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A~ tbt VL'It1,PI ~omplt-xit}' ol computN &~Oe-t~ieoc!l IKCD" coatiDun c.o iocr~1~. tbe: U$~ ot cl~''l• 
< I mod .. ho& pr1mlt1Vt"l N di pb_ prem ill~ f' ~omt" 1t sppe~hro . Cu tomU::l(IOD or 
da!pb) al&ontbm . tbt <ooO•<l ~t.,.«a o J«l ordn ~od im~1~ ordu rtDd('ri o& M)d t bo: 
rtductd u~du1atss ol objtcl cobtre:oct •o tbt prtSf'D( t or tx.trtmt compltXJty art aH coo,n­
buuo, rae-t-ors . Tbil pa~r prop ·to dtcooplt C.ht modtlilll~ 'tOmttr)" r:rom l b< f<Ddtril:l ~ 
pr<><·t~ b~ iotrodu<ioJt tbt ooti.oo ol ,poiots. u a uoivtr I mtt.•·primit.avt . ~tc fir t dtmoo· 
•tr~t~ tbu a d as< tde wny or poiots ub iitrardy d ispla.te-<1 io 6pa.ee u&Jo1 a tabular aru.y ol 
~rlutbat">o cao ~ te:odue-d aa a cootiouou tbt~im~o•iooal 6Ud~e. Tb" to! ~ tbf' 
loo&· ·t:andio& ptobkm of prcducio' <<Kr~ct 6albouett~ fod'u for bump mapped t,.xt'-ltd. \'\.'e: 
lbtD d,_moo tr~l(' tb;~t a Wldt d~ of &f'Otne\nc111)' de:l5a~ ObJ«la. aodud10j botb 11~t and 
t'urv~d urf~t • c~o ~ coov(rt<-d ioto poi o~ Tbc coa.•trtt1oa c111 proc~ i a object ordrr, 
f~ol 1t1-t1o& t .f' dhpl:.. ot proc~.,,~Uy df'6o("(! objf'ct . n~ tude-rio& alao tltbtn it t.impl,. ~d 
tt~llirtl oo eobtr~oce io order to bt clficiurt. It • ill ~bo be: bo•·u th~t tb~ poio\.S m~y ·bt­
reod~rcd io nodom ordu. kadiDl to KV~tal iD~trt' (UaJ aod 'UO~ .P«~ applkatto o of t.bt' 
,,.~bai(\ut . 

1. In tr od ~t'tlo o 

Jo <I ~e: 1 ima&e: •rotbt-5~ . objt'-<U ma,y ~ moddt>d uiDl a vui~ty or &tomttri.C' primi-
tl~u. E.llampte: at~ hon, <UrvH or pol.r&oos io t.,._o dlimeo~ioo• aod patcb•s or polybcdu io 
tbr~ d1m·eo to e $ At tbe: 1mpl t$l kvc-1, r"•ddia& coa•ius ot ccov~ttitl& tb~ &ecmett) i.tlto :. 
t,..f>-41mt'O 100~1 an~y Of p~Jld ror v••wio~ OD a ~l~r dl3pb}' . All tbe visu1l complt-lUl)' oC 
comput<r ltD4"r1t<d M~D(' ~oot1o.,« (0 ion(' • ltle QM o f claJ ic11 modeha& pritni li~H 11 
d1spby pumitiwt- bccomt'5 lcs.s •ppuJia,. Thrt'~ probtcm arn:a caa be tdcotifh·d ; 

I . Cu•t•mi:cd rendering •itt1r11ftml'. Tb• iDtrodu~tioo of a ocw l«>mttric 
pi inut,;;e: tJadi tioc~ty r~uite the d~veJopm.ut. ol ·t•o aJ,ori tbms. ooe for mocldio3 
obJ«U uiol tb(' pti.mitjy~ .ud oDe tor d~play•oa tll•m. Tb~ a.e<ood a,~p is oo·fot· 
lQD~t~ b«~QM tl ~.,.,~ CQ totnh.IOI U UliOJ d 1 pby &Oritbii'JU. fot ea.eb D~'W ptim1• 
ll.v t 

Tbl p:a~r propoe.c-• to d«o~pl~ the moddiot &«>me:uy ftom tbt ~odtrio& pto­
cf'~ b7 i.atrodudo& lbf' o o t ioa of a mtla•primitivr . Tbii o~w ~ot.Hy m«<i~cn 
bet•~o obJ«L.a model~d u.io& tuditeooal &tOtn~tl')' aod tb~ di•pla,y pi ~lioe: 
R~adf'FID& thf'D COD 1 l$ or coov~rtiaa obj«"~ rrom lbt:ar aeomf'Uic dt'$o(riptioD into 
tbf" Of'W rorm~t . wblcb •• tb('a d;upl:aytd ~·i a& • ata.odudufll ar,oritbm F'i&ute: I 
lllus.t,r::lt~s tb~ cooc~pt. Ot cocn~. aucb aa apptoa.eb i• oalt worlbwbtl~ if dtvdopia~ 



o aJ <" Utbm 10 c ~~~n tn.ditio1) J c · ttti ia&.o th~ m~t.).opti rnit ivt i t i~t tbu 
d<'Hio to• ,o al,ombm to d pi y lh•m dir-«dy. 

I . O!jrct C~r4cr t' rl. imli't or4u rctadtf'in; Protfodur;aHy d<'h~ objK.,. 'b:. <' 
b-r-comt .;ny populv io tb p t (~ Yt'a Fr~tl and .obd of rt"volu,t tOa ~'<' 
<' ~pit' o f tbt <I .. • Tbt pto 'lrm o'r co~lom~uhora La l ~ t Dd t•a.& t,ot•tbrn 
b«omtc f''t te Ul~ i ttu·~ ( ~ Sta(' l t t'Omt tl)' or pr t 11. ddio~ 
ob1 t · d n ed b lt<ut io a k<l eot.uJ al&oritbm. et oul6 k coo toi o,a t o 
d• I ~ th~m am tb~ o:<Str aa -..bitb the. a.r~ tompulf'<l. Tbis toalid bt talltd d jat 
<Jtd,.r ftad~rJ!aJt lo ordu &.o comp1Jt~ t'Ortt'tl vuubiJit1 :.ad 61ttno, lt t'~b p~~l. 
m l d1 p i a~ a l&oritbm prdu tbat tht ama&e ~ compuc~ in im~ft or~cr. lo otber 
.., ord ~ . tbt tma e too truclt'd pixt-2 by pcul AU obj«t tbat me bt t'ootnbutt to a 
I*"'<'D pt'ICtl lt·~ t'"lluatcd ~t tbt> ltmt t.b:a\ ptxd 1 f cdt't~ R~y 'UXICl ~od ~oe:a.olto 
I~ utbrru J~ll icto tb cJ Tbt' Z·bu tr [41 d mor f«t'cC I) l A·bu!•r I3J do 

cot R ~rcbt'n b "' • · \'e tcd < ·dt'tl I cfort io tnolvib t ( 0 08;< l bf~,.. .. ~o 
o i«t..d rivt'o ~d inu ~dti" o pro~b QC'b w oi bo odioc b<l' " 
11 .. ) ud im~,~ pxC' d«ompo•icioo Hl 

For cb. ft ~D . WC' b~Y(' cbo""c ~ foe" I) ;a m l _ J)timi'l i ~ tb:.t t~ b~ J~ft · 
dt"rtd i ra obJ t>Cl ordu. TbLJ f~ililat •pp!) io& tb~ r ult to t ~ UO"ID~ d • of 
proctd\lr;ally d~5a 4 0 j CC • Of <OIIt!.t', uch lO ~ppto~b i v~lid OOI. iJ C'OU <t Vl'"i• 
bait\) ~od 6h nos c~o ~ (ompo tf'd tot •H p· ~ ., . 0 lbO«J&b rrodtriol . ~rrotm~d 

io o i"'<l ordtr. 

c~ ,lent ~ f,f u ~'rrnn G rn tt•(~ll) dt!ft~ C'QN~ .od nrra.tt tt u 
tl'!citol tr'lt~ rot ck rtlbU)I m,.c. ma.dt f'D iTOOmf'Dl • Rt<tatl • r~attbtrt b~\it 
bf' uo l o t plort pbi'aomtaa tJ a.t au oot r~.dtty modtlt-d uao, tl ~ lC' al aur tAC't C'Je-­
mtal'( Ttrt ift . fol•~,t. douds a.ad 6rt a~ uampft5 to tbas d~.s A3 compkxity 
ita( • (0 trf"CJ C't dttrt' ~ fk) ood C' thr bold lt'"tl. t tltn v~ l rou1b 
tbt' t~~l.u ;Uioa O( cob tC'O( d DOl j., t ity • .._ t ~OY. Whta lilt 0 ml)tr Of 

pol) io t obJc-cl uued tbc o mbort ot pi t1 oa du· ~~~o . tobcrt>O(C' become 
•lm t vff' • 

T i p porr il ~dr ~d to• •td lbt display ol KC'D~ toctaic io& a hi&h ltvd of 
•m~&e complt t)' , pa.rlac-ul :arly tb iD .-bic b cbe ovrnbcr of polrsoo ptoa.cb o t 
t' CC'~d tbf' oumbrr ot puc~b oo tb~ k't,_..D For tbis tC'UOO, ~ h•~~'t' ~baua a mtta .. 
Jpnm•h~ t' tb~t <aD ~ r~odut'd f l aad i t bout coht"rn<t". 

Th< m'b-pnmlhY~ tb:a:t lau ~ota cbotca ,. ru~amt'o• .oaai poio • R ~"ben b~"~ 
altnd)' abo~o \b~t potoU ar~ ood primit i;, e tOt rnodel•oc ~ot~tibt,. obJt< cb a.s mo t> 

or 6rf Tbl p~tt ill bo lba.t PQJ!lts ,.,~ couid•n ly mort '-C'tnhtt lb~o tbat h ' tU 
r t b .. drrnoa~ttatfd cb•t a d rtlt •na or poio ubitranl)' ~:h pt~~ to •pace u 101 a 

t ul t ~r~y of ~rttJtb tioa tlla bt rtlldtnd u a toataDooaa tbr~1mt>o iooa1 •ur r&l'~. 
Oa• na tb tD\ ot tbt.i ,romttrit' modrliD& • itbout ~~mrtf)' It ... n tbt-o ~ dcmoo uacf'd 
lht • • idt d or &t"OmtlrtUJI)' ddSaC'd obj«tl. tDciUdi DJ bo• 8at aDd CUIY~ urr • U 

tMo coovuvd LD&.o potou. Tb~ coo uttoo C'ao prou'f'd io obJ l wdu, f ali tahO tbc dt pb)' 
of pt«tdvuH)' ddatod obJt><U. Tbt> rndtno' ~,ontbm · smpte "d r~V~ttn oo tohtrto~t 
~ order to ~ ~!t~ltat h all &Ito bt: •llo..,o tba-. tbt poioa.. m<l)" b<f rcodtt<'d i.o r~adom 
otdtr, &tadiD~ W k ttaJ IDtn hD& ud QOUp«~ appbcahOOt Of ~bC' l«bOique. 
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J. Prlot wor 

Tbe u~t" of po1ots to modd obj~t a. aot oew C' un ~t al 1:1 u d p0111\ uc<~ 
full} Lo modd 11mol." In a ~imil r "~lD , Bli.cD baa u d poaat6 to ~modd \b~ · h to& of ~ l oud 
1~1 a.od R~eH to mod~l 6re 1131 ~d tr«"t" (lSI. All ot tbf"M' t"ft'o rt& trntfo.d cl:l.! ot obJKlS 
tb r. eould oo\ m el~d u t o& d~~ tc;ll ,~metr• Tb" oo t , bo•ev r , a a«.-.<~~ ry r .,.. 
tncuoo. c~om('trl¢ IQtHjl' UIOD aJ,ouC.bml ma,y uh•m~t{'ty y•dd P OlO u Catmull 1 .. 1 &.Dd 
Rubao ~od \'\ bau...d (ul b "~ cb~r"~~~ Sio~e ra.atu d..spl yt a1~ d'i~r~t~ a11d or a 6oet~ r~..o-­
luc.ioo poa c ua ~ u d to modd LD)'th•n& •bi~b <'U be d pla) ~- Tb i.l co~ of \be- pta • 
1ma1) r ~ tb1t poiot' •~re ~tf"Ct...d a. tbe mda-pum•t•"~ l ot tb i$ paP"'· It .boukt ~ 

1a~d out ""b llf' tbt- p01ot u~ &a t U. p~pet ate &uperllciall 11M1lu c.o tbe part1d u "d 
> Ret'H' l {' ,. ''D lOll or tbt" aiAOfllhm ba.ed Us dLSptayJDI pulJclt"a to the &laondun us.ed i a 

101 pOll)(. ap~:U "1\ COilllftUOU4 Cl)lllqUt' ut( t' i DO t h a\'a:aJ 

F'rom a m:llbf'm~c.ical :Pt-npKti""· pojau aft di.kreW>. lt>tc-dameoJtooal ·«"Dt ltif"!l. \\' b•o 
J;u f' au mb<>r o f pClDU ~>e atU)'~d ID t:.bul f (ortn , C.bt:) b-t<O.mt' te.UUff!'S Md bf. ID l O l e 

oa m.- o f t bf" < urc,n t ic or aorbc otil th,. m•d·l970' • cb,. compl~1nl) of computt"r• 
' lllf'f t~ 1m ~~ • :L\ darectl) propotc.ioa::a1 to the compl.-·uly of l e mf'tric d2t::1b:L'«' 
d ia t f'm O af' o f tbr mo t •mpo r1.;ant t:ioz.lr- ad aocr ia t e re::1l1 •m o·r compultf"r 
lmt. tr~ e:unf' "•c.b t b~ df''f'lopmf'at of t c.ur~ ma.ppJD& , fir t pu l&$bt'd b) Catmul l ,14!] 

0("1 lio at ul:a.r c"' ~lmto';oo 1 arr y of tot a 1\y :.! 11 whb b ~ m tri< pnmall't 
It aiiO"'f"d t .. ' 1 u~ compl,. 1ty t o br txc-d th,. · b:.pe complf' 1ty liao ·a bump m PPIDI 
l«"c bruqur &f!'n~r lite"d kxttH~ ma.ppaoa by osio& a tabular arn)' t.o I all mocht)' aurr ce 
ot&f'at:lttoo (1}. Tb.- &h. p~. bcw~ «r , r~m i1u uo tb D&~ Tb~ ~ Us.H tb~ uri~~ t.o ap~ r 
t rf'~ lmcoa,io a::llat -.11 poia e,.cepc. alo os tbe •ilhoueU.e ~cdae . btre i' tiU app.. n ft t . 

,. .. «'t11 ' '" :l.!fcbrr • i odud•o& DuD&aD I I at~d F i bmao ud S<bad~t 1~1 . ba~• r>cp l o r~ 
t f' u'~'«' o r tatnll:u au ~ l o pro ~d " t •bf'i bt lor C.be modehD of 1b"'e·cHmeo•.iOD~ U'tt in . 
Fer Cbt ,~ tttctN (' ~ of • lbt p~ant d•o,pbc~ ID ODf' da("C\10'0 oo1y . l ~ Yl lble urr f' PfO 

lem ~•a ~ ol' td ntbtr t n ' 1aJly detcnh,.d by 11bm2.D and abo by · '" [ll l M c:»r.­
te<'~Dd) . c .. r I b <I moo C.r t~d. •b~ g or d.., lxemeot maps 10 b Btt Box but b 001. 

d~ <tab~<l bo '* tbt')' at~ r~odtrtd Tbi pap~r c. ~ C.u;tur m.appios oa~ •~P 'urtber t.nd 
drmoo ttali"'S bo"" c.b~ ~otir~ &tomttry C'aa b~ redu~~ lo tlae t rt.n (ormatioo ~d <l1•pl y of 
po1n t:\ att~ «S a. telttu tu. 

ObJC"ct o rd•r rrodt"t iate b te~t"i ~ lj,tle a.tltoho D i o tb lit.traturt. A pa.tC.l~ularly im-
pl~ mt'tbod o r rt'oduia~ p~a.tntHi< urlatn is t.o .wJ~C. tamp1t poio lD patamHt't pa..C'c a.Dd 
aodtveduall) tr1n fo rm tbrm to -.cr r p:a.c~ (10) The t~o-p al&Ot l thrn lo t &.rltturt m P­
ptOI I~ aa ft•c•ent amplemeotat•oc. or tbe •arne idea a.od o ne tbac. ~uelull tre-at tbe ptob­
IC"m or ~ti~ an H tb" &.c-Jtture ~pJt.ct" ·to •ma&~ •pa.ce mappia.a · mao .to-oo ... bo-w~\ttt, tb• 
t"'O.P al~tontbm b«om~ m ud • e.om~ o·t lta app .. a l Tb .. Import nt at.pf'Cl o r 
bot b of ~h~ m.-t bod u tb1t tbf' &f'ometry it no t readetf'd d i t«"<lly, but t.acber auppott~ tbt' 
trao form~t•oo of po1ot h o m a c:aaoa•c~ t~xtute apace to act~a &p~~. 

T '" ool.)' h idd«'D• urrac .. ~l&orubm tb :u a!lo•$ oblt'C't otdrt ~aderia i \b~ Z·hulftor (-4). 
C upt'ater'" A· uft'f't (3J i an ~ tt'O i oo ol lbit b i~ ucboiqut lb 't tuppor <Oi rc~t ttefiD& 
of poln,ooal ly dc6efd objf'Cl.l . TbC" Alaontbm U. c.bis pa.pt"t t •imilu ia co oupt to a.a A· 
bul r , but tnpPf"d d o wa a:ad tnodi6 rd lot a..a.e _.i,b reto-<hmto tooaJ pci.Dt.a 

a.. Ovuvlew of the method 

Tbt a pproa.t"b prop io tb p pu ~«t'l ir~ t•o ..,.pu:atto but tqtnlly mport1oC. a.lz.~ 
nc.bms Tb~ tir't (OD-. ,.rt~ ' metry ioco polDl s.od t ,. ood reod"" tb po&D(6 F•&utto I 
bow Cbesr rt1~\ tOD'bl(l T t r a ~no p il)«'liD«' • tbe mo r" d1fric:ult o f c. two and d~m d~ 
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tb l tb~ ~OD""~f ioo :alr.otitb .m ptodU~e ~ert~ID ioform~liO.O about. • e-Omf'lry' 'D Otd'eor Cor tl to 
~ reodu~d For th r~~ n. tbf' ~.-adenns lilao tatbm Y~-Lil b.e d~ en~ fine. ao.d tbf' coovu­
aion ~r.cmtbm ~~ODd A aimpl~ ~ ampl~ wm b~ Ul~d at fint t.o mu~t~t~ tbe opuatioo of lhf' 
r~a.d<nD~ p1~lic~. 1&4 ext.eosioo t.o mor• ~ompl~x ab~pu .,..L)I tbeoo ~ d~'Jt! opf'd •od l e 
~OD'Ve~IOD ~&ontbm prf'~Dt,ed . 

Tbe t ampl~ t1 d · a 8 t Te<t DKUI r polyr.oa r~pr ot~'C3 u a 17~by-170 arn o l 
potD 'l.S Tb.- b~d iol of u.c:b posnt i5 moltiph~d fira t by tb~ pio atrap• tutu~ ab o-...o in filure 
Ga to enb:.,oce tr. r~:a.d btl••r. l «' by th .. tr8ktao~e m~p abowo •n 8,,., 6b. Fto~lly, t < z­
coo.rdto:U~ ol ·~b poiot " JW'flurbf-d upw~d· u ana the d1SCrf't.t brasbt 6 ld abo•n :tC s,ur~ 
6c- Tbe , oaJ of tb~ tf"Dduia pt~hD< to c. kt tb · wray or poiDt aod n adtr tb~m oo 
r:~ >t.-r d•\ a io au~b a maaou that the)' appt"AT u a cootiDUOCI . tbr•Hinun~iooaJ aurr • · 
Tba wmpllt" tb~t rtbe fotlowio& tb~ ~rittoria must be utisfi~d . 

(,) Tbt tt turc- io tbr iotf'rior ot tbe a.uay mu t be properly 81tered . 

(u) Tbe ed&f' ot tb«- •"~J' mu c. be properly ~tt..s.JiMf'd. 

{mJ Tb,. ~t~)' mu!\l compl-ruly obM:ute ita b:a.t'l&to uod . 

'Two t"UM m:a. " tba ~ dal!tcutc. prohl«-rn lo thf' l!ir t pl~f'. n o t'OD ttaint i pla.c:f'd on 
tb~ aatun~ of th\" p:a.ta :.l p«-rtutb~lioo The ·datnple •howt ooly t..d li.splioeel"l'\-rDl, but X o t y 
dispt~~mtoot ar-t' ~u lly po 1bS~ S ood ly . th~ i.m~& mu t loo~ ~orrt"<t ~~ rdf~ 1 o r the 
ord~r io .. ba<b th~ poiot ar~ r~ndu~ Tb 6 ur i a tb ta p~p~r w-t'r~ ,. oder~ au raodo m 
otd~r. Tb~ ruultio' a\lrl~• thua appt" n to • pvkle' lD mu"h b\e a 'Scotty , bum me up' 
lad\"-i a lro m the Stat Tt~k t~le i ion rie . 

4 . t. D ftolt'lon of • poiD~ 

L-t'C. • ~•u'u poirtt ~ ddo d a.1 a 7-tap! • 

(.r. 11. z, r, 1. •. o) 
Euh or tb~ va.Jun IQ lb-t' T·tuplr are c:J~IIe-d •Hn6ulu. Tbr Z, ,. ~d z v&lu" ~~ c.Jif"d 6poliol 
4:/tri6utci aod tb~ tHL ar-t' ea.IJed no"· #pot io( ottri6vtu. Any aUrtbute ia Cair ,:am~ for ~rtur­
batioo, u ·~ aball 6-H later . 

Lt>t ao tnih'o( 1rid ~ ddlo~ u aD.: 

ev~aly p t>d , r«t O'Qbr lw4>-di mf'Q IOQal lsUtce or 
par2.mettle eoordioa.~ \i and C/. 

At this. !t ~· . -..e v sume tbat z - u and ll Tb~ 1rid could tb~rdor ~ t1y b~ •t.or~ ~ 
a. t.f'nurt (i e. io a ·t .. o-dlmt'D iooa.l arn witbou t z or valu ) 

•.J. 8 lect\oD of • po'ln~ 

Ea.ch IC..Ct-"ioo O'f tb~ ~~adena& proc COD ..... or ~lectao& an a.rbetr.ry poiDl ftotn tbe 
i.Jutta.l &rid and e.todi D& it .. brou1b tbc I"CDderia, p epehCie Tb~ r~oduiDr. ord~r m:a.y be 
Mqi.I«.>Ote I io tom~ puametrk lpat"e . m.,y be IOVf'rO~di by tbe f'X«."CUliOO or a proc«.'dure OT may 

~ ,-udom . 
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4 oc3. P~rt.urrbat.\oo of point. 

L~t a p~rlur.otl on b.- d~6o d u uy op.-r~taou -..b icb cbaa ~ aay of t.be aUribut~s 
ci t~d ..,i.tb a poiot. Ao)' oumbu of ~rturb~ti.oo may appl1td to tbe nnd omty w l«Lt-d 
poaot. Tb ooo- p<ltt I ~ttrabutf" 'Ol<lT 1M' SN"flur~ 10 &aT m~ouer dnir~ .o toll& u the 
re ultaos ~:.lues f~l • atbao tb~ ran&e o C the compu~r :repr~ol,.tion b.t io u cod . Tbe ~P t i :\1 
a.urabut~!l e o ooly bot' perturbed witbto r~uoaable bound or tbe urla.c e defiDf"d b)' tb,.. arad 
become d a!'<oouo.u o u5 . Tbf"o.e bound wi ll bot- d&Scu au det.ait t~t.er. 

4A· Trau•fonna tloo and cUpplaa 

Let ,\/ bf' dr crd u :a lby- 4 tnc form2hoo m~tr" tb t iac ludM ~ Pf'<liV projt-ct~o 

Tb~ tr~.oslormat1on ltep eoo~su ol ~rlormio1 tbe usu~ matruc muluplicatio o ol 1 ~. v r, 11 by 
.a..t Col lo"' ed b. the ~r ~cti e di ide Th d a ~.!ion of : by u.• i upptt> ~ 110 tb l ~ch pan& 
cao w perlo rml'-d . Tbt clippto& ol a poior. coo astt imply ol comp:ataa& cbe t.n.adotm.-d z s.• 
•od ~ ~; rd 1n:t.lco o ·( tbP po•nt a1:1iost a r.bt~ emcoo ttoo;,l lru t rum of ""lOD a.od reJ~""Cl tiD& tb 
pouu it al fall-. out i.dt> tbe bouodarit ot tbt It" tum 

~ .s. Comput'lfts tbe denalty o f poi.Dta lD 1ma.s~ epae:e 

In ordt r to pto p.trly tc.er a texture. lbe eoatribulio:o of evb eour~e point t.O t'3ch 
di pi y pi.Ael mu t ~ rou&bl) proporhoDal to ita distAa ce from lb~ c~atu o r the :&>ixt"l The i." 
accompllsbtd by umi111 that eal!b pixd t. overl~n by a ftll~r lunl'Uo fl tbaL ia b e&bl"St at t be 
Cf' tt r o r tbf" pa.lt t an<t drop otr tO'~'~' rd 1 ro t ian~ 10 ~ d t c rad1 lb ymmetnc 
0 ~ ... :.n lt4'r • v 10 th unpltmf"aUt•oo Tbt cootrebul1oD o r f":ac b ~ret poaot t.o ~~cb 
PI ~• dPtrrmanf"d b) compvt•o tbe dt tao ce from tbe poiot Lo tbe ef"ot.-r of tb ptxtl . tbto 
""t ilbtio , tbat dista.oct accord lDI to the Cau ia.o. func t ion. 

S to ct tbt de:os1ty of aourte poiD·U in cl pro imity to tbt c~Dt.ee of tbe p int ataf'~ 

•••b tbe ~ ie.,. aDJ trasform~tioo , 'the t~m oft be coottib'lltaons m~y vary. ro conventa0 o2l '" • 
tUJ4' m:.ppin&. tb U. probtem Q te:adi ly ..oh•rd by ummao& tbe we i&bl comp,ted fo r f"3t:'b P lXtl 
:and tb4'c dt"adin& tbP accumul~tM3 color by tbi &utn It thP p col bf'iD& ft'Gd'f"rc-d a.., a.loo 
tbt ('d&t of tbe tt>xt.ure u abowo ia fi&rurt Za, f'twu aoui'C' poiota tootri butt> toil. Tbts iJl 
tau t c. be urn ol t ~ •ci&bt• t.o at) . h i a simple mat~r to deunniac it lhe ~,,. or tbe 
t.t·XtQf(' pa.UH t.brou&b a c aveo pixel aDd to C'Ompuc.e ita t"OVtra.ae. Tbi tovua,e (';&6 tbf'D b4! 
u~d \0 coctrol bleodao& betwHO tb is tex.turt a.Dd olbd •'lltiiKA tb:at li~ bebiacl i L. 

'\\' bee a •pa.tiaUy ~rturwd textur~ i.e reodcrcd . aiJbouclte t"d&e~ m~y occur at aa)' pl~eo 
1D Lh«- IDlconor o r tb~ U · tur~ 11.4 ho~ 0 i.o fi&ute ~b. Sane~ t.bc ~laoratbm. p4'lmll& l bf" reudf'ri DI 
o f "urr;\cM fo r wb ec b a o uod~rltlnjt m~tbt'mati.cal df"scriptioo ot tb~tr curvatu re" ~JU l , tt i-1 
lm~ \lhff' t.o prC"di C'l tbf". rol'dov~r poi a Coos.coqu otly . y ari:at aoo •o t ~ um or tbl'" cootn• 
b ut1oos io a dt"PI y paxel may re vll eaC.ber from var••C.1o o LD tbe dea l'l7 of tbe 60U rcc poaou 
ot from pa.rt.t I eov~r e atoa ilboutU.t C'd n . la ordcr to ch un btt..,t~D tbt"X two c • 
1t o c ary c.o J)r('-O«m~tze c.b cootnbutioo Tbi for< l tm to um to uoity II t C'Y 
d o Dot tu1m 'to uoity dHpit.t tbia pre-aorma!iutioo, it il ~avM tbt uxture ool)' parttal ly 
co ~r tbt ·p i tl . Tbe urn o r tbt cootribrutioo as tbcn pr«· ly ~u I c.o tht co•era•e d 
m .)' be u d t.o coatrol blcodto& ~t•«D· •orl~H. Tbt" probltm tbudor b om~ oat o f 

red,ctlDI tb~ d~nsity of 60Urc~ poiots i o a oei&bborbood eurrouodioc tbc correct tr"ao ro rmC"d 
uru poiot bdo:rt r~Ddtrios k~lD . Tbia dcui ty eaa tb~a w o~d t.0 compt~te a oormaltUOA 

di i r fo r tb~ wei,bt . 



~ a oun~ point artu ~nurb tio a but bfofor~ tn.naform:uioa Lf't: 

p ,. - (z,.. v •. ~) 

p ,. (z, v ... :~) 
~ l•O add•taoaa.l poU1l6 ap c~d ooe uoit .,.,:&)' trom 

aol6 can u ~d to torm l~o uoit ~<tor : 

v {.r..-Jro. v..-kl . .:....-~) 

G 

Tbf"'f! uo .i t "•c tor &i~" tb~ o te•ol:..t ioo or tbr pt"rtur~d but uotrat~sform~-d aurl~~ i a a m ll 
Df't&hborbood :.ro und tbt- aourct- poaol. 

N()• tf"t : 

Po - (4· J4 . 4) 

P~ - (r.- · v~~ · t'. J 

bf' tbf' coord10~~ or tbe ume tbr~ poio t.s alter tbe appbcatioa o r lh~ vi•wi o& lrao rorm • 
l 10Q M ~Dd kt; 

u' (Z..-4· V. -~· ~ -4) 

v · - (r. - 4 · J!. - Jio · 1.- 4) 
~ cb.- on pood'io1 t.ran formed uoic. vttl.on F i r;ure 3a acd 3b abo theu ""o oait vectors 
~:for~ :.nd aner tb~ applicahoa or tb~ vi~"A'irll tra.nsformatioo. 

The aaumpC.ioa i mad~ C.bal the rl~f! · c ootiauou .ad d•frereotaable . Th4": 
traostormed ooir. v«"ora ca.a tbeo b-e iaterpr·ttf!d » a tao&eat pla..ae p lCI& tbto u&b tbco pomt 
p 0 10d approximati o& the &urta.ce ao a un:all oeir.b borhood a.r() uad tb pou~ t •ho• o io 
6&ure 3< S11Dce the ua it vecto r ba•e a o w ~a trauromud iDto Kr~tD ..,Ke, the z eootdL· 
o \.e eao b e drop~. Tb~ ~oltio& c. o-d im~uioo&l ooit ·~ton aow repr~oc. the rei tioo . 
tb1p or t e tno rorm~ our< e arid c..o tb~ d iapl.,. pixd arid. J~ i obv ioo laod caD be pro "' to 
& mttricaU) j tbat. tbt tb• d~osity of .ou~e- poiou iD KI'HD •P~f! i.s io•~rxly ptoportiota:al t o 
tbe we or p r~lldoaram rormcd by tbt uait. v-e<C.Ora u tbowo -o fi&urt 3d. Tbks area is im · 
pie t~ co mputt . lt equ J ~o tb~ a lut~ •alu~ or tb~ d~tumiaal)l of tbt J~obau m ui": 

A -I d•• [ Jrfr>O)] I - d•< [ ~ =~ 7-::Z l 
KDo•i os the dtcsic.y ot utc e poi11l • it ia ~ · btt to comput~ tbe p;o~r DOTm~ln:1n r. 

d i i~r lor aoy a.ou~e poin t ubjKt to u.y it t il' lr~slorm~ttoo . Tb" eo turo i:n u rt" th:at 
th~ •um of tbt coDttibutio.a ro t aoy daspby piul wiU aum to u a aty iD tbe iDtetior o f tb,e tex.· 
tur~ a.od will aum C.O tbe cov~r~& a8oo& tb ~&cos . 

A tao ~ot plallt is or cour- Obly • local appro~matioo ot • suetal &urra.c.e rr e , t bf' r 

the Pf!tUarbac.io ot or tbe elf'Cl or Pf'f"\Pf'(:li Yf' dilllorlloD ate evete, tbf' hUf' d~o I t)' or pnt l~ 

• iH d• I!J~t from the computf'd deo lly T b .s g cn~itest~ in the eo~l innce by 8uctualtOO •o 
computed covna&.«' If tbr c-ootnbvtiOD '"rn t.o ku tb:ao .. o.ty, tb turf • •U aot 
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completeLy obscur~ it& b:a.~kgrouod . It hu ~a-t-nd:~U 'pull~d apart' Thi5 ~nor ean be 
cbanw:t~riu~d DUm~t ka.ll)' by 6UddeD chaa&e~ ib 'be deteormio~t or ~b~ matriX ~omputeiJ 
abov~ . or two a.dJ t-ot &ource poioc.a Po aDd ~ . the ~rror is : 

t 0:::::::: de-t. [',·fPo) J _ • 
det. { h (qj, )] 

II l gro~t. too lar ~. ~be opa..dty of the au:rr~~ degtadl'tl -.od artiracta ~ ult. . Oo the 
othet ba.od, b igb valuu or t are u . iDdica.tioo th:tl the epa.taal rf"$01Ut,oo ot tbe initiaJ grid ~ 
tO ud'tctent t tl b3.ndle 'lbe bi&h rreqUf'DCie'l pretJf'(ll 10 tbf' ~rturbatioo ruoer.ioo . The 60IUtiOB 

~Llhc<r to low-p;a.u fllte"r tbe perturbatioo fuo choo or t.o 1ocre~ tbe spatial rftolutio a o f the< 
ao tu I &rtd . 

4 .8 . Set~ tlna t.h e proper ft lte.r r ad\u• 

h ~ould help to r~~xamiot tbe pr~edur~ up to t.bis point. Tbe" al&ontbrn ' t4kioa a pnio~ 
aod a. C.aog~ot plant- and transrorming them into ima.!e spacto. The ret.uh er. -. pomt !D 1m t 
spa~e and a lSI' lar m,.a.<;uremeot o r lb~ area wb ieb tbi!' point ~uld cover if it ,..tore :. urf cr 
tolf'mtont. iDSLC!ad or a. poiot. Tbe pCflitioa o r tbf' (" poiots m lma~t' ~fl3.('~ is llOl ao~borf!d LD 

~or w~y to tbf! luctl t ioo of tbe di pl:ay llarnple poantl' io c. t- UTla.~c pl o~ . \\.' ~ have trie-d to 
devb.e ~ method wbicb. aimult>Uleou~l.r 61ters tht' compooe-ot of tb~ r~uHiD.g im~g~. rtot"Ob-

6tfU~~ a ~ootiDUOUS i ma~t' run~tiOD aDd compul~S d asplay llamplf! vaJuU. Vlf'e fact a tho rot~&h 
anat_y sis or tbis mctbod of coostrucliog an imag~ from ruuy poiots and are iosu~ &uid«"d by 
exptorieo~e- witb texturt' mappi ng Tbt' df~ctiv~ radius or a poioL must be • function botb o r 
the ~outt"C! deo.sity aod c.he display fampJe denaity •ioct" at lf'a.~t two fillus an bt-iog ~mpl~ 
n•eOted in tbe U.me funetloO . \\'bf'O, tb·e vintt'ii'l& tran (arm:.ttoo calls ror mini6cation (mall) 
ou rce poaot to one display pt~t'l), tbt' 6ltt>r mu t. be la.r,e eoouAb ill ordu to avoid alia.siog 

o r tbt' ~UfCe (UD('tlOD. (O tbt' Ca&e Of ma,soifieataOO. {many display pixels to Ofte &otJtCt" poso t), 
lbt' filt.u mus~ be Jargt' enough to avoid alia.siog o r tbe reco:ostruetjoo. A.& a ptactecal m~ttcr, 
tbt' e·IJf!eti e radius deuu,su u aouree deo.siL)' ~octe:s.ses. but. te;r,cbes a m in mum n<Hu tb t 

dt"peod$ oo dt.'lpla}' tl"-m plt' rnoludo n 

Sin<:e an ideal flh~r 1:., ioftoit~ io «".Xtl'at, tb gombf'r of aot:~rce point& tbat contributf! to 
I"<J.C b d t pl~y J)l,."Ct' ( rf'miUU6 tb ea.mt' J"t'~3fdl~ of tbe aJi&Dmf!Dt ~twe~D t.be IIIOUrt"e and 
da'O;p.3y ~nd . lo pr.vtice, filte r ruo~tiooa are u.sum~d to ~ uro Myortd • &'mall Deigbbor· 
hood arouod t bt' plxd Tbis suddn euto!J ~ u&e-S tb~ oumbu of aouTe~ point& that. eoottibute 
lO a &iv~n di~pl y pix~l aDd bt-D<:e t.be ~Um ot the cootributions to vary &l•&htly M tbf' ~rids 
•rto sb ift.ed with ~spect to ODe uotbu. It Lhe Lektute i.ll rendered In lm:ao~e ord~r, tbe oormaJ­
i!. tioo proee"Ss de"Seribed .abov~ adJusts for t btose varhtions qui.te naturally aad t hf'y c:ause oo 
troubl .. . Wben ll tt'XlUrt' i• r~odNt'd io objf"cl ord~r. aD)' v~rialioo io tbe sum or the t'Onl:ribu­
ltO o IS in tf' rp r t- tf"d as • partaal cov~r a&t' u dl«c::ri bt-d above . Th ts uror man if esl6 itseLf as 
,.r rors en c:omp11t~d covt'r:a e tbat ~bao&e a& tbe ah&nmeot bt-tweeo tbe .grids ehu&~5 . Tbe 
prob lt'm cao be aUev i:a.ted by exteodin& tbe G:s.ussian 61t.er out aligbdy futthet than u•t~~l 
Tbe smaH contributioos by lbese extr.a aouree poiotb teod lO· ~aot"e] out the elJect or th.­
d i&eoatinuity io tbe fil~u fuodiou, ma.kiog tbe tiller more iovariant to abift.a iD lhe &rld alt,n • 
meat. 

A rn~ny ff'"*".,t"arc hf'r b:a.v,. poaotf'd out, a ~taodard Z-buft't'r bidden .surface algorithm 
eaooot prochJ('e Un AU w ttb c.'orreet aoti-atiuiD&- Tb~ d~ic.'ulty arises u tullo wa. There are 
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L-wo pouibl~ w:a:r• ia wbacb tbe eootributioD of tource poiDta -.o diap~r pixda mia,bt l~e 
pla.ee: 

I . Bl~ntling . .U the ~o.ot~ou ot the Z~butler for a siv~D dd.pby ,.i:arl coobios a 
pi«C Of tb.~ aam~ Mrfac~ M tb~ LDCOU'IUaJ CODUibvt~D , tb tWO ebould •impl)' be 
add«J toa~tb~r . S~c:ttln.Ur ; 

e<J•CI'••• - eotor~tl + (e<Jior,ac•••"' X ci,At,.u • •• ,) 

lo(ottn\\ttOD about.. the oven~) ltU111pUeflc)' 'f'er.v• Opat:i~y O( tbe •otbce, wbtcb ' 
coa\ ue<t io tb o attribvt- • · tr ~ cu.etb bkc ~oto,. ia a btcDdlDI ulculatioa. 
(~ b~o a tutliac~ rold!l over uad obscura it.Kll. h form. two ecparate eur"facH from 
tb etaadpoigt o( bedd~o-turf~e r~moval. Tbia :p~iaJ c ia tr~awd takt' oD.) 

t . V~i6iJiltf. If tb~ COD~Dta ol tbe Z-buller for a &iv~D display pixel coob1o 21 

p;cce ot a d•«ereol turbc (rom tbe iDcom~, coDtributioa , th~D a depth eompari50o 
mu l br i)crform d . L~t u IUPPQ tbat u.~ iDcomiaa CODt.Tibutioo ia io froot.. or 
(o urn) tb •urfau ator~ tD the r.-bviJt'r . ID thU. caat. the two a.bould ~ mer,ed 
c.oaetbu u follolll>r.; • 

co/of'," X (1 - o,·~··••J> + eol•'••.u•••r X o,•f•• ••• 

Tbi1 via.ibili1ty cakula.t ioo outy wOJh it ~b iocomi.o& color aDd o •~ compl~~lr lk no•o 
(i.e . if a.U blt'odanJ tb:at will ~ r~llir~ bM alrtad7 buo performed). Ooe ca.naot iDteN~ru 
bleodill& catc'lll<t.t.ioas wit.b v~o~jbdity cakulat.toDs. The loli¢&1 aolutio:a , u demoaltra~ by 
Cup~otu in b *• A-buft'er alaoritbm 131. it to aac.her t.o&dbu all cootribudou to :a &wen eur• 
fa.ee . ~rformiac bleadJDC calcuJatiou wheoevtr ~ ible to coo.olidau auttace l1t~eou, .ad 
delayioa the visibality calc-ulatKna u.otil all coot.tiboC.io:a~ b:ave bHo made. 

lD the cuoe of a poiot MDduioa p[pel"oe, tb~ a11rta.:e thptDt.t bav~ no aeocndry f­
t.hey do io Ca.rpe:aL-cr'a alaoritbmt. oDly a weipt... CODtributiooa from ea.:h aurface •'~~' 
plaeoabol~ ioc.o uoi:qu~ bio.t afld b1eadl·aa it perform~. Lo keep the iDtormatio~ io ucb bio to 
a mioimum. WbtD all au:tfa.ct• have bHn reader-~. viaibility c:akulaliooa we pt'dormf'd 
belw«CI b•oa. This !DaJ •t.tp implemtola the bi:ddu. 1arfa.ce etimioadoo. Fiaor-e 4 illuatrat~• 
tb ~wo typ of ~omp~o~C~t•oaa ud tbc ordet iD wbecb tbey ate I>Cttormcd. Jt tbould b Dokd 
tbat ir all •urfa.tcl beta& reod~r d ar-e opaq:u~. two biDe eu ece &o pl'opcrly r~Dder uy eoviroD­
meot Sliabt err-on will etlU occur ia pixel• wbcre mult iple C'Cian coi:acid~. bllt d:a~ ~non 
aft ~ldom vi•ibJe. 

A• oo~H earli~r . tbe ••m or tb w~i,Jbu io a patdcular bio i• oot alwar~ aoitr al~r a 
aurract bu b«n completely rendered . lD particular. di~ptay pixels aJo.o& the ed&e of a texture 

ill M len itb contributJoas. tbat um to o:aliy a rra.etioo or uait)' . lo this UM", the follo9riO& 
addtt.ooa.t calculatioo, a. performed s;tior to the viaibUity ca.tculat~ou~ 

crh~ - a ... X E wci,J.t••• 

Tbia adjwu tb overall tra~aapartnc)' venlll• opac-Hy or the knore ~otd.i.D& to tbt teduud 
ut.tat c.o wbjcb it. cov~r• a displa)' pixel coiacidtut. . itb iu ~dee . Tbis new o v2Ju~ ia now 
Hady fo.r uw in tbe •t.ibilitr u1cubti.on_.. 

Tbt oDiy MmaiDia& dilricult.y u de~rmioio& wbetber OT Dol a coDltlbuttOD u trom. tbe 
.amt aurfxe u L-hat. co:ataiDe-d iA a patticulat biD. iD bi<"b cuoe a bltDd ahould be ~rformed. 
or rrorn a dill~reot ••dat"t, i.D bich cue a depth compariaoD aboulcl be p.tortormed. S~rface 
ideotilcadoo b.,p work Sue oa 8a.t. polyaon• but.. not. on nrfa.cee tb&~t. may obtcure tb~m­
ael\1'~. The Hlution t.aku in thia al&ot,lbm • to bteDd only tb~ poi.Du lba.r. an cont i~uout 

(i.a &be ~o.te *'bat tbe tborc.nt padt bctw«o ~bem p~ alooa tb~ ••d~c r~b~r tb~ 
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tbrou ~b P oiot t.b c. ar~ "PU k~ hom ~ b oc.b~r by pa-t~ ..,~ r 
df' ptb comp " 0 0 . b b ao b i .. ~ :Jtb It • r&D I~ or dtptbs I! tbe tra.o fo rm z 
toordio t~ or a..o iocoman coo trtbotioo ra11 • • itbio ~ crrt.Uo tolu;w,c ~ or C.bt dtptb or. j ea 
b io. tbf' tOD trabut tOD I bJtadtd LD aDd tbt ran&~ or dtptb lD tbt b iD . t lf'Ddf'd to Uldud~ 
bocb at old tontf'Dl aod lbt ot tootribotioo Otbtr-i~. tbt iDtomiD& toauibuttoo a t.to­
t atl \ t l. p1 ct 1oto a p r~t bto As m ort cootnbotioa arrt"t. mt bltod iDI 'llfl ll aor:\t t.­
a I> occu r a.od tb~ dtptb raaat o r mt bio ., ill ro \\ bta ver tbt dtptb ran f' o r t•o 
bao" ~rt fouod to t o trbppio& . a s ia .- ic.bio a t'trt~o toltrut e, their coateDt$ arc com· 
baaed od t e r ult 1 pi ~ 10 a io It bto 

A"' aa ~ mplt>. up that tht orra.tt l S S~~& ppo r~~&nhtr tb t 
poiot 1 is tbt 6r..c. c.o arr i t . It iU be atored iD bin l. U poiot ~ as tht or:n t.o an iv , 
tl depth d Ot" DOt r 11 w itb io tbf' aJi o•f"<l tolrnoc~ o f tbt drptb ID bio 1. h • thtrt for~ 
pi :aced into bia *'1 s rlf't o r I tn, poaot 3 .. ill atri~rr . h• drptb matc bt"S l at or b1D 1 
• ttb ia tbc tolt' r;J.nCf" aod .0 tl bl~adtd lD Tbc , u lltD depth ran&t or bin l DOW 0 \ u-
1 P' •ub t bt d ptb raaa or ao ~ aod to all tbt cootribottoa art tombto d aod tbt r ult 
pi td in to bta I. Ia tb manou. tbt •t~ or coatribot.ooa ro a aod brto dyaamk~l) 

tbe reo derio " B the cod, tbf't~ bou1d be uutly ou.oy bio tbrr ar 
oOo-<OtHa&uou \'~abahty ca1cut taoo aJ'f' t f'D J)f'rformf'd ~tWf"f'D tbco r-f'm toaD& 
b•o~ . 

Tbr rrqu tr d d ptb tolrn c : ,, d~pcod-. oo t f' p:u~ttoa ~'""' o tb tr fo rm 
coordic teo o f dJ ~tal aou rct poia A rou1b appro'U m t ioc th c. o r • ~~ o nably w~ll• 

.:,,. -I I I X c 
(.f.. - 4) + (~ .. - 4) 

. -

1t t u ro out, yf't anotbrr t t '"" t b~ pcrfortn f'<t b to~ t._o cootributtoo m y ~ 
bl.-odrd to &"'thf'r A a curved u rl;ac fold O'-f' acd ob U"'t tc.Mit, i t ro rm t._.o p:\f~t~ 
1urr ~t rrom t.bt t dpoiat of htddta- urf t rtmov I. 0 pit~ tbt fact. th t poiol JU c. 
b t~l) oo tb~ h o a l-f ~IDA adt or t.bt fold are cootiaooos ,..,t.b poiot.t JU t. bat"f1)' oo t.b~ bad:· 
r io1 •d~. tb ) a bo uld oot bt bltodt'd C.O&ttbtr. Tbi aituat .oa can ~ dtt~~ by comp r­
•a& the lt&O fo tmed &urf ~ DOtm W at h11 0 OCb poiD U botb race the ~me ... a)', tbf') C1D 

~ bleod.-d U oo~ · rrooc..facaa, aod the othtr i back-fviaa. o r ate vtru, a df'ptb com­
pad.so a is perto rmtd. Tbe aorfatt normal for a amaU oe i&bborbood a.t'Ouod e~b poiot. it com­
put«~ by t 101 tbr cro product of"'' aad v' · 

w' - (.z'., , Jl. • 1'.) - "'• X v ' 

Stott the ooit Y~lo,.. bave alrtad btto truuformt'd iato di p i y apa.ct , tb~ li&a or '· tells 
wb tb , • o rr rx rro at or b dt . 

5. Coov raton ot a om tric-e Loto pol.Dte 

H v i i) lollo•f'<f thf' rf'DdtriaA P•Pf'hD 
1 mc t.ry , ,.. art oo w io • p ltto o to tat 

tbrou b from bf'~IDUIO t.o rod o ao • 11mplt 
mtoimom cood it ioas tbat a.oy & m~t.ry m o t 

mut lD ordu to b adl by tb aa aiAo rttbm: 

{t) It mo t bt' po a 1 to brtu tb~ :nrhoct ioto poia t.s. 

{ti} Tb~ aur r~t mo t ~ coohauoo~ aod d itfcreot i ble io a m~ll ad bborb 
ca.cb potot 

arouod 
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(m} to o rdu 1.0 llod tb,. d~ttrmia~Dt of tb~ J obt::t.D, 1t muat b~ 1bl to 6od tv.o 
ooo·colhor31 ~«"<tor tb t tb It~ oo a tao co t p1 o tb t a.JI) appro un t~ t ,. 
aurr t at tbf' poiot. Tbf''f' t'ti>'O U'CLOt CM aJ b.,. aM"d t o 8od c.h~ autl~t Dorm~ 
~ '-Or wb ecb '' r~u e rf"d by l C' roldour d~t.e-ctor. 

Tbf''f' att tbt ooly cooditioo a urr~c mu t m~t. Ia part•cul:ar, ootbio 1 i noq uirrd 
a ut c.h,. a.p~ci o& or di tubuuoo ol Cbt potou Tb,.y m y bf- p~td nf'oly io tf' turf' p:vt:, 
t~ ol. 10 1m &< p~(". o r Of'itbf't. Tb,. ma ~ patamttrica.Jty dcnvt'd . ra~~domly dtfl' td, 
tt(". Tb,. p de~ri~d to tbt: at: t ~cc.ioa • ddla,d by loadaoa tc tur aod d i I f!­

m~:ot m IDtO rt:C\ D&UI~ an:.y wb u &ad t.• cootdaD~teos •f'rt: tbC'D tC"-eDlC'rp~tC'd ;U I 
a~d ¢ lor m ppio& ioto polu coordio~t , Poiot 1Hrr p:u-v a~ouod tb~ e-qua.tor and df'O'f' 
at tbf' Olf' , bUt tbt dtC.trmiDaDt O f tbt J¥0 I m lrtJ. I· Vf' thf' De<" l'f llC'r if101 ~d 
oorm:.htattoo cCM"":8tctf'Ol • 

Wb t 1od or & mf'tf) d it probi it! It ob~eou I 
allo~oto 8 t or ~rturbf-d pol) no • allo • pbrtf' . malhf'm tir l o t b dha 
pber«- t':lft b,. tti~i;&lly t'l(ttodt to dl,. a y cooic af"<tioa . Ia b et , tbf' altto r itbm c10 b:..o-

dlf' ao~ p r~nctric 11) df'flocd urf t . Altbou b it ma) ~ l.Dt8tcicot, et alwa} .. po tblt t o 
produr,. ct or p r~rtncall) ap ct'd poiot to Iced tbt al oritbm. It . I cl~ r ,..,b ,. bu 
t ~out m c o b. dl lnct3b Oaf' ot th«- m~jor lc ture-s o r lr~t~ an their I l or I 
dt:ri\ at1' c Tb~y ar~ rou&b at aU K 1~ E•~o ioa to tbrf'e-dimco ioaal dco aty m rt 
abo p tbl~ . but tb~ biddta-~urr pr &D ~rrorm~ by tb,. a l ontbm woulJ b v~ to b~ 
modifif"d . 

6 . lrupl meot&Uoo a ad t po4arl c 

Tbe aJcoutbm pr ~ot~d ia tbi p:.~r b ~o ampl~mute"d ia tb~ C la.D u e oa a 
v ·- 11 r: . Tbt pboto~ p a.ceompanyaoa tba pa~r 'tl>'f'R' produc~d u IG c.h~ i.mplcm o­
t uoo . Fa ur~ 7 abo tb~ r ult o r p ioa t•o cop• o l tb~ uarnplc arn lrom 8&urc 0 
tbrou&b tb~ r~odcrift& pe~hoe. Tbt w tur oo tbe urf:a.cr app~:a.r: cOITKtl ltere"d , tb~ 
edar ~~abil cort~t aoti-ale io aod acb lold or tbt urrac~ compl~t,.ly ob ur,. •ha~" u 

twobiad it . Tb~ atrttcblDI aod d ' torhoo o r tht: 1u·uy cauwd by tbe hciabt 8cld ~rturb -
t ion b \'e oo f'fr«-ct oo tbe app r~ot cooteo•,uty and op:a.city or tb~ aurt:a.ce. • ur~ &bow. tb~ 
If" ult Of ddaD& a t ipplf' pC'rtUrb tiOD to tbe urf f' o f pbn 'ot~ tbat thf" r ultiD& u r• 
b cf' i fJJII) tbr~....ctam~o iooal a~~d tbat tbe rapplea may o loa& t ilbou~ttc: ~,,., 

R odom ordrr noaduiaa baa l>Ha mcotioacd ~vuaJ t1m~ \D tb e paPf>r. It '-~ o~ly 
ttmr LO u&~" tau for i t . Tb~ a.utbora covi ioo ( u t b v~ oo t impl,.meot~d) a.o toteract"c: 
im ,_.. otbe • •Y tem tb t op~ratc 10 tb rouo-•D& ma.DDf'r. Tbe 0 u It ID froot or a ra.s­
tu d1' Ia • \ector outho or poly oo or urf cf"\ mo e ia re~-t1me tbe u c:r ulcc a 
vae~o~o poaot or maoapul ~ a ~omttry u ioa a joy he • \Vh~o thf' u er r«-tr:&M tb~ ttid • • tbr 
aurr Cf' ID tbe f'D"\ troomral UC' tf'Ddtr~ ID raodom order . T i 1V t b Q r ~0 immf'dt. tr 
all ouab DOl '1 imprf''"'·iOo or tbf: im f' Aa tbc u t w it . tbt i,o r llO IOC'ff' ~n 
aod thf' imaar ' apa.rkl,.a' ea . A.. ao «'"ampt~. 8 u.r Oa a~~d Ob bo It lrom 6aurf' 7 
allltt ~ aod 7S~ o r tbc iau ba~f' ~a r?odt"rc-d . Tb,. u r may ol cou,.,. decedt d 
OD tb~ b I)" im t \ itwcd tbu fa.t tbat mor m:a.aipulatioa ia ~uir~ &lid ~ um 
t ioo of tb JO)' tk lm .& yotb • top immc-diu,. ly ud tbe real-time 
appe":u ODC«' .J.ift . · Tbt adva.Dt t o f tbu appro~b o•~r tr~d ataooal r«-Ddf'r ia a.J&otitbm·• · 
cl~at. R tb~r tb o ap~ano top~o,..,o o r urf~ by· url:r.c«' , all p ort ioo o l tb~ am 
aimult ot-QU I 1 r compr bto"K,o o r tb p~t•all)' ronnf'd im ,. i ~obuc d . 

A lrn(llf" )('t tiJf"ctive ay to tf'Ddf':r a tf'Jtturf" io ra.od om Otdf"r i.s (olto• I' t o f v 
a.od " pa.nmctr1c coorduaat c:omptted . Tb• ti..t i.a tbeo ta!ldoml) ~rmutc:d . Fto lh, 



deo ... p er a.u f.t'lf'<"lrd by mova qu~ot•a.lly tbro'U&b tbc ~t Tbt• i.b tar tbat tb~ 
. ... .,t1 ... t 1nA i• r nttrm ) ... t. th t n o pnenl •~ rf'ntlf'rf'fi t"'"tr <> Tb, w c. f' aJl bo- f'Hfttl•~•,..t •a 
""' -ua r .. .a n ol , .. . u ... 1 .. ...- b lunr a urhor:f' Ul rrodrrf'c..l It lb.- h l •• tu·akd t'.)'t'lit' d tbe 
,t:ul1n& eadf'' L." m:ade a rt.odom tuactton of to aurlace edectt6cattoD t • t'bco t ~ aunf' •ist 
: a.o two u f':d for I urta.c:r tO tbr rD YH'OOlP ot 

i'o u .. mpt b he-f'n m~de t o opC.1m1u t t' <od~ UJ ,b. tmplt'mrol.atioo . lo fac t tbt> 
c: v~ .... n ""f' t,hltn& runcllC'ID •• cunf'Olly b IDI compulf'd roT t'YtrY t'ODC.ubutiOD The UM' or 
I le .., ould to<' H' ~t •ta Pt't'd e~ uaJ-rold TimiD& atati.uka an c;hrrefore aot 

Thf' computaltoa~ compl<~•ty or tbaa a.laonlbm i.- •d at1ral to c• It' I w- ·c.ure 
m pp1a nf' "'"co •tbttDI, tompul tto o or table lookup .s trqui~d for f'¥h coutrtbutiou m df' 

'!.OUfCf' p 01 Dl t o a dt!-pl pL:Cf'l Tbf' nOD• lf'fO porllOD o r tbr Oau •no L. ahabtl) 1 tlf'f ID 

1),.. IJt•>ti t rn c.b D i D d lt <tJ ,. tu~ m PIDI ror ~ all ~)' t' p1 iD~d . Tbt ioc rf' f' 

t f" nu mbl'r o r conC.nbu ltoo h htly D~d oo to fo rm llmio t t aod ~t' Dc I <'~Pt'llt'DCf' 
,., u b I J up l bl~ . t.b~ aut 01'5 ~ t1m t~ that t i~ m~tbod eould madr c.o op.or ~. ... a t about 
rm tH 7'•r; th,_ 'Jlf'f'd o r t'fiOY I" ntlon lf''lllUff" m flPift la_nrh ffi'l 

1 hf"rf' ;u ... tw.n L''IJ'"'" th:\t tht' autho r ~ oot )f't c:om ttc.~l rc- l"~d . T bt' t~l '' a 
m ''"' n o rnu' cb:v ct~rU taon or 1. ,. 0 ICI U) ( C.be a.II,Orltbm LO ~Xlrt'mf' pf'rturb1t100 
Ia o t'bn • ordc . at • ould bt: a.ch atat.rOU no • iD w~ucr •hrtb.c:r a.,., or potal I t 

.. , u ... ) pt" u r b .-d c.o br HDdt"t~d ~u eer 'l ruU) "M a coat1auou u rra<t'. i t.ll b t' tD<hC' lLt('d 
•m f' ~C 1\1\ H) \0 ba&b hN.jUt'DC: lf' 

S ecoodl, , nurnf'uc~ f'tton tba.t r~ hom tbc 1t ~ll't at of tbt' Ca~ iao filt.u , ,..lHl~ 

th ... ~ re oot o Jf'CltODa le 10 tmpl" t t i< Kf'n • m•~ht p pro lt'ma doric ao em tio o o r ao 
c ... o .. , HJ\oh 10 rPcur''"'" 'cubeht:r cat<:ulattoa It LA •a•P'f'CC.•I"<I tbal a mor~ p'b ' C.lt' t.:d 
lt"'f !'lb ~ me ht yidct .., f'l&b t io~ calcuh'liOD tb1t a/f' f110 r tol raDt o r tbt pauaJ C: Ut0 1J 

7 . on(';lualoru 

Th• p~J-r addrf" .,.d L t' pro I m t tncr 103 ama t' tompt.:xny b btouabc. t o 
f'Omf"UH' m «-lao Tbf' DOC.IOC or dtc:ouplio lht" modrljD ' rometry from tb.r nodc:no& 

prO<: ,...,. ~(' PJOJ)O•f'd tat r Ut'ID tbt' DOtiOD or polO a mtU..pumatawr YC>J~ 

1fW"fo ha-.; f' b.-'"'n conw f"r..,d h o m &..Omf"tf)' iuto pniDi..' a d tb~ t'ODtUUIU) a.od VtC.t or C.be 
OJI ~In<)l f"Omf'lf) lS prt',f'f' f"d . Tbf' t'X'tt'O 10 or ~bt t · 'baaqut c.o mott" complex &t"'mf'l flU 

b~' bf'en dt'KU 'f'd . 

Th4' m:.,o r ad' oC.::t~,.. r•f tht'\ appro b u~ 

I• A t Dd rdiu-d tccdcrio& a.l&o rit'bm u • .o 
tomuatioo fo r each nf'w modelia1. premaltYf' 1 n ol Of'<" r:r 

m~try . Cu 

(I t I ( : .... rn~t· · ~- • .. ...... '"'"''"''" .. ltl .,J.,, ... , .. ,, .... , Tbuo. ... rartec ularl} ad~ aa t CU'U 10 

l b t t t' of pr d u r aJI d t'fJ a t"d ob j ~t . 

(•i•l Tbc al,outbm I tapable or trDdt':tiD& UJrC.c~ array• or potoC- tba~ ha'- c DO 

uodrrl 'DI ~omf' tr • Tbi.s ptOYtdn a •implf' luhoa c.o tb~ ump mapp1D& 
elbourlt.e problf'm 

( •'I Tbt' 1Dl tne1.a-prtrnJti e ia ample and re-quir,.. oo co t'~Dt't' iD ordu to bot· t-ec-
detc~ riJacir:ot l 

,. 6o . I ont,. tbf" ~ . p,hal1t '-0 r~odn tbf' poaot'\ eo t.aod o m nrdn IIUU.Ml'l t , t tbf' 
,.,. rreap; o f c b po1ot ~ tOdt"pf'adf'ot h om tb r adf'nD of ao. otbu poict Tb •u~ll.f"•l$ ::t 

par lt"l o r bard"' rf' Lmpl~m .. ol t1oa . 
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