441125
14.03650807
26.41081269
42,30821029
67.54195230
1.24959e+02
1.98740e+02
3.15859e+02
5.82362e+02

= 8
07110580
1.59454555

b
1‘

2.36136151 -

3.04277782
3.83978009

5.11561040

6.28753818
7.67677000
9.91935909
11.98892540
1444808606
18.424617486

= 40

00000000
1.23965639
1.50562495
1.69279721
1.87519738
2.11423245
2.29583947
2.47947464
2.72681593
2.91826661
3.11407870
3.38043310

b
1.

b = 120

0.98887610
1.17523889
1.36766234
1.49520239
1.61414731
1.76284878
1.87094714
1.97638890
2.11284420
2.21446979
2.31511784
2.44713035

b= 4

1.17155577
2.08212919
3.80361474
5.71699841

8.41113239

13.74537889
19.75175318
28.24325473
45, 08856129
64.07135554
90.91626499
1.44179e+02

= 9
.06076191
1.54494590
2.23195816

b
1

2.82593265
3.50547390

4.56664872
5.51858171
6.62447554
8.36851686
9.94185450
11.77508002
14.67249719

b= 50

0.99664249
1.22084527
1,46477897
1.63368179
1.79627499
2.00659151
2,16443676
2.32245554
2.53293187
2.69410306
2.85746643
3.07742226

b = 140

0.98B08877
1.17040504
1.35745560
1.48092200
1.59569158
1.73839325
1.84182694
1.94242311
2.07218191
2.16851820
2.263679186
2.38812814

40

= 5
12973891
1.87634959
3.15732383
4.46379332
6.17504970
9.29118878
12.52973500
16.79954169
24,60203096
32.72421595
43.44027869
63.03070563

b
1.

b= 10

1.05259854
1.50564321
2.13169107
2.66085521
3.25539606
4. 16528690
4,96593627
5.88099192
7.29714326
8.55146554
9.99008393
12,22245393

b= 60

0.99441395
1.20809252
1.43734220
1.59427252
1.74404643
1.93601847
2.07886767
2.22087819
2.40856709
2.55121557
2.69430137
2.88699609

160
8749889
1.16675207
1. 34980706
1.47018028
1.58166246
1.72008259
1.82008429
1.91708413
2.04191789
2.13437524
2.22552230
2.34445402

b =
0.
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Q

.0e-01
.he-01
.0e-01
.0e~02
.5e-02
. 0e—02
.0e—03
.5e~03
.0e—-03
. 0e-04
He~-04
Oe-04

Q

.0e-01
.5e-01
fe-01
.0e-02
.5e-02
.0e-02
.0e-03
He-03
.0e-03
.0e—04
5e~04
Je-04

Q

.0e—01
.5e-01 -
.De-01
De-02
.5e-02
.0e-02
0e~03
.5e-03
.0e-03
.De-04
.5e-04
.0e-04

Q

.Qe-01
.5e-01
.0e~01
.De-02
.5e-02
.0e-02
.0e-03
.5e—03
.De-03
. 0e—04
BHe-04
J0e-04

b= 1
2.16627138
9.74122985

62.68805152 -

.51774e+02
.00812e+03
.30252e+03
.52111e+04
.006845e+05
. 30285e+05
.52114e+06
.00846e+07
. 30286e+07

M- NOBS

= B
10683372
1.74567671
2.76968078
3.75366766
4.98042430
7.09147513
9.16969105
11.78417000
16.30669370
20.77053841
26.,39308947
36.12673975

b
1.

= 20
02048813
1.32371476
1.68961627
1.96562794
2.24929323
2,64295447
2.95863421
3.29238900
3.76502228
4.14803380
4.55818313
5.14131006

b
1.

b = 80 -
0.99438016
1.18131629
1.37669713
1.50806918
1.63182403
1.78830874
1.90330402
2.01647988
2.16441384
2.27566532
2.38674909
2.53380492

F~DISTRIBUTION

b= 2
1.42278746
3.45609785
9,47123563

19.47573259

39.47789358

99.47916381

1.99480e+02

3.99480e+02
9.99480e+02
1.99948e+03
3.99948e+03
9.99948e+03
b= 7
1.08831130
1.65665391
2.52263291
3.31885564
4.27630794
5.85768204
7.35443440
9.17479633

12.20204658

15.07777858

18.58155169

24.41553594

00902388
1.26258666
1.55215449
1.76087918
1. 96806083
2.24501192
2.456940486
2.67956602
2.98128846
3.21878441
3.46514503
3. 80569095

b
1.

b = 100

0.99331561
1.17090261
1.35481044
1.47723132
1.59169408
1.73528179
1.84004290
1.94252302
2.07559441
2.17503497
2.27380246
2.40377756

A G N BN BN BN BN bl bt e e b O

~58—

= 3

.25073673
.46876769
.15461710
.58099627
14.00991032
26.35422509
42.21309095
67.38566970
1.24664e+02
1.98266e+02
3.15101e+02
5.80957e+02

00 U B =

= 8

.59140420
.34807862
.02039779
.B0671620
.06539774
. 22154873
.59206288
.80441825
. 84607279
. 272086021
.19494071

b pd e
00 W b=t (0 =1 NGO LD DN et e T

= 40
.00336882
. 23098991
. 48295531
.66000315
. 83238327
.05811339
. 22950985
.40274963
. 63599870
. 81648357
.00103714
. 25201945

= 120
. 99220828
.16384166
. 34004665
.45651930
. 56485365
. 76001848
.79811410
. 89368557
.01721800
. 10912415
. 20007440
. 31926960

DO B DD BN Pl bl fet bt el e el € O

CRITICAL POINTS:

.07473052

a = 50
b= 4 b= 5
1.17555615 1.13358184
2.08188582 1.87507430
3.79521572 3.14710846
5.69949150 4.44440562
8.38078179 6.14362199
13.68957976  9.23781079
19.66728029 12.45353177
28.11826383 16.69323758
44.88316662 24.44071345
B53.775356227 32.50562664
90.49212434 43.14612482
1.43601e+02 62.59840642
b= 9 b= 10
1.06434855 1.05615524
1.54136948 1.50168336
2.21796691 2.11707253
2.80284252  2.63712400
3.47192500  3,22137191
4.,51671488 4.11545174
5.45392128 4.,90215835
6.54268861 5.80125397
8.25969892  7.,19268336
9.80863848 8.42509383
11.61342708 9,83857068
14.46588870 12.03191436
b = 50 b= 60
1.00000000 0.99776406
1.21152129  1.19826669
1.44094223 1.41261016
1.59949547 1,55901109
1.75195331  1.69854843
1.94896422 1.87718703
2.09670801 2.00998851
2.24453383 2.14192219
2.44133040 2.31617984
2.59196007  2.44854722
2.74458928 2.58182275
2.95002601 2.75982642
b = 140 b = 160
0.99141847 0.99082572
1.15873359  1.15486442
1.32940458 1.32136505
1.44163480  1.43041556
1.54562145 1.53115653
1.67483680 1.65594874
1.76826067 1.74591253
1.85900249  1.83308820
1.97589647  1.94509686
2.06258162  2.02795205
2.14813408  2.10955531
2.25991546  2.21592858
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Q

.0e-01
.5e-01
0e-01
.0e-02
.5e-02
.De~02
.0e~03
5e-03
.0e-03
.De-04
5e-04
.0e-04

Q

.De-01
DHe-01
.Oe-01
.0e-02
.He~02
.0e-02
.0e—-03
.5e-03
.Be—03
.0e-04
.Be-04
0e-04

Q

.0e~-(1
.5e-01
Jfe-01
. 0e—02
.Be-02
De-02
.0e-03
.5e-03
.0e-03
.0e—04
.5e~-04
.0e-04

Q .

.0e-01
.5e—-01
.0e-01
.0e~02
.He~02
.0e—02
.0e-03

. 5e—03
. (e~-03
.0e~-04
.Se~-04
De-04

b= 1
2. 17155767
9.75915313

6279427909

2.52196e+02

.00980e+03

.31303e+03

.52531e+04

.01014e+05

.31337e+05

.52535e+06

.01014e+07

.31337¢+07

PN MM O

= B
10933374
1.74428199
2.76195183
3.73979651
4,95889050
7.05673682
9.12194435
11.720056267
16.21425209
20.565013650
26.23746721
35.91014207

b
1.

b= 20

1.02277686
1.31926210
1.67677574
1.94635792
2.22335877
2.60770829
2.91588468
3.24168199
3.70301571
4.07782709
4,47716004
5.04627801

b = 80

0.99720996
1.17371223
1.35825336
1.48211138
1.598656713
1.74587702
1.85397504
1.96030034
2.09819942
2,20360424
2.30781263
2.44571379

-5G—

F-DISTRIBUTION CRITICAL POINTS: a

b= 2
1.42609255
3.45941947
9.47456487
19.47908383
39.48122588
99.48249674
1.99483e+02
3.99483e+02
9. 99483e+02
1.99948e+03
3.99948e+03
9. 89948e+03

= 7
.09076542
1.65484654
2.51421757
3.30432288
4,25439800
5.82356564

b
1

- 7.30875321

9.11504287
12.11888270
14.97237128
18.44304068
24.23789034

= 30

01128556
1.25713641
1.563756915
1.73957362
1.94060817
2.20785394
2.41514804
2.62798479

b
1.

2,91962539

3.14915760
3.38723666
3.71630742

b = 100
- 0.99554180

1.16289894 .

1.33564171
1.45038565
1.55752813
1.69177963
1.78961570
1.88526226
2.00937192
2.10205829
2.19407424
2.31510618

b= 3
1.25359903
2.46968475
5.15118732
8.57200411
13.99209792
26.31635086
42, 14944049
67.28110372
1.24466e+02
1.97948e+02
3.14594e+02
5.80018e+02

= 8
07715113
1.58925011
2.33909707
3.00530258
3.78444641
5.03161771
6.17718234
7.53513871
9.72721238
11.75014418
14,15388043
18. 04077523

b
1.

b = 40

1.00561743
1.22485624
1.46715671
1.63725182
1.80277040
2.01941122
2.18384488
2.35000444
2.57366634
2.74669792
2.92360437
3.16415232

b = 120

0.99443209
1.15554227
1.32034017
1.42901318
1.52994156
1.65669320
1.74685364

1.835569532

1.95020548
2.03541225
2.11968666
2.23007026

b= 4

.17822805
. 08170443
. 78956776
.68774413
. 36043560
13.65219819
19.61072212
28.03456810
44, 74565296
63.57718044
90.20819490
1.43047e+02

00O L B

= 9
06674365
1.53891482
2.208459322
2.78724856
3.44930217
4.483086%6
5,41040561
6.48767608
8.18654339
9.71910873
11.50481361
14.32710736

b
1.

b= 50

1.00224095
1.20488187
1.42423846
1.57565390
1.72114372
1.80903161
2.04986359
2.19072479
2.37818674
2.52163119
2.66694972
2.86250583

b = 140

0.99364060
1.15020619
1.30928278
1.41361762
1.51013047
1.62987752
1.71634711
1.80025758
1.90825232
1.98827352
2.06720054
2.17025933

W0 O b L e O

o

= 5

. 13614847
.87419501
. 14023037
.43137970
.12252939
.20201493
12.
16.
24,
32,
42.
62.

40244815
62199408
33262606
35918338
94907506
30883943

= 10

1.05853027

bt 0 00 =T O o oS L0 B DN b

—
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49896250
. 10716066
62107716
.19840228
.08185527
.85819129
. 74757030
. 12239765
. 34009506
. 73669143
. 90383375

= 60

. 00000000
.19123501
. 39520076
.53431418
.66679076
. 83625936
. 96216624
.08719612
.25226555
. 37760845
50377773
.67233953

= 160

. 99304762
. 14615567
. 30091255
.40199091
.49520313
.61048127
.69347358
. 77381416
.87693774
. 95315333
. 02816680
. 12588137





