Dissipation Bounds: Recovering from Overload

Jeremy P. Erickson and James H. Anderson

Department of Computer Science, University of North Carolina at Chapel Hill*

Abstract

The MC? mixed-criticality framework has been previously proposed for mixing safety-
critical hard real-time (HRT) and mission-critical soft real-time (SRT) software on the same
multicore computer. This paper focuses on the execution of SRT software within this framework.
When determining SRT guarantees, jobs are provisioned based on a provisioned worst-case
execution time (PWCET) that is not very pessimistic and could be overrun. In this paper, we
propose a mechanism to recover from the overload created by such overruns. We propose a
modification to the previously-proposed G-EDF-like (GEL) class of schedulers that uses virtual
time to increase task periods. We then show how to compute dissipation bounds that indicate

how long it takes to return to normal behavior after a transient overload.

1 Introduction

Future cyber-physical systems will require mixing tasks of varying importance. For example, future
unmanned aerial vehicles (UAVs) will require more stringent timing requirements for adjusting flight
surfaces than for long-term decision-making (Herman et al., 2012). The mixed criticality (MC)
framework MC? has been previously proposed in order to allow these workloads to be simultaneously
supported on a single multicore machine (Herman et al., 2012; Mollison et al., 2010). Using a single
machine allows reductions in size, weight, and power.

In any mixed-criticality system, there are a number of criticality levels. For example, MC?

has four criticality levels, denoted A (highest) through D (lowest). Each MC task is assigned a
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Figure 1: MC? architecture.

distinct criticality level. When analyzing a MC system, each task is assigned a separate provisioned
worst-case execution time (PWCET) for each criticality level at or below its own criticality level.
For example, under MC? a level-B task has PWCETs at levels B, C, and D. Guarantees are provided
for level-¢ tasks by assuming that no task with criticality at or above level ¢ exceeds its level-¢
PWCET. For example, when analyzing level C, level-A, -B, and -C tasks are considered using
level-C PWCETs.

As noted by Burns and Davis (2013), most proposed mixed-criticality frameworks do not provide
any guarantees for level { if any job exceeds its level-/ PWCET. This assumption could be highly
problematic in practice. For example, suppose that a level-A flight-control job on a UAV exceeds its
level-C PWCET. Then, no guarantees are provided for level-C mission control tasks from that point
forward. The primary purpose of this paper is to provide guarantees in such situations.

Specifically, we consider response-time bounds for tasks at level C in MC?. The architecture of
MC? as described by Herman et al. (2012) is depicted in Figure 1: levels A and B are scheduled on a
per-processor basis using table-driven and EDF scheduling, respectively. Level C was proposed by
Mollison et al. (2010) to be scheduled using the global earliest-deadline-first (G-EDF) scheduler,
but here we consider the more general class of G-EDF-like (GEL) schedulers that can yield better
response-time bounds (Erickson et al., 2014; Leontyev et al., 2011). In prior work (Herman et al.,
2012; Mollison et al., 2010), level C was analyzed using restricted supply analysis from Leontyev
and Anderson (2010). “Restricted supply” indicates that some processors are not fully available to
tasks at level C. MC? statically prioritizes tasks at levels A and B above those at level C, so execution
at levels A and B can be considered as restricted supply when analyzing level C. We continue to use

this general strategy, but reduce pessimism.



Contributions. We provide response-time bounds for MC? at level C, using arbitrary GEL sched-
ulers. Our analysis is sufficiently general to account for level-A, -B, and -C jobs that overrun their
level-C PWCETs.! When any job at or above level C overruns its level-C PWCET, the system at
level C may be overloaded. As noted above, this can compromise level-C guarantees. Using the
normal MC? framework, a task may have its per-job response times permanently increased as a result
of even a single overload event, and multiple overload events could cause such increases to build up
over time. For example, if a system is fully utilized, then there is no “slack” with which to recover
from overload. Therefore, we must alter scheduling decisions to attempt to recover from transient
overload conditions. We do so by scaling task inter-release times and modifying scheduling priorities.
We also provide dissipation bounds on the time required for response-time bounds to settle back to

normal.

Comparison to Related Work. Other techniques for managing overload have been provided in
other settings, although most previously proposed techniques either focus exclusively on uniproces-
sors (Baruah et al., 1991; Beccari et al., 1999; Buttazzo and Stankovic, 1993; Koren and Shasha,
1992; Locke, 1986) or only provide heuristics without theoretical guarantees (Garyali, 2010).

Our paper uses the idea of “virtual time” from Zhang Zhang (1990) (as also used by Stoica
et al. Stoica et al. (1996)), where job separation times are determined using a virtual clock that
changes speeds with respect to the actual clock. In our work, we recover from overload by slowing
down virtual time, effectively reducing the frequency of job releases. Unlike in Stoica et al. (1996),
we never speed up virtual time relative to the normal underloaded system, so we avoid problems that
have previously prevented virtual time from being used on a multiprocessor. To our knowledge, this
work is the first to use virtual time in multiprocessor scheduling.

Some past work on recovering from PWCET overruns in mixed-criticality systems has used
techniques similar to ours, albeit in the context of trying to meet all deadlines (Jan et al., 2013; Santy
et al., 2012, 2013; Su and Zhu, 2013; Su et al., 2013). Our technique is also similar to reweighting
techniques that modify task parameters such as periods. A detailed survey of several such techniques

is provided by Block (2008). Dissipation bounds are a new contribution of our work.

"We note that MC? supports optional budget enforcement that ensures that tasks at level £ do not exceed their level-/
PWCETs. If this technique is used, then it can be guaranteed that no level-C task will overrun its level-C PWCET (though
level-A and -B tasks by definition can overrun their level-C PWCETs). In this paper, we provide analysis for the more
general case when budget enforcement is not assumed.



Organization. In Section 2, we describe the task model and scheduler, in addition to defining
notation. Then, in Section 3, we show how to compute general response-time bounds. In Section 4,
we leverage the results from Section 3 to show how to compute dissipation bounds, assuming that a

transient overload has completed.

2 System Model

In this paper, we consider a generalized version of GEL scheduling, GEL with virtual time (GEL-v)
scheduling, and a generalized version of the sporadic task model, called the sporadic with virtual
time and overload (SVO) model. We assume that time is continuous.

In our analysis, we consider only the system at level C. In other words, we model level-A and
-B tasks as supply that is unavailable to level C, rather than as explicit tasks. We consider a system
7 ={70,71,...,Tn—1} of n level-C tasks running on m processors P = { Py, Fo, ..., Ppn_1}. Each
7; is composed of a (potentially infinite) series of jobs {7; 0, 7; 1,...}. The release time of 7; j is
denoted as r; .. We assume that min,, ¢ 7; 0 = 0. Each 7; ;. is prioritized on the basis of a priority
point (PP), denoted y; .. The time when 7; ;; actually completes is denoted tfk We define the

following quantities that pertain to the execution time of 7; .

Definition 1. e; ; is the actual execution time of 7; .

Definition 2. ef’ 1 (t) (completed) is the amount of execution that 7; ;, completes before time .

Definition 3. e;"’ 1 (1) (remaining) is the amount of execution that 7; ;, compeletes after time .
These quantities are related by the following property.

Property 1. For arbitrary 7; s, and time t, € ;. (t) + €] () = €.
We also define what it means for 7; ;. to be “pending”.

Definition 4. 7; ;. is defined to be pending at time t if r; ;, <t < t; o

Under GEL scheduling and the conventional sporadic task model, each task is characterized by a
per-job worst-case execution time (WCET) C; > 0, a minimum separation 7; > 0 between releases,

and a relative PP Y; > 0. Using the above notation, the system is subject to the following constraints



for every T;

€k < C’ia (1)
Tik+1 = Tig + 15, (2)
Yik = Tik + Yi. 3)

Under the SVO model, we no longer assume a particular WCET (thus allowing overload).
Therefore, (1) is no longer required to hold.

Under GEL-v scheduling and the SVO model, we use a notion of virtual time (as in Stoica et al.
(1996)), and we define the minimum separation time and relative PP of a task with respect to virtual
time after one of its job releases instead of actual time. The purpose of virtual time is depicted in
Figure 2, which we now describe.

In Figure 2, we depict a system that only has level-A and level-C tasks, with one level-A task
per CPU. For level-A tasks, we use the notation (T}, CX, C#), where T is task 7;’s period, C is its
level-C PWCET, and CZA is its level-A PWCET. For level-C tasks, we use the notation (T3, Y;, C;),
where all parameters are defined below. Using the analysis provided in this paper, response times
for all jobs can be shown to be bounded in the absence of overload. However, even before the
overload occurs at actual time 12, some jobs complete shortly after their PPs or after successor jobs
are released.

Once an overload occurs, the system can respond by altering virtual time for level C. Virtual
time is based on a global speed function s(t). During normal operation of the system, s(t) is always
1. This means that actual time and virtual time progress at the same rate. However, after an overload
occurs, the scheduler may choose to select 0 < s(¢) < 1, at which point virtual time progresses
more slowly than actual time. In Figure 2, the system chooses to use s(t) = 0.5 for ¢ € [19,29). As
a result, virtual time progresses more slowly in this interval, and new releases of jobs are delayed.
This allows the system to recover from the overload, so at actual time 29, s(t) returns to 1. Observe
that job response times are significantly increased after actual time 12 when the overload occurs, but
after actual time 29, they are similar to before the overload. In fact, the arrival pattern of level A
happens to result in better response times after recovery than before the overload, although this is not

guaranteed under a sporadic release pattern.
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Figure 2: Example of a system that recovers after an overload.
An actual time ¢ is converted to a virtual time using
t
o(t) 2 / s(t) dt. @
0

For example, in Figure 2, v(25) = f025 s(t)dt = 019 Ldt + f1295 0.5dt = 19 + 3 = 22. This

definition leads to the following property:

Property 2. For arbitrary time instants tg and t1,

o(t1) — vlty) = /tl s(t) dt.

to

Unless otherwise noted, all instants (e.g., ¢, r; 1, etc.) are specified in actual time, and all
variables except T}, Y;, and U} (all defined below) refer to quantities of actual time.

Under the SVO model, (2) generalizes to
v(rig+1) = v(rig) +1; ®)
and under GEL-v scheduling, (3) generalizes to
v(Yik) = v(rig) + Yi. (6)

For example, in Figure 2, 71 ¢ is released at actual time 0, has its PP three units of (both actual and

virtual) time later at actual time 3, and 71 1 can be released four units of (both actual and virtual) time



later at time 4. However, 71 5 of the same task is released at actual time 21, shortly after the virtual
clock slows down. Therefore, its PP is at actual time 27, which is three units of virtual time after its
release, and the release of 71 ¢ can be no sooner than actual time 29, which is four units of virtual
time after the release of 71 5. However, the execution time of 71 5 is not affected by the slower virtual
clock.

In light of (5), we denote as b; j, (boundary) the earliest actual time that 7; ;41 could be released,
based on the release time of 7; ;.. b; . is indexed using k because it depends on the actual release time

of 7; ., not the actual release time of 7; j 1.
Definition 5. b; ;. is the actual time such that v(b; ) = v(r; ) + T;.

Although it is possible to analyze systems where some Y; > 7T, doing so increases proof
complexity without providing any benefit to response-time or dissipation bounds. Therefore, we
assume that for all 7,

Y <Ti. (N

In our analysis, we will frequently refer to the total work that a task produces from jobs that have

both releases and PPs in a certain interval. We therefore define a function for this quantity.
Definition 6.

Di(to,t1) = > eik

’Ti’kew

(Demand), where w is the set of jobs with 29 < r; p, < ;1 < t1.

In order to model processor supply, we use a “service function” as in (Chakraborty et al., 2003;

Leontyev and Anderson, 2010).

Definition 7. (3, (to, t1) is the total number of units of time during which P, is available to level C
within [tg, t1).
We further characterize processor supply in two parts. First, we assign to each processor P,
a nominal utilization ,, representing how much of its time we expect to be available to level C
in the long term. Within an arbitrary [to, t1), we expect (,(to, t1) ~ up(t1 — to). For example, in
3

Figure 2, Py is available whenever 747 is not running, so we choose ug = 1 — 5 = %, since the

utilization of 747 at level C is 13—2 Similarly, P is available whenever 742 is not running, so we

—_

— _7_§
choose u; =1 5= &



Over some intervals [to, ¢1], a CPU is available for less time than indicated by nominal utilization
alone. For example, in Figure 2 over [0, 3), Py is not available at all to level C. Thus, for our second

characterization, we define a supply restriction overload function,

OP(to,tl) =S max{O,ﬂ; . (tl — to) - /Bp(t();tl)}- (8)
This implies that
Bp(to,t1) > Uy - (t1 — to) — op(to, t1). ©

For example, consider [0, 3) in Figure 2. By naively using nominal utilization, we would expect level
C to receive ug - (t; — to) = 3 - (3 — 0) =  units of service on Py, but it actually receives 0, so
oo(to,t1) = % In the absence of overload, there must be some constant o, such that, for all intervals
[to, t1), 0p(to, t1) < upop, and our model reduces exactly to that used by Leontyev and Anderson
(2010). However, our more general model can be used to account for arbitrary overloads, by allowing

op(to,t1) > o, when overload occurs within [tg, ;). We also define

Utot = Z ﬂ;, (10)

P,eP

which (when supply restriction overload is bounded) represents the total processing capacity available

to the system at level C.

3 Response Time Analysis

In this section, we provide a general method for analyzing response times of a system at level C,
under GEL-v scheduling and with most of the generality of the SVO model. Because we make few
assumptions about overload, this method does not provide response-time bounds that apply to all
jobs. In fact, it applies even in situations where such bounds do not exist. However, we will use
these results, with additional assumptions, in Section 4 to provide dissipation bounds and long-term
response-time bounds in the absence of overload.

Under GEL scheduling applied to ordinary sporadic task systems, Erickson et al. (2014) proved

that t§, < y; x + z; + C;, where z; is a per-task constant. Their proof works by analyzing the



behavior of each 7; j, after y; ., because no job with higher priority can be released after y; ;.. In the
presence of overload a single per-task x; may not exist. Furthermore, even in cases where such an
x; does exist, it must pessimistically bound all job releases, preventing any analysis of dissipation
bounds. Therefore, we instead define a function of time z;(¢) > 0 so that tg g S Yikt Zi(Yi k) + €i k-
(We use e; 1 in place of C; because our analysis no longer assumes that e; ;, < C;.) In our analysis, it
is convenient to define x;(t) over all positive real numbers. Furthermore, it will be convenient to

treat x;(t) as merely a safe upper bound. Therefore, we use the following definition.

Definition 8. z;(t) is z-sufficient if x;(¢) > 0 and for all 7; ;, with y; 5, < t,

ik Sttxi(t) + ek

Throughout our analysis both here and in Section 4, we will frequently use the following property,

which follows immediately from Definition 8.
Property 3. If c; > ¢ and z;(t,) = ¢ is x-sufficient, then z;(t,) = ¢ is x-sufficient.

In the remainder of this section, we will provide an z-sufficient value for z;(¢,) for each 7; and
each time ¢, (under analysis). We will exhaustively consider the cases depicted in Figure 3 for each
t,, in approximate order by increasing complexity. Note that Cases D and E reference terminology

that will be defined later in this section.

We first consider Case A, which provides the value of x;(¢,) when ¢, < y; o. This case is trivial.

Theorem 1. Ift, < y; o, then x;(t,) = 0 is z-sufficient.

Proof. This theorem results from the definition of z-sufficient in Definition 8. If ¢, < y; o, then the

condition in Definition 8 holds vacuously, because there are no jobs 7; , with y; , < 2. ]

We now consider Case B, in which ¢, = y; ; for some k but £, < y; ;. + €; . This case is
similarly trivial, and we analyze it separately from the cases with ¢, = y; 5, in order to simplify later

proofs.

Theorem 2. Ift, = y; j, for some k and t§, < y; ; + e; 1, then x;(t,) = 0 is x-sufficient.

Proof. This lemma follows immediately from the definition of x-sufficient in Definition 8. O



ta < Yi,0 (Theorem 1).
tq = Y for some k and ¢, < y; » + €; . (Theorem 2).
ta € (Yi k> Yik+1) for some k (Theorem 3).

ta = y; i for some £, tf’k > Yik + €k, and 7; i, is f-dominant for L (Theorem 4).

m 9 0 % »

ta = Y 1 for some k, tf’k > Yik + €k, and 7; 1, is m-dominant for L (Theorem 5).

Figure 3: Cases for which values of z;(t,) are provided.

We next consider Case C, in which ¢, lies between two consecutive PPs. In this case, our bound
depends on having an z-sufficient value at the last PP before ¢, of a job in 7;. This can be computed

using Case B, D, or E.

Theorem 3. Ift, € (yi i, Yik+1), then x;(t,) = max{0,z;(y;r) — (ta — yik)} is x-sufficient as

long as x;(y; 1,) is x-sufficient.

Proof. This theorem results from the definition of z-sufficient in Definition 8. If ¢, € (Vi k, ¥i k+1)s
then there are no jobs of 7; with PPs in (y; j, ta), SO t; j 1s the latest completion of any job of 7; with

a PP before ¢,. We have

ik < {By the definition of z-sufficient in Definition 8}
Yik + Ti(Yik) + €ik
= {Rearranging}

ta + 2 (Yik) — (ta — Yik) + €k

Therefore, combined with the requirement from Definition 8 that z;;(¢,) > 0, x;(tq) = max{0, z;(y; x)—

ta — Ui is z-sufficient. L]
( yz,k)}

We will next consider Cases D and E. In both of these cases, t, = y; j, for some k. Before
providing proofs, we will first provide a basic explanation for why the presence of supply restriction
adds complexity to response-time analysis, and how we account for such complexity. This discussion
motivates the structure of our proofs, and also motivates the separate consideration of Case D and

Case E.

10



After y; ., 7; 1. can be delayed for two reasons: all processors can be occupied by either other
work and/or supply restriction, or some predecessor job of 7; ;, within 7; can be incomplete. We
define work from 7, as competing with 7; . if y;, < y; and j # i, and supply restriction as
competing if it occurs before 7. Note that, in order to account for carry-in work, we do not require
that work or supply restriction happen before r; ;. in order to say that it is “competing” with 7; ..

We first describe the basic structure of previous analysis from Erickson et al. (2014) in the
absence of supply restriction. Such analysis considers competing work remaining at ; .. Some
example patterns for the completion of competing work are depicted in Figure 4. Figure 4(a) depicts
the worst-case delay due to competing work rather than a predecessor, when all processors are
occupied until 7; , can begin execution. Figure 4(b) depicts an alternative completion pattern for the
same amount of work. Observe that before ¢7 . _,, there are idle CPUs. Thus, this example depicts
the situation where 7; ;. is delayed due to its predecessor.

If some processor is idle, then there must be fewer than m tasks with remaining work. Thus,
in the absence of supply restriction, 7; will run continuously until 7; ; completes. This is why the
worst-case completion pattern is the one with maximum parallelism, as depicted in Figure 4(a).
For fixed ¢7,_,, any other completion pattern might allow 7; ;; to complete earlier (as happens in
Figure 4(b)) or else does not change the completion time of 7; ;. (if the delay due to an incomplete
predecessor already dominated). To summarize, in the absence of overload, either the delay due to an
incomplete predecessor dominates, as in Figure 4(b), or the delay due to competing work dominates,
as in Figure 4(a).

We now consider the effects of introducing supply restriction. Figure 5 depicts similar completion
patterns as Figure 4. As before, 7; . can be delayed either because all processors are occupied by
competing work or supply restriction, or because some predecessor of 7; ;, within 7; is incomplete.
However, as can be seen by comparing Figure 5(a) and Figure 5(b), having all competing work
complete with maximum parallelism is no longer the worst case. This phenomenon occurs because
supply restriction can now prevent the execution of 7; even after some processor has become idle,
by reducing the number of available processors below the number of tasks with remaining work.
This increases the complexity of determining the interaction between delays caused by competing
work and delays caused by an incomplete predecessor, as the simple dominance that occurred in the

absence of supply restriction may not occur.

11



To determine an upper bound on ¢7,, we add to y; ;. the sum of the lengths of three types of

sub-intervals within [y; ., t$ ), as depicted in Figure 5(b).

1. Sub-intervals during which 7; does not run because all m processors are occupied by competing

work or supply restriction.
2. Sub-intervals during which jobs of 7; before 7; ;. execute.
3. Sub-intervals during which 7;  executes.

We will bound the total length of sub-intervals of Type 1 by bounding the total amount of
competing work and supply restriction. We will now define the total length of sub-intervals of Type 2

as ef .» the total length of sub-intervals of Type 3 is simply €] ;. (y; x ).
Definition 9. ef 1. 1s the work remaining after y; . due to jobs of 7; prior to 7; .

Let ¢ denote a bound on the total amount of competing work after y;  and competing supply
restriction after y; ;.. The specific value of ¢ will be derived in Lemma 6 below, but its exact expression
is not relevant for the purposes of this introductory discussion. The total length of Type 1 sub-intervals
of [Yik, t «)» Where 7; is not running, can be upper bounded by dividing ¢ by m. However, this
bound may be unnecessarily pessimistic, because some of the competing work and supply restriction
may actually run concurrently with 7;. For example, in Figure 5(b), some competing work and supply
restriction runs within [104, 120) even though this interval is composed of a sub-interval of Type 2
and a sub-interval of Type 3.

We now informally describe an optimization that allows us to reduce some of this pessimism. We
will simplify our informal analysis by assuming that £ > 0 and ¢7,_, > y; 5. We will later discuss

how to relax this assumption. Let v be an arbitrary integer with 0 < v < m. We consider two cases.

Few Tasks Case. If there is some time within [y; 1, tf7k71) such that at most v processors are
occupied by work or supply restriction, then there are at most v tasks that have work remaining, or
more CPUs would be occupied. Thus, in this case there are at most v tasks with competing work
remaining after tf} x_1- and 7; ;. can execute after tf, 1 Whenever there are at least v processors
available to level C. For example, in Figure 5(b), if v = 2, then because only v processors are
occupied just before ¢7,_,, there are only v tasks with remaining work at this time, and 7; ;, can

run after £7, | whenever at least v = 2 processors are available to level C. Therefore, rather than

12
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Figure 4: Example completion patterns for competing work in the absence of supply restriction.

summing the lengths of the intervals of each type, we can compute an upper bound on the time it

takes for there to be ¢; j, time units with at least v processors available after £{, ;.

Many Tasks Case. If there are at least v+ 1 tasks with work remaining throughout [y; 1, t; x_1)» then
at least v processors are occupied with competing work and/or supply restriction in all sub-intervals
of Type 2 (in which jobs of 7; prior to 7; ;, are running). For example, in Figure 5(b), this case holds
with v = 1, because there is some other task executing on the first processor until ¢7, . By the
definition of e}, in Definition 9, the total length of Type 2 intervals is e}, . Thus, at least v - e}
units of competing work and supply restriction actually run in intervals of Type 2, so we can subtract
v - ez ;. from the bound ¢ to upper bound the amount of work and supply restriction running in Type 1

intervals.

As mentioned above, this informal analysis assumes that 7; 1 exists and that 27, | > y; . If

this is not the case, then by the definition of €? , in Definition 9, e, = 0. Thus, the analysis from the
y i,k i,k Yy

13
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Figure 5: Example completion patterns for competing work in the presence of supply restriction.

Many Tasks Case will subtract v - ez = 0 units of competing work and supply restriction from the
bound c for Type 1 intervals. Therefore, it is safe to use the analysis from the Many Tasks Case when
k=0ort{, ; <y Observe that for any v with 0 < v < m, one of these two cases must hold.

We therefore define a pair of properties, one for each case.

Definition 10. Let L be an arbitrary integer with 0 < L < m. If £ > 0, £, _; > y; x, and there are
at most m — L — 1 tasks that have work remaining at ¢7 ,_,, then 7; i, is f-dominant for L (few tasks

case).
7; . 1 f-dominant for L if the Few Tasks Case applies.

Definition 11. Let L be an arbitrary integer with 0 < L < m. If 7; ;; is not f-dominant for L, then

Ti k. 18 m-dominant for L (many tasks case).

7; i is m-dominant for L if the Many Tasks Case applies.

14



In Section 3.1 below, we will consider Case D, in which 7; ;, is f-dominant for L. Then, in

Section 3.2, we will consider Case E, in which 7; ; is m-dominant for L.

3.1 CaseD:t, =y, for some k and 7, , is f-dominant for L.

In this case, we use the Few Tasks Case with v = m — L — 1. Recall from the above discussion
that in this case, 7; ; runs after ¢, _; whenever there are at least v processors available to level C.

Lemma 2 below provides a bound on ¢7 . in this case. Lemma 1 is used to prove Lemma 2.

Lemma 1. For any integer 0 < v < m, in any time interval [t(, t1) there are at least

(tr—to) = >_ (1 =) - (tr — to) + 0p(to, 1))

Ppeg

units of time during which at least v processors are available to level C, where ( is the set of v

processors that minimizes the sum.

Proof. We prove this lemma by induction. Without loss of generality, we fix g and ¢; and assume
that P is ordered by increasing (1 — u,)(t1 — to) + op(to, t1). We prove the stronger condition that
within [to, t1), there are (t1 —to) — >, ((1 —up(t1 — to) + 0p(to, t1)) units time during which
processors P; through P, are available to level C.

As the base case, we consider v = 0. During any time instant, it is vacuously true that all
processors in the empty set are available to level C, so there are t; — to such units of time in [¢, ¢1)
and the lemma holds.

For the inductive case, assume that there are
(tr —to) = > (1 =) - (t1 — to) + 0p(to, 1)) (11)

p=1

units of time in [tg, 1) during which processors P; through P, are available to level C'.

By the definition of /3,41 (%o, ¢1) in Definition 7, P, is unavailable to level C in [to, 1) for

(t1 —to) — Bu1(to, t1)

< {By 9)}
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Supply
Restriction

t, 3

Figure 6: Worst-case pattern of supply restriction for the first four processors, in order to minimize
the amount of time that all four processors are available. In this case, the four processors are never
all available at the same time within [tg, ¢7).

(tl — to) — (U/v-i-\l : (tl - tO) - 0v+1(t07t1))

= {Rearranging}
(1 = Uys1) - (t1 — to) + 041 (to, 1) (12)

units of time.
In the worst case, as depicted in Figure 6, either all of P, 1’s unavailable time occurs when
processors P through P, are all available, or P, is unavailable during all times when P; through

P, are available. In either case, the lemma holds by subtracting (12) from (11). ]

We now use Lemma 1 to prove the next lemma, which bounds 7 ;. in the Few Tasks Case.

Lemma 2. Letv be an integer with 0 < v < m. Let

eiktdop,co ot 185 1) —
~ =2 Ifl—v+ ) pglp >0
A, k(v) 2 1 v+zpp€@ up pE (13)

00 Otherwise,

where © is the set of v processors that minimizes A; j(v).
If 7; }, can run after tj, _, whenever there are at least v processors available to level C, then

tin < tip—1 + Aik(v).

— Y1,
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Proof. If A; j,(v) is infinite, then the lemma must hold by our assumption that the available supply
is eventually infinite, and thus 7; ;, eventually completes. Thus, we assume that A; ;(v) is finite.
Therefore, 1 — v + ZPpee u, > 0.

We use proof by contradiction. Suppose &, > t{, ; + A; ;.(v). Then, by Lemma 1, the number

of time units in [t§, _,,t¢,) with v processors available to level C is at least

(tik —tik—1) — Z (1= up)(t5 g — 17 1) + 0p(ti 155 1)
Ppe¢

> {By the definition of ¢ in Lemma 1, because © has v processors }

(e — t51) — D (L =) (t5) — t541) + 0p(E5 1, 51))
Pyed

= {Rearranging}
1-v+ Z up | (t5g = tig—1) — Z op(ti j—1: 5 )
P,e0 P,c0
> {Because t{ ) > t{, |+ Ajp(v)and 1 —v+ 3 p o Up > 0}
1-—v+ Z up | Aig(v Z op(t5 k1,5 k)
P,e0 P,e©

= {By (13), because A, ;,(v) is finite}

L €ik T 2p,e0 0p(ti k1,1 k) S oyl )
- P ’ 1 - p i,k—1> Zk}
— E u

Ppye® Q+ Ppyeo© P P,c®

= {Rearranging }

€i k- (14)

However, because 7; x, can run after ¢7, _, whenever there are at least v processors available to level
b

C, 7; 1, must have executed for longer than e; j units. This is a contradiction. ]

We now use this result to provide a bound on z;(t,) to handle Case D.

Theorem 4. Ift, = y; , for some k and 7; j, is f-dominant for L, then z;(t,) = :1:{

;. 18 T-sufficient,
where

xsz = tf,k—l —Yik+Aig(m—L—1)—e (15)
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(few tasks).

Proof. By the definition of f-dominant for L in Definition 10, because no new competing work is
released after y; i, throughout (tf 1> b5 k], there are at most m — L — 1 tasks that have remaining
competing work. Therefore, whenever at least m — L — 1 processors are available to level C within

(5 —1:t5 ), Ti ks is running. Thus,

ik < {By Lemma 2}
tf’k_l + Ajp(m—L—1)
= {Rearranging}
Yik + (5 h 1 — vk + Aig(m —L—1) —ex) + €k
= {By the definition of z/, in (15)}

Yik + xfik + ei,k.

Thus, by the definition of z-sufficient in Definition 8, x;(y; 1) = x{ i 1s x-sufficient. Because

ta = ¥i k» the lemma follows. ]

3.2 CaseE:t, = y; for some k and 7, ;, is m-dominant for L

The basic structure of our analysis of Case E is fundamentally similar to the analysis in Erickson
et al. (2014). We will analyze the lateness of an arbitrary job 7; x, ignoring all jobs that have PPs
after y; . We define an interval as busy if, for the entire interval, all processors are either unavailable
or are executing tasks with PPs not after y; ;.. As depicted in Figure 7, we denote as tg ;. the earliest
time such that [tg i» Yi k) is busy. We separately upper bound work (Lemma 4) and competing supply
restriction (Lemma 5) after ti-” i» and then use those results to determine a full response-time bound.

We will first upper bound all remaining work at tf, %> including both competing work and work
due to 7;. In order to do so, we first prove a lemma that bounds the amount of work after arbitrary
time ¢y < y; j contributed by a task 7; with a pending job at ¢o. This will allow us to bound the work
by tasks that have pending jobs at t?, - (We use tg instead of tf, i, because the same lemma will also

be used in Section 4 with a different choice of ty.)
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|:| T; Tk |:| Competing Work . Supply Restriction

i

b .
ik ik Lo Lk

Figure 7: Example depicting ti.’ . Whenm = 4.

Lemma 3. If there is a pending job of 7; at arbitrary time ty < y; ., then denote as 7; ¢ the earliest

Jjob of T; pending at ty. The total remaining work at time tq for jobs of 7; with PPs not later than y; j,

is e} ,(to) + D5 (bje, Yik)-

Proof. By the definition of b; ; in Definition 5 and the definition of 7; in (5), any job of 7; after 7;
must be released no sooner than b; . Therefore, by Definition 6, the total work from such jobs with
PPs not later than y; j, is D;(ijg, Yi k). Adding €} 4(to) for the remaining work due to 7; ¢ yields the

lemma. o

We now bound all remaining work at ti? i-» including that due to 7.
Lemma 4. The remaining work at tf} ;. for jobs with PPs not later than y; j, is

Wik 2 D (5(thy) + DS(bjevin) + Y DL, yi)- (16)

T]\Zeei,k Tjeem

where 0; 1, is the set of jobs 7;, such that 7; ¢ is the earliest pending job of 7; at t?,, r;, < t°,, and

Yl < Yiks and@ is the set of tasks that do not have jobs in 0; ;..

Proof. As before, we ignore any jobs that have PPs after y; . We bound the work remaining for

each task 7; at té’ «» depending on whether it has a pending job at tf . With a release before ti? e

Case 1: 7; has no pending job at t?y . With a release before tg ;- 1 no job of 7; with PP at or before
Yi i is pending at t? i» or if the earliest pending job of 7; at t? ;. 18 released at t? & then all relevant

work remaining for 7; at té’k comes from jobs 7;, with t?k < 71je < yje < yik Thus, by the
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definition of D]‘?(tf i» Yi k) in Definition 6, there are
D}t yi k) (17)

units of such work. Furthermore, such a task is in 6; ;, by the definition of 6;  in the statement of the

lemma.

Case 2: 7; has a pending job at ti?  With a release before tf ;.- Denote as 7; ¢ the earliest pending

job of 7; at tg ;.- By Lemma 3 (with £y = té” 1.)> the remaining work for 7; at tg i 18
¢.0(t3 i) + D5 (b0, Yisk)- (18)

Furthermore, 7; ¢ is in 0; ;. by the definition of 0; ;. in the statement of the lemma.

Summing over all tasks, using (17) or (18) as appropriate, yields W ;. by (16). O

We next consider supply restriction, accounting for it as if it were competing work. There is one
significant difference between supply restriction and competing work. Under GEL-v scheduling,
once a job has reached its PP, no new competing work can arrive. However, new supply restriction
can continue to be encountered until the job completes. Because we assume that the available supply
is infinite when extended into the future, every job must eventually complete. Therefore, by the
definition of x-sufficient in Definition 8, we have that each 7; , completes by time y; 1, +x;(yi 1) +€i k
for some z-sufficient z;(y; ). We reference such a x;(y; ) in the following lemma, and instantiate

it to a specific value in Theorem 5 below.

Lemma 5. For arbitrary job 7; j, and z-sufficient z;(y; 1), at most
(m — o) (Wi — 0) + zi(Yik) + €ik) + Oy
units of competing supply restriction exist after ti? i.» Where

Oip 2 ) 0p(th 4, t4). (19)
P,eP
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Proof. By the definition of ,6’19(1557 is 5 ;) in Definition 7, the amount of time that P, is not available

to level C over [t0,,t¢, ) is

(ti — t?,k) - /Bp(t?,kv k)
<{By 9}

(ti — t?,k) =y (g — t?,k) + Op(t?,k’ tik)-
= {Rearranging }

(1 —ap) - (t5 — tg,k) + Op(t?,mtf,k)-

This quantity upper bounds the competing supply restriction on F,. Summing over all processors,

the total amount of competing supply restriction on all processors is at most
— b b
Z (=) - (¢ —tin) + 0p(tip, tix))

PyeP

= {Rearranging}

( Z 1- Z @> (i — t?,k) + Z Op(t?,katf,k)

P,eP PpeP PyeP
= {Because there are m processors in P, by the definition of u; in (10), and by the definition
of O; i, in (19)}
(m — ugot) - (t5 ) — t?,k) + Ok
< {By the definition of z-sufficient in Definition 8}
(m — o) - (Yik + i (i) + €5 — tog) + Oig
= {Rearranging }

(m —wtor) - (Yik — t11) + i (Yik) + €ik) + Oig.

O

We now compute a lateness bound that accounts for both work and competing supply restriction.
As discussed earlier, we will analyze the behavior of the system after y; ., when new job arrivals

cannot preempt 7; .
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We will now consider how to bound the total length of sub-intervals of Type 1 as described
earlier, during which 7; does not execute because all processors are occupied by competing work
or supply restriction. We will do so by bounding the total amount of competing work and supply
restriction over [y; , t; ;). Recall that in Lemmas 4-5, competing work and supply restriction were
determined over [ti’ ko t5 ) Tather than [y; ., 7, ). The following property will allow us to transition

to reasoning about [y; x, ¢, ). It holds by the definition of #¢,.

Property 4. m - (y; , — t,) units of work and/or supply restriction complete in [t? .., yi ).

We now bound the amount of competing work and supply restriction in [y; x, 5 . ).

Lemma 6. For arbitrary 7; j., at most
Wik = Rig + (m — ugor) (@i(yik) + eik) + Oik — €f p(yik) — €7y,
units of competing work and supply restriction remain at y; ., where
Rik = wiot(yig — tfk) (20)

Proof. By Lemma 4, the total amount of remaining work at tg 1. 18 W; .. Adding this to the bound on

competing supply restriction in Lemma 5, there are at most
Wik + (m — o) (Yige — 1) + 2i(yig) + €ik) + Oi

units of work and supply restriction after tf ;.- Of this work and supply restriction, by Property 4, the

amount remaining at y; j is at most

Wi + (m — weor) (Yie — t0r) + 2i(Yi) + €ik) + Ose —m - (824 — yig)
= {Rearranging }

Wik = ttot - (Yige = ti k) + (M = utor) - (i(yi) + ein) + Oik
= {By the definition of R; j in (20)}

Wik — Ri + (m —ugor) - (2i(yi k) + €ix) + Oig (21)
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Of this remaining work and supply restriction, by the definition of ef ;. In Definition 9, ef ,; units are
due to jobs of 7; prior to 7; 5., and by the definition of e , (; 1) in Definition 3, e] , (y; 1) units are

due to 7; j, itself. The lemma follows immediately. ]
We now bound the completion time of 7; .

Lemma 7. If 7; ;, is m-dominant for L and x;(y; 1) is x-sufficient, then

Wik = Rig + (m — ugor) (vi(yix) + €ix) + Oik — €ik + Lej

)

tzq,k < Yik T + € k-

m

Proof. By the definition of m-dominant for L in Definition 11, there are always at least m — L — 1
units of competing work or supply restriction that must run concurrently with 7; whenever jobs of
7; prior to 7; . are running after y; .. (This statement is vacuously true if no jobs of 7; prior to 7; j
run after y; 1..) In other words, during any instant within any sub-interval of Type 2 (as depicted in
Figure 5(b)), there are at least m — L — 1 processors executing competing work or supply restriction.
Recall that, by the definition of “Type 2” and the definition of ei ;. in Definition 9, the total length of
such intervals is e} ;.

By Lemma 6 there can be at most

¢ E Wik — R+ (m — wor) (i (yik) + €ik) + Oik — €} 1 (Wik)
—efp—(m—L—1e},
= {Rearranging}

Wik = Rig + (m — ugor) (i(yi k) + €ir) + Oik — €f p(yik) + (L —m)ep,  (22)

units of computing work and supply restriction after y; 5, that do not run concurrently with jobs of 7;
prior to 7; j. This bound includes all work and/or supply restriction in sub-intervals of Type 1. All m
processors are occupied by work or supply restriction in such sub-intervals, so the total length of
such sub-intervals is at most ¢/m.

Recall from Definition 9 that the total length of Type 2 sub-intervals (in which jobs of 7; prior to

T; k. €xecute) is defined to be ef 1-» and the total length of Type 3 sub-intervals (in which 7; ; runs) is

e;;:k(yi,k:)-
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Therefore,

i & < {Adding the total length of each type of sub-interval to y; 1 }
c
yik+ —F e+ eiryik)
= {By (22)}

Wik — Rig + (m — wor) (2i(yix) + eix) + Oig — € (yig) + (L —m)e}

)

Yik +
m

+epp e (k)
= {Rearranging}

Wik — Rig + (m — wor) (xi(yir) + eig) + Oip + Lel . m—1

Yik + - k(i)

< {Because ez’k(yi,k) <e;randm > 1}
Wik — Rig + (m — wor) (xi(yir) + eix) + Oip + Lef ;. m —1

Yik + + €k
m m
= {Rearranging}
Wik — Rig 4+ (m — wor) (zi(yi k) + €i) + Oi — €5 + Le¥
Yik T m =+ €k

O
The next lemma provides the actual bound on z;(¢,).
Theorem 5. Ift, = y; j for some k, ;. > y; 1 + €; 1, and 7; ; is m-dominant for L, then z;(t,) =
@y, is x-sufficient, where
o Wik = Rig+ (m —ugor — )ejx + Oip + Ley
Tip = (23)
Utot
(many tasks).
Proof. We let
R 24)
(right). Rearranging,
ti = Yik + Tip + €i- (25)
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Because £, > y; 1 + €; k. by (24)~(25) and the definition of z-sufficient in Definition 8, zi(Yik) =
:Eﬁ 1. 18 x-sufficient.

Therefore, by Lemma 7 with z;(y; ) = mf . and (25),

Wi,k — Ri,k + (m — Utot) . (:Uik + ei,k) + O@k —eir+ L- eik

m

T <

Utot —MM

‘We solve for azf i First, we will add . xf i, to both sides, which yields

D
Utot 4 Wik — Rig + (m —wiot) - €5+ Oip — €+ L - efy

ik S

m

We then multiply both sides by “et. Because utor > 0 and m > 0,

Wik — Rij + (m — ugor) - €5 + Ojp — i+ L -]

.’I/‘A
ik =
Utot

= {Rearranging}
Wik — Rij+ (m —ugor — 1) - €5 + Oi .+ L - €,

Utot

= {By the definition of z}} in (23)}

m
xi,k'

Because z;(y; k) = x} . is z-sufficient, by Property 3 with ¢g = 2!, and ¢; = 27, z;(y; ;) = =7,

is z-sufficient. Because t, = ¥; 1, the lemma follows. ]

4 Dissipation Bounds

The response-time analysis provided in Section 3 is very general, in order to provide an accurate
characterization of the behavior in overload situations. In particular, it can even be used to analyze the
behavior of systems where no per-task bound on response times exists. In this section, we consider
systems that have per-task response time bounds in the absence of overload. In other words, each
task has some constant (1) such that, if s(¢) = 1 for all ¢, then z;(t) = x{(1) is a-sufficient for all
7; and time ¢. (The reason for the “1” argument will be described later.) In this section, we analyze a

system where an overload actually does occur, but the overload is transient. This situation is similar
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Time

Figure 8: Graph of A (¢), marked with various terms used in its definition and analysis.

to that depicted in Figure 2, where both 741 and 745 have jobs starting at actual time 12 that run for
longer than their level-C PWCETs, but no later jobs that do so. Under ideal analysis, x;(t) = (1)
would no longer be z-sufficient for ¢ > 12, although this may not be the case under the analysis
presented here due to its pessimism. For illustration purposes, we consider a system under ideal
analysis. We would like to return the system to a state where x;(t) = x{(1) is z-sufficient for all
7; and all ¢ greater than some ¢,, (normal operation). In this section, we demonstrate a method to
provide such a guarantee, provided that we use the analytically-derived x; (1) described herein.

In Figure 8, we depict many details of our analysis of dissipation bounds. The first of these
details is depicted at the top of the figure: the three intervals into which we divide time. The first
is the overload interval I,, from the beginning of the schedule until after a transient overload has
passed. If we had ideal analysis, this interval would occur from actual time O to actual time 19 in
Figure 2. We make very few assumptions about the behavior of the system in I,, primarily using the
analysis from Section 3. This allows us to account for any overload condition allowed by our general
model. The second considered interval is the recovery interval I,., during which the virtual time
clock operates at a slower rate in order to recover from the overload. Under ideal analysis, this would
occur from actual time 19 to actual time 29 in Figure 2. The final interval we consider is the normal
interval I,,, when the system operates normally. The virtual time clock executes at full speed during

the normal interval. Under ideal analysis, this would occur from actual time 29 onwards in Figure 2.
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In order to provide boundaries between these intervals, we define several variables. ¢ is defined
to be the time at which the virtual clock actually slows. ¢, will be defined as the time when the
virtual clock can be returned to a normal speed. We note that the virtual clock can be returned to a
normal speed at a later time without compromising correctness. We assume that the virtual clock is

slowed to a constant speed s, from ts to ¢,,, as specified in the following property.

Property 5. Forallt € [ts,t,), s(t) = s, < L.

In Figure 2, s, = 0.5. Similarly, the following property describes the behavior of the virtual

clock after the system has returned to normal.

Property 6. Ift € I,,, then s(t) = 1.

Because the speed of the virtual clock is determined by the operating system, it is always possible
to ensure that both properties hold.

Although the virtual clock is actually slowed at time ¢, for our analysis within I,., it will often be
convenient to assume that that the virtual clock has been operating at a constant rate for a period of
time. Furthermore, we will also need to assume that overload does not occur in the recovery interval
in order to make guarantees, even though unexpected overload could continue to occur even after .
Therefore, we define the start of the recovery interval, denoted ¢,., as the earliest time that satisfies all

of the following properties.
Property 7. If any 7; . is pending at t,, then y; j, > ts.
Property 8. Each task 7; has a constant C; < T; such that for any 7; ., if t$, > t,, thene; , < C;.

Property 9. For each P, there is some constant o, such thatift, < to < t1, then op(to, t1) < ﬂ;ap.

Property 8 states that C; is the worst-case execution time for any job of 7; that influences our
analysis within I, U I,,. Property 9 eliminates some of the generality of our supply model from ¢,
onward, so that our supply model becomes identical to that used in Leontyev and Anderson (2010)
holds from ¢, onward, in I, U I,,. In light of Property 8, we define a task’s base utilization (with
respect to virtual time)

v Ci
U’ = f (26)

(2
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and its 7, utilization (with respect to actual time in /)

U =U - s,. 27)

Observe that the utilization of 7; with respect to actual time in 1, is simply U/, because s(t) = 1 for
allt € I,,.

With these definitions in place, we formally define the extent of each interval.

1, 2 [0,t,), (28)
I = [tr, tn), 29)
I, £ [tn,00). (30)

If we can guarantee that z;(¢) = 7 (1) is z-sufficient for ¢ € I,, under Properties 5-9, then we
define a dissipation bound as the length of I,., i.e., t,, — t,.

Whenever s(t) remains constant over an interval (as it does over I, and I,,), it is possible to
correctly choose z;(t) such that it asymptotically approaches a constant value. We will below define
this (task-dependent) constant value as x¢ (s7), where sy is the constant value of s(¢) (s, in I, and 1 in
I,). We will then define a task-independent function A (¢) that guarantees that z;(t) = x(s,)+A (t)
is z-sufficient for every 7; and time t € I,.. A (¢) is graphed in Figure 8.

Recall that, in Section 3, L was arbitrary for each 7; ;. Our analysis will require us to choose a
particular L for each task, so in Section 4.1 below, we discuss how to make this choice. In Section 4.2,
we then turn our attention to formally defining x{(s7) and A (¢). Then, in Section 4.3, we formally
prove that x;(t,) = x(s,) + A (t,) is z-sufficient for ¢, € I,.. In Section 4.4 we then upper bound

t. Finally, in Section 4.5, we formally prove that x;(t) = «(1) is z-sufficient for t € I,,.

4.1 Choosing L

In Section 3, L was arbitrary for any 7; ;. In this subsection, we will choose a specific per-task L;
that will take the place of L in several of our bounds. Because L; will appear in our definition of

x?(sr), we first describe its selection here. We will then define z7(sy) and A (¢) in Section 4.2.
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The choice of L appears in the definition of 7" in (23), in the term Lef 1> and in the definition
of ZL{ ; in (15), in the argument to A; ;,(m — L — 1). In order to analyze w{ 1.» We first upper bound
A; p(m — L — 1) in the case that will be relevant to our choice of x(sr). The following lemma does

S0, using arbitrary v = m — L — 1 to match the notation used in Lemma 2.

Lemma 8. Let v be an integer with 0 < v < m, and let

CH‘preem Upop —
A:n(v) é 17v+sz€@rn ’l/,L; Ifl v + ZPpG@rn up > O (31)

00 Otherwise,

(for I, and I,,) where ©,,, is the set of v processors that minimizes A]"(v). Then, if k > 0 and

tirq > tr Aip(v) < A["(v) and A; (v) — e < A7"(v) — Ci.

Proof. If A]"(v) = oo, then the lemma holds. Furthermore, if A; ;,(v) = oo, then by (13), for any
choice of v processors ©, 1 — v + > p g Up < 0. Therefore, A7 (v) = oo, and the lemma holds.

Thus, we assume that A]"(v) is finite, implying by (31) that

L—v+ Y >0, (32)
PpeOrp

and that A; 1 (v) is finite, implying by (13) that

l—v+ > @ >0. (33)
P,e©

Additionally,

1—v+ Z u, < {Because each u, < 1}

Ppeern
l—v+ > 1
Py€Om

= {Because there are v processors in O, }

1. (34)
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We have

AT™(v) = {By the definition of A7"(v) in (31) and by (32)}
Ci+ 2 p,co,, UpOp
l—v+ ZPpeem up
> {By Property 9 and (32)}

Ci+2pco,, 0t 1,15 k)
I—v+ ZPpeem up

> {By Property 8 and (32)}

€ik T 2P0, 0ilti k115 1)

l—v+3 pco,, Up

> {Because O (as defined in Lemma 2) is chosen to minimize A; ;(v), and by (32)}

Aip(v). (35)
Similarly,

Ai"(v) — C; = {By the definition of A}™(v) in (31) and by (32)}
Ci+ ZPPGGJM Upop
I—v+ ZPpeem uy

> {By Property 9 and (32)}
Ci+ 2 p,co,, 0ilti 1, ti)

I—v+ EPpeem up
> {By Property 8 and (32) and (34)}

€ik + 2p,eo,, 0ilti 1t x)

— — €k
I—v+ ZPpeem Up

_Ci

_Oi

> {Because O (as defined in Lemma 2) is chosen to minimize A; j(v), and by (32)}

Ai,k(”) — € k- (36)

We now define our choice of L;.
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Definition 12. For each 7;, L; is the smallest integer such that 0 < L; < mand A]"(m —L; —1) <
T;.

Such an integer must exist, because

A" (m — (m — 1) — 1) = {Rearranging}
Ai"(0)
= {By the definition of A7™(0) in (31)}
C;
< {By Property 8}

T;.

4.2 Defining z{(s;) and A ()

In this subsection, we define z(s7) and A (¢). We will prove in Section 4.3 below that they can be
used to obtain z-sufficient bounds.

We first define x(sy). Its definition is implicit — 7 (s;) appears on both sides of (37) below.
In Appendix B, we discuss how to use linear programming to determine the specific value of 7 (sy)

if it exists. In Appendix B, we also show that if x{ (1) exists, then z7(s;) must exist for all s; < 1.

Definition 13.

xi(sy) = max{O, ( Z (C; +Uj - sp-ai(s1) —S;) + Z Si+ (m —ur — 1)C;

m—1 largest TjET
+O™+L; - U - s~ x?(31)>/utot}- (37
where
A Y;
=0\ 1—==),
e < ; (38)
and
o £ Z Upoyp (39
P,eP

(for intervals I,. and I,).
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In order to prove that z;(t,) = (1) is z-sufficient for ¢, € I, it is necessary that z7(1) exist.
In Appendix B, we show that this occurs if the provided linear program is feasible, and that the

following condition is sufficient for feasibility.

Property 10.

Z U;’ + max L; - U < ugor.
TiET

m—1 largest
If Property 10 is not satisfied, then the methods provided in this paper cannot provide dissipation
bounds. Furthermore, our analysis also assumes the following property, without which bounded

response times cannot be guaranteed even in the absence of overload.

Property 11.

Z U < ot

TjET

We next define A (¢). The definition of A (¢) uses several upper bounds of quantities from
Section 3. We will justify the correctness of these upper bounds in Section 4.3. We will describe each
segment of A (), as depicted in Figure 8, from left to right. We will provide necessary definitions as
we proceed.

Observe in Figure 8 that for ¢ < t,, A (¢) is constant. We will denote this constant value as A,
and we will define A below. First, we describe a function closely related to z;(t) that will be used in
defining A. Observe in Definition 8 that the provided equation must hold for all 7; ;, with y; , < 2.
We define #;(t) by changing this precondition to a strict inequality, in order to handle an edge case in

our analysis.

Definition 14. &;(t) is &-sufficient if ©;(t) > 0 and for all 7; ;, with y; ,, < t,
t;k’ <t+a(t) + €; k-
With this definition in place, we now define .

A £ max { max &;(t,) — x;(s,) + A" (m — L; — 1),

T ET

9,
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max

Wi = R+ (m = wior — 1)eip + O + O™ + Li - U] - x(sy)
Ti k€Y ’

utot — Li - U]
max (zi(yik) — i (sr)),

Ti,kER

0 } , (40)

where each #;(t,) is Z-sufficient,

§ £ minai(1) — z5(s,), 41)

TiET
1 is the set of jobs with y; . € I U I, and t?k € I,, K is the set of jobs with y; . € I, and

ti € Lo U I, each xi(yi k) is z-sufficient,

W & Wik =Y Dt yik) + Y S (42)

T;ET T;ET

(for jobs with tfk € I,), and

Ok 2 wor - (tr — 17 ) (43)
OhE D oplth i ty) (44)
P,eP

(each for 1,).
Observe in Figure 8 that, from ¢, to t. (switch to exponential), A (¢) is linear. We define this

segment as its own function

A2 ¢ (t—t)+ A (45)
(linear), where
Sp AT (m — L — 1 roer Uil — Ugo
¢émax{max< " ! )—1>,Z]€ 4 tt}. (46)
T ET T; Utot

As can be seen in Figure 8, from ¢, onward, A (¢) decays exponentially. We will also define this

segment as its own function,

t—te

A°(t) 2 A" () q » (47)
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ta < yi,0 (Lemma 14).
tq = y;  for some k and ¢, < y; » + €; 1, (Lemma 15).
ta € (Yik» Yik+1) for some k (Lemma 21).

ta = y; i for some £, tf’k > Yik + €k, and 7; i, is f-dominant for L; (Lemma 25).

m Y QO w »

. ta = y; ) for some k, tf’k > Yik + €k, and 7; 1 is m-dominant for L; (Lemma 49).

Figure 9: Cases considered when proving that z;(t,) = (s,) + A (t,) is x-sufficient for ¢, € I,

(exponential), where
s ty ftAx<o- ﬁ
=

t, + ﬁ — % Otherwise

(switch to exponential),
A Zm—l largest U]T + maXTj €T Lj ) UJU " Sr

q >
Utot

and

p = max(z(s,;) + A+ Cj).

T;ET
Finally, we fully define A (¢) for all ¢.

(

A Ift € (—o0,tr)
A(t) = AL (L) Ift €[t te)

A (t) Ift € [te, 00).

4.3 Proving that z;(t,) = z7(s,) + A (t) is z-sufficient for ¢, € I,

(48)

(49)

(50)

D

In this subsection, we provide a z-sufficient choice of z;(t,) for each 7; and ¢, € I,. For each such

combination of ¢, and 7;, we will exhaustively consider the cases depicted in Figure 9 to show

that

zi(te) = x(sr) + A (tq) is z-sufficient. We will prove this result by induction on its correctness for

smaller choices of t,.
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Furthermore, a necessary condition in Definition 8 for z;(¢) to be z-sufficient is that x;(¢) > 0.
Lemma 13 below establishes that this is the case for z;(t,) = zi(s,) + A (t,) for arbitrary ¢,.
By the definition of z(s,) in (37), z¢(s,) is nonnegative. Therefore, showing that A (,) is also
nonnegative for arbitrary ¢, will be sufficient to prove Lemma 13.

By the definition of A (¢,) in (51), we will consider the three intervals (—oo, t,.), [t, te), and
[te, 00). A (t,) is nonnegative for ¢, € (—o0,t,), because by the definition of A in (40), A > 0. We
thus consider t, € [t,,t.). In order to prove that A (¢,) is nonnegative in this case, we will show (in
Lemma 9) that A (¢) is decreasing over [t,,t.), and (in Lemma 12) that A (t.) is nonnegative. The
result that A (t.) is nonnegative will also be used to prove that A (¢,,) is nonnegative for , € [t, 00).

By the definition of A’ (¢) in (45), A (t) is decreasing if and only if ¢ < 0. We now prove that

this is implied by Property 11.

Lemma9. ¢ < 0.

Proof. By the definition of ¢ in (46), cither ¢ — w

ZT'ET Uy —uiot .
—2-— -~ We consider each of these cases.

Utot

— 1 for some 7;, or ¢ =

AT (m—L;—1)

S .
Casel: o = = - — 1 for some 7;. In this case, we have
J

sp - A" (m — Lj — 1)

- 1
¢ T,

< {By the definition of L; in Definition 12}
sy - 1}

T;

-1

= {Cancelling}
s, —1
< {By Property 5}

0.

T__
ZT]' (Ska Uj Utot

Utot

Case 2: ¢ = . In this case, we have

T _
ZTJ' €T U] Utot

Utot

¢ =
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= {By the definition of U] in (27)}
ET].ET(U}) : Sr) — Utot

Utot

< {By Property 5}
ZT]'G’T U;] - utOt

Utot

< {By Property 11}

Utot — Utot
Utot

= {Simplifying}

0.

O

We need to show that A’ (t.) is nonnegative. By the definition of ¢, in (48), the value of ¢, is

dependent on In q. Thus, we first characterize the value of q.

Lemma10. 0 < ¢ < 1.

Proof. We first show that 0 < q. All variables that appear in the definition of ¢ in (49) are nonnegative,
and U; for each 7; is strictly positive. Therefore, 0 < g.

We now show that ¢ < 1. We have

g = {By the definition of ¢ in (49)}
Zm—l largest U]T + maXr;er Lj ’ Ujv " Sr
Utot
= {By the definition of U} in (27)}
Zm—l largest(UJy ’ ST) + maXTJET Lj ) UJU “Sr

Utot

< {By Property 5}
Em*l largest U]v + maXr, er Lj . U]U
Utot

< {By Property 10}

Utot

Utot
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= {Simplifying}
1.

O

Also by the definition of ¢. in (48), the value of . is also dependent on p. Thus, we also

characterize the value of p.

Lemma 11. p > 0.

Proof. We have

p = {By the definition of p in (50)}

max(zj(s,) + A+ Cj)

T CT

> {By the definition of z7(s;) in (37) and the definition of A in (40)}

max(C})

T;ET
> {Because each C'; > 0}

0.

O]

We finally show that A’ (t.) is nonnegative. Furthermore, the value of A’ (t.) and the identical

values of A (t.) and A (t.) are used in later proofs. For convenience, we consider all of these terms

in a single lemma.

Lemma 12.

A(t) = A°(t,) = AL (t,) = min{)\,aﬁ- lnpq} > 0.

Proof. We will demonstrate the equalities in the order they appear in the statement of the lemma.

First, we have

A (t.) = {By the definition of A (¢.) in (51)}

A° (te)
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= {By the definition of A€ (¢.) in (47)}
A (1) - ¢
= {Simplifying}

A (t,).

We now establish that A’ (¢.) = min {)\, o - ﬁ} by considering two cases.

Casel: A < ¢- ﬁ. In this case,

A* (t,) = {By the definition of ¢, in (48)}
A (t,)

= {By the definition of A’ (¢,.) in (45)}

¢ (tr —t,) + A
= {Simplifying }
A

= {By the case we are considering}
min {)\, o - p} .
Ing

Case2: \ > ¢ - ﬁ. In this case,

A* (t.) = {By the definition of t, in (48)}

A
Al (¢, po_ A
<t+lnq ¢>

— {By the definition of A (tr b g) in (45)}

Ing
0 A
: tr 1. T tr
’ < g @ > A
= {Simplifying}
P
¢ Ingq

= {By the case we are considering}
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min{)\,gi)- lp}
ng

Finally, we demonstrate that min {)\, o - ﬁ} > 0. By the definition of X in (40), A > 0.

Furthermore, because ¢ < 0 by Lemma 9, 0 < ¢ < 1 by Lemma 10, and p > 0 by Lemma 11,

o - ﬁ > (. Therefore, min {)\, o - ﬁ} > 0. O
We are now ready to establish that 2 (s,) + A (¢,) > 0. By Definition 8, this is a necessary
condition for x;(t,) = x}(s,) + A (t,) to be z-sufficient.

Lemma 13. For all t,, z{(s,) + A (t4) > 0.

Proof. We first establish that A (¢,) > 0. We consider three cases, depending on the value of ¢,.

Case 1: ¢, € (—o0,t,). In this case,

A (tq) = {By the definition of A (t,) in (51)}
A
> {By the definition of X in (40)}

0.
Case 2: t, € [t,,t.). In this case,

A (t,) = {By the definitions of A (t,) in (51) and of A* (¢,) in (45)}

¢ (ta —tr) + A

= {Rearranging }
¢ (te —tr) + X+ 0 - (ta — te)

= {By the definition of A’ (t.) in (45)}
A (te) + &+ (ta — te)

> {Because ¢ < 0 by Lemma 9 and ¢, < t.}
A (te)

> {By Lemma 12}
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Case 3: t, € [t.,00). In this case,

A (tq) = {By the definitions of A (¢,) in (51) and of A€ (¢,) in (47)}
, ta—te

A% (te) g »
> {Because A’ (t.) > 0 by Lemma 12 and ¢ > 0 by Lemma 10}

0.

In any of the above cases, because z;(s,) > 0 by the definition of x{(s,) in (37), z(s,) +

A (t) > 0.

We now show that z;(t,) = z(s,) + A (t,) is z-sufficient by considering all the cases depicted
in Figure 9, which match those in Figure 3 in Section 3.

We first consider Case A in Figure 9, in which ¢, < y; 0.
Lemma 14. Ift, < y; o, then z;(t,) = x(s,) + A (t,) is z-sufficient.
Proof. If t, < y; 0, then by Theorem 1, z;(¢,) = 0 is z-sufficient. Furthermore, by Lemma 13,
x{(sy) + A (tq) > 0. Therefore, by Property 3 with ¢y = 0 and ¢; = z(s,) + A (ta), i(ta) =
x{(sr) + A (t,) is z-sufficient. O
The analysis of Case B in Figure 9 is simple.
Lemma 15. Ift, = y;, for some k and t§; < y;x + e;, then zi(te) = xi(sr) + A(ty) is

x-sufficient.

Proof. The lemma follows immediately from Theorem 2, Lemma 13, and Property 3 with ¢ =0

and c; = 25(s,) + A (ta). O

We next consider Case C in Figure 9, in which ¢, € (v x, ¥i r+1) for some k. For this case, as
well as most subsequent cases, correctness is proved from the fact that the value of A (¢) decreases

sufficiently slowly as ¢ increases. Therefore, we will prove Lemma 20 below, which explicitly bounds
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the decrease between two values of A (¢). Our analysis will be based on the following form of the

Fundamental Theorem of Calculus (FTC).

Fundamental Theorem of Calculus (FTC). If f(t) is continuous over [ty,t1] and f’(t) is the

derivative of f(t) at all but finitely many points within [to, t], then

f(t1) = f(to) + 1f’(t) dt.

to

In order to use the FTC, we will demonstrate in Lemma 17 below that A (¢) is continuous over
all real numbers, and in Lemma 19 below we will provide a function A’ (¢) that is equal to the
derivative of A () at all but finitely many points. Lemma 19 also provides bounds on A’ (¢) that are
used to prove Lemma 20. In several parts of our analysis throughout this section, the value of A (¢,)

and/or A* (¢,.) will be used. For convenience, we provide this value now as a separate lemma.
Lemma 16. A (t,) = A (t,) = \.

Proof. We first establish that A (t,) = A’ (¢,.). By (48), either t,. = ¢, or t,. < t.. We consider each
of these two cases.

Case 1: t, = t,. In this case,

Alt) = Alt)
= {By Lemma 12}
AL (1)
= {Because t, = t, }

A (t,).

Case 2: ¢, < t.. In this case, by the definition of A (¢,.) in (51), A (t,,) = A® (t,.).

To conclude the proof, note that

A* (t,) = {By the definition of A’ (t,.) in (45)}

Cb'(tr_tr)"F)\
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= {Simplifying}

A

O

The following property is a standard result in real analysis. (If 3 < #;, then it holds vacuously.)

Property 12. For arbitrary tg, t1, t2, and continuous functions f(t) and g(t), ift; > to, A (t) = f(t)
fort € (to,t1), A(t) = g(t) fort € [t1,t2), and f(t1) = g(t1), then A (t) is continuous over [t1, t2).
We now use this property to prove that A (¢) is continuous over the reals, so that we can use the

FTC with f(t) = A (¢).
Lemma 17. A (t) is continuous over all real numbers.

Proof. We first observe that, by the definition of A (¢) in (51), A (¢) is constant (and therefore
continuous) over (—oo, ;).
To prove that A () is continuous over [¢,., o0), we consider two cases, depending on the relation-

ship between \ and ¢ - ﬁ.

Casel: A\ < ¢- ﬁ. We will use Property 12 with t) = —oo, t; = t,, ta = 00, f(t) = A, and
g(t) = A°(t). Ttis trivially the case that t; > tg.

In this case, by the definition of ¢, in (48),
t, = te. (52)

Therefore, by the definition of A (¢) in (51), A (t) = XA = f(¢) for t € (to,t1) = (—o0,t,) and
A(t) = A°(t) =g(t) fort € [t1,t2) = [tr, 00), as desired.

f(t) is continuous because it is constant. g(¢) is continuous by the definition of A€ () in (47),
because exponential functions are continuous.

Finally, we show that

g(t1) = A (t,)

= {By (52)}
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A (te)
= {By Lemma 12 and the case we are considering}

A

= f(t1). (53)

Therefore, all the preconditions for Property 12 are met, so A (¢) is continuous over [t,., 00).

Case2: A< ¢- ﬁ. In this case, by the definition of ¢. in (48), we have
ty < te. (54

We first prove that A (¢) is continuous over [t,, t.), using Property 12 with f(t) = \, g(t) = A’ (t),
to = —o0, t1 = t,, and ty = t.. It is trivially the case that t; > t,. By the definition of A (¢) in (51),
A(t)=X= f(t)fort € (to,t1) = (—00,t,) and A (t) = AL (t) = g(t) for t € [t1,t2) = [tr, Le).
f(t) is continuous because it is constant. g(t) is continuous by the definition of A’ (¢) in (45),

because linear functions are continuous. Furthermore,

g(ty) = A" (t,)
= {By Lemma 16}

A

= f(t1).

Therefore, all the preconditions for Property 12 are met, so A () is continuous over [t,, te).

We next prove that A (¢) is continuous over [t., o) using Property 12 with f(t) = A’ (t),
g(t) = A°(t), to = t,, t1 = te, and ta = oo. By (54), t1 > tp. By the definition of A (¢) in
(51), A(t) = A (t) = f(t) fort € (to,t1) C [tr,te) and A (t) = A° (t) = g(t) for t € [t1, 1) =
[te,00). f(t) is continuous by the definition of A’ (¢) in (45), because linear functions are continuous.

g(t) is continuous by the definition of A° (¢) in (47), because exponential functions are continuous.
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Furthermore,

g(t1) = A (te)
= {By Lemma 12}
A (te)

= f(t1).

Therefore, all the preconditions for Property 12 are met, so A (¢) is also continuous over [t¢, 00).

We reasoned above that A (t) is continuous over [t,, t.), so A (¢) is continuous over [t,,00). [

In order to use the FTC, we must also provide a function A’ (¢) that is equal to the derivative
of A () at all but finitely many points. Both for the purposes of determining A’ (¢), and for a later
proof, we must reason about the derivative of A€ (¢). The following lemma provides a necessary

property of that derivative.
Lemma 18. Let A“ (t) be the derivative of A° (t) with respect tot. Ift > t., then 0 > A (t) > ¢.
Proof. 1If t > t., then we have

A® (t) = {By the definition of A° (t) in (47) and differentiation}

| t—te
H . Af (te) -q P
1%

> {By Lemma 12, because 0 < ¢ < 1 by Lemma 10 so thatIng < 0}

Ing p t—te
L p g
p Ing

= {Rearranging }

®-q

t—te
P

(55)

The lemma follows from (55), because ¢ < 0 by Lemma 9, 0 < ¢ < 1 by Lemma 10, and
t > t.. O

We finally provide the derivative of A (¢), except at ¢t = ¢, and ¢ = ¢, (finitely many points), and

provide bounds on the resulting A’ ().
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Lemma 19. Let
0 Ift € (—o0,t,)

At 24y Ift € [ty te) (56)

A (t) Ift € [te, 00).

A’ (t) is the derivative of A (t) everywhere except att = t, and att = t.. Furthermore, for all t,
¢ <A'(t)<0.

Proof. We prove the lemma for arbitrary ¢, considering each of the three intervals that occur in the
definition of A (¢) in (51) and in the definition of A’ (¢) in (56).

Case 1: ¢ € (—o0,t,). In this case, by the definition of A’ (¢) in (56), A’ (t) = 0. Therefore, by
Lemma 9, ¢ < A’ (t) = 0. By the definition of A (¢) in (51), for t € (—o00,t,), A (t) = A. Thus,
the derivative of A (¢) at ¢ is A’ (t) = 0.

Case 2: t € [t,,t.). In this case, by the definition of A’ (¢) in (56), A’ (t) = ¢. Therefore, by
Lemma 9, A’ (t) = ¢ < 0. By the definition of A (t) in (51), for t € [t,,t.), A(t) = A’ ().
Therefore, by the definition of A* (¢) in (45), if ¢ # t,., then the derivative of A (t) at t is ¢ = A/ (t).

Case 3: ¢ € [t.,00). In this case, by the definition of A’ (¢) in (56), A’ (t) = A® (¢). By Lemma 18,
¢ < A (t) < 0. Therefore, ¢ < A’ (t) < 0. By the definition of A (¢) in (51), for ¢t € [t., ),
A (t) = A€ (t). Therefore, by the definition of A€ (¢) in (47) and the definition of A (¢) as the
derivative of A€ (t), if t # t., then the derivative of A (¢) at ¢t is A (¢t) = A’ (¢). O

We can now provide bounds on the value of A (¢1) relative to A (¢y) for arbitrary ¢ty < t;, as

required for the proof of Lemma 21 and several later lemmas.

Lemma 20. For arbitrary ty < t1,

A (to) = A(t1) = Ato) + ¢ - (t1 — o).

Proof. We have

A (t1) = {By the FTC with f(¢) = A (¢), and by Lemmas 17 and 19}
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A (to) + ! A (t) dt

to

< {By Lemma 19}

t1
A (to) + / 0dt

to

= {Rearranging}

A (o) .
Also,

A (t1) = {By the FTC with f(¢)
1
A (to) + A (t) dt
to
> {By Lemma 19}

t1
A (to) + o dt
to

= {Rearranging}

A (to) + ¢ - (t1 — to)-

We now provide the lemma that addresses Case C in Figure 9.

on the location of y; .

ti . < {By the definition of i-sufficient in Definition 14}

tr + (tr) + ek

< {Rearranging}

= A (t), and by Lemmas 17 and 19}

Lemma 21. Ift, € I,,t, € (Yik,Yik+1) for somek, and z;(y; ¢) = =5 (sy)+A (yie) is z-sufficient

for all 7; ¢ such that y; ¢ € [t,,t,), then z;(t,) = x5 (s;) + A (t,) is z-sufficient.

Proof. Observe that 7; j, is the last job of 7; released prior to ¢,. We consider two cases, depending

Case 1: y; , < t,. Let ;(¢,) be the value used in the definition of X in (40). We have
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tr + 27 (sr) + Ziltr) — 27 (sr) + i
< {By the definition of \ in (40)}
tr +x;(sr) + A+ ein
= {By Lemma 16}
tr +2i(sp) + A(ty) +eik
= {Rearranging}
to +25(sr) + A(ty) — (ta —tr) + €ike
< {By the definition of ¢ in (46)}
ta+25(s)) + A(ty) + - (ta —t,) + €3
< {By Lemma 20 with ¢y = ¢, and t; = t,}

to + 27 (sr) + A (ta) + €ik- (57)

Therefore, by the definition of z-sufficient in Definition 8, x;(t,) = x{(s,) + A (t,) is z-sufficient.

Case 2: y; 1. > t,.. We have

z;(sr) + A(ty) > {By Lemma 20 with tg = y; ,, and t; = t,}
23 (sr) + A (Yik) + ¢ (ta — Yik)
> {By the definition of ¢ in (46)}

zi(sr) + A (Yik) — (ta — Yik)-

By the statement of the lemma, x;(y;x) = x{(s») + A (yix) is x-sufficient, so by Theorem 3,
zi(te) = 5(sr) + A(yix) — (ta — yix) is z-sufficient. Therefore, by Property 3 with ¢y =

i (sr)+A (Yik)— (ta—vik) and cp = x () +A (ta), zi(ta) = x () +A (tg) is -sufficient. [

We now consider Case D in Figure 9, where t, = y; » for some k, £, > y; x + €; %, and 7;
is f-dominant for L;. In this case, by the definition of f-dominant for L; in Definition 10, & > 0,

and thus 7; . exists. In Lemma 22, we consider the case that y; ;1 € I,, and in Lemma 24, we

consider the case that y; 1 € 1.
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Lemma 22. Ift, € I, t, = y; for some 7, 7; ) is f~-dominant for L;, and y; 1 € I,, then

zi(te) = xi(sy) + A (t,) is z-sufficient.

Proof. We have

x;(sr) + A(ta)
= {Because t, = ;1 }
23 (sr) + A (Yik)
> {By Lemma 20 with ty = ¢, and t; = y; ;,}
zi(sp) + Altr) + ¢ (yik — tr)
= {By Lemma 16}
i (sr) + A+ ¢ (Yig —tr)
> {By the definition of \ in (40)}
w;(sr) + @i(tr) — 27 () + Ai"(m — Li = 1) + ¢ (yix — tr)
= {Rearranging}
tr+@i(ty) +ejp1 + A" (M —Li — 1) —ej o1 —tr + & (Yir — tr)
> {By the definition of Z-sufficient in Definition 14, because y; 1 < t,}
tip1 + A" (m—Li—1) —ejp1 —tr + & (yir —tr)

> {By the definition of ¢ in (46)}

Sp - A"(m — L; — 1
tzc,kfl + A" (m — L — 1) — €ik—1—tr + < — ( T. Z ) - 1) ) (yi,k —tr)
7
= {Rearranging}
Sp - AM(m — L; — 1
1 — Yk F A (m — Ly — 1) — e g + —— ( i—1, (Yie — tr)

T;

> {Because s, > 0, A]"(m — L; —1) > 0,7; > 0,and y; , > t,}
tik—1—Yik T A (m—Li = 1) —e; 1

> {By the definition of f-dominant for L; in Definition 10 and Property 8, because
ti—1 > Yik = tr}

tik—1 — Yk + A" (m —Li = 1) = C;
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> {By Lemma 8}
t;':,k—l —Yik + Az,k(m —L; — ].) — €k
= {By the definition of a;{k in (15)}

zl). (58)

Furthermore, by the preconditions of the lemma and Theorem 4, z;(t,) = a;{ i 1s z-sufficient.

Therefore, by (58) and Property 3 with ¢y = x{ p and c1 = x7(s;) + A (t,), the lemma holds.  [J

We next consider the case that y; .1 € I, in Lemma 24. We will explicitly consider the
difference between y; 1 and y; 1, based on the following lemma, which will also be used in

Section 4.5.

Lemma 23. Fork > 0, v(y; %) > v(yik—1) + T;.

Proof. We have

v(yi ;) = {By the definition of Y; in (6)}
v(rig) +Y;
> {By the definition of T} in (5)}
v(rig—1) + T +Y;
= {By the definition of Y; in (6)}

v(Yik—1) + T

We now consider Case D when y; 1 € I,.

Lemma 24. Ift, € I,,t, = y; ) for some ; i, T; , is f-dominant for L;, y; ,—1 € I, and z;(y; ¢) =
x7(sr) + A (yi) is x-sufficient for all T; 0 witht, < y; ¢ < y; ., then x;(tq) = z5(s,) + A(t,) is

x-sufficient.
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Proof. In Lemma 23 we considered the difference between y; ;. and y; x—1 in virtual time. We now

consider their difference in actual time.

(Yik — Yik—1) - S = {By Lemma 35}
v(Yik) — v(Yik-1)
> {By Lemma 23}

V(WYik—1) +Ti — v(Yik—1)

= {Rearranging}
T;.
Rearranging,
T;
Yik—1 < Yik — o (59)

T
Because z;(y; ¢) + x{ (sr) + A (yi,) is z-sufficient for all y; ; < y; 1, by (59) and Lemma 21 with

tae =ik — Li/sr, xi(Yi — Ti/sr) = x5 (sr) + A (yie — Ti/sr) is z-sufficient. Thus,

x;(sr) + A(te)
= {Because t, = y; 1}
i (sr) + A (yik)

> {By Lemma 20 with ¢y = y; ;, — 82: and t| = y; i}

T; T;
x5 (sy) + A <yi7k - > + ¢ —

Sy Sy

= {Rearranging}

T s T T

T; T; T; T;
Yik — — +xi(s,) + A <yi,k - Z> teih1—Yikt —+ O = —eip
s s s s
> {By the definition of z-sufficient in Definition 8, and by (59)}

T: T:
tik—1 — Yik T SJ +¢- SJ — € k-1

> {By the definition of ¢ in (46)}
T, (sr-Afn(m—Li—l)_1> T;

6 =Yg+ — = — ek
Z,k‘ 1 yl, Sr CZ‘ZL S"" 2
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= {Simplifying}
tik—1 —Yik A" (m—L;i = 1) — €1

> {By Definition 10 and Property 8, because t§, | > y;, >t}
tik—1—Yik T A" (m—L; = 1) = C;

> {By Lemma 8}
tik—1 — Yik + Aip(m—Li — 1) — e

= {By the definition of z, in (15)}

f

Furthermore, by the preconditions of the lemma and Theorem 4, z;(t,) = :czf .. 1s z-sufficient.

Therefore, by Property 3 with ¢y = a:{ p and c1 = x3(s;) + A (t,), the lemma holds. O

We now provide a combined lemma that addresses Case D.

Lemma 25. Ift, € I,, t, = v, for some 7; j, T; , is f-dominant for L;, and x;(y; ¢) = x;(s,) +

A (y;0) is x-sufficient for all T; p with y; ¢ € [t,,t,), then z;(t,) = x5 (s;) + A (t,) is x-sufficient.

Proof. Ify; p—1 € 1,, then the lemma follows from Lemma 22. Otherwise, it follows from Lemma 24.

O]

We now address Case E in Figure 9, where ¢, = y; , for some k, tf}k > Yik + €k, and 7 is
m-dominant for L;. In this case, by Theorem 5 with L = L;, w;”k is z-sufficient. Observe that ei s
the total amount of work remaining at y; . from jobs of 7; prior to 7; , appears in the expression for
J:Tk in (23). Thus, we must bound e‘z ;.- In order to do so, we will use the result of Lemma 3 with
to = Yi k-

Observe in Lemma 3 the presence of DJ‘f(bM, Yi.k), and in the definition of chf(bﬂ, Yi k) in
Definition 6 the presence of e; ;. Although when accounting for overloads it was necessary to
account for specific parameters of specific jobs, we want to develop general dissipation bounds that
do not require such parameters. We will eliminate all such job references by deriving upper bounds
using Properties 5-9 and the inductive z-sufficiency of z;(t) = x{(s,) + A (¢) for some smaller

values of ¢.
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Similarly, observe that the definition of W; ;, in (16) involves D;(bj’g, Yik) and DS (tgk, Yik)-
Therefore, many of the same lemmas used when analyzing ei . Will be additionally used when
analyzing W j.

We first provide a general upper bound to D (to,t1) (defined in Definition 6) when Property 8
applies.

Definition 15.
DY (to,t)) = > C,

i pEW
where w is the set of jobs with tg < ;1 <y, < t1.

Observe that the definition of D (tg,1) in Definition 15 differs from that of D$(tg,t;) in
Definition 6 only in that it uses C; in place of e; ;.. The following lemma justifies this definition.
However, in some cases, the replacement of some e; , with C; creates excessive pessimism. Thus,

the lemma also provides a version of the bound that eliminates this pessimism for one particular job.

Lemma 26. If, for all jobs 7; j, withr; j, > to, t; i = tr, then
D¢(to, t1) < DY (to, t1).
If, furthermore, there is a 7; y such thatto < r; o < y; ¢ < t1, then
D§(to, t1) < DY (to, t1) + eie — Ci.

Proof. The definitions of w in Definition 6 and in Definition 15 are identical: w is the set of jobs 7; 1,
with tg < r; . < y; 1 < t1. By the statement of the lemma, ¢5, > ¢, for each such 7; ;. Thus, by

Property 8, ¢; ;, < C; for all 7; . € w. Therefore,

D5 (to, t1) = {By the definition of D¢(to, 1) in Definition 6}

D ik
T,'JCEUJ
< {Because e; , < C; forall 7, , € w}

>

’TZ"kEUJ
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= {By the definition of Df (tg, 1) in Definition 6}

D¢ (to, t1).

If, furthermore, there is a 7; ¢ such that £y < r; ; < y; o < t1, then 7; o € w by the definition of w

in Definitions 6 and 15. Therefore,

Dg (to, t1) = {By the definition of Df (o, t1) in Definition 6}

g €ik

Ti’kew

= {Rearranging}

Y Ci+ D> (eip—Ci)+ (e — Ci)

Ti, k€W Tiykew\{n’g}

< {Because e, < C; for 7; ), € w}

D Cit (e —Ci)

Ti’kew
= {By the definition of DY (tg, ) in Definition 15}

D (to, t1) + ei0 — Cs.

O]

We now provide a general upper bound on DzC (to,t1) that will be used in conjunction with

Lemma 26. This upper bound uses a result from Erickson et al. (2014).

Lemma 27. Ifty < t1, then DS (to,t1) < UY - (v(t1) — v(to)) + Sj.

Proof. When considering virtual time instead of actual time for the purpose of job separation and
PPs, and given the use of C; in Definition 15 in place of e; ;, in Definition 6, GEL-v scheduling under
the SVO model reduces to traditional GEL scheduling under the ordinary sporadic task model. Thus,
after translating ¢ and ¢; from actual time to virtual time, the lemma is identical to Lemma 2 from

(Erickson et al., 2014). L]

In Lemma 3 and in the definition of W; ; in (16), D;(b]”g, yi,,) appears for some 7; . Using

Lemma 26, this term can be upper bounded using D]G(bﬂ, y; 1) and possibly an extra term to reduce
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pessimism. We more specifically characterize ch(bj’g, y; ) in the following lemma. Using the
definition of z-sufficient in Definition 8, we will be able to reason about y; , using an inductive
assumption about the z-sufficiency of z;(t) = zi(s,) + A (t) for some smaller values of ¢. Therefore,
on the right hand side in Lemma 28 we use y; ¢ instead of b; ;. As we show in the lemma, the analysis

required to do so effectively cancels out the S; term that would appear using Lemma 27.

Lemma 28. If 7;  is pending at time t > t,, then
DS (bje,yige) < max{0,U} - (v(yik) — v(y;,0)}-

Proof. We consider two cases, depending on the relative values of b; ¢ and y; .
Case 1: b > y; . If bj o > y; 1, then there are no jobs 7;, such that b;, < 7, < yj» < Y-
Therefore, by the definition of ch(bj’g, Yi ) in Definition 15, ch(bM, yix) = 0 < max{0, Uy -

(0(ik) = v(y5.0)}-

Case 2: bj ¢ < y; . We first relate v(b;¢) to v(y;.r).

v(bj¢) = {By the definition of b; ; in Definition 5}
v(rje) +Tj
= {Rearranging }
v(rje) + Y+ 15 = Y;
= {By (6)}

v(yje) + T = Yj. (60)

Furthermore, because 7; ¢ is pending at t3 > ¢,., t;v > t, for v > ¢. We have

DS (bj¢, k) < {By Lemma 27}
U;’) ~(v(yik) —v(bij)) + 5;
= {By (60)}

Ui - (v(Wik) —v(ye) — Ty +Yj) +S;
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= {Rearranging}
Uj - (v(yik) —v(yse)) = Uj - (T3 = Yj) + 5;

= {By the definition of U 7 in (26) and the definition of Sj in (38)}
i Y, Y,
07 -l = vl = G- (1-72) +¢- (1= F)
= {Cancelling}
Ui - (v(Wik) — v(Y50)

< {By the definition of “max”

max{0, U}’ - (v(yik) — v(y;,0))}-

O]

We will provide in Lemma 30 a lower bound on y; ¢, using an inductive assumption about the
z-sufficiency of z;(t) = z}(s;) + A (t) for some smaller values of ¢. In a similar manner to how we
defined a notion of z-sufficient for a value of the function z;(t) for a particular ¢ and ¢, we define a
notion of z?-sufficient for a function =¥ (t) (pending). We will show that ¥ () is closely related to

x;(t), hence the similar notation.

Definition 16. 2% (¢) is 2P-sufficient if 2% (t) > 0 and, for all 7; ;, pending at ¢,

Yie >t — (2 (t) + i 1 (1))

In Lemma 30 below, we will provide a specific 2P-sufficient choice of ¥ (t2) for an arbitrary 7;
and t9 € I.. (We use %2 in place of ¢y to avoid later conflicts in notation.) That choice will be based
on the simple observation in the following lemma. Comparing this lemma to Definition 16 shows the
reason for the similar notation between x;(¢) and 2¥ (¢). (A different choice of ¥ (¢), also based on

Lemma 29, will be used in Section 4.5.)

Lemma 29. If 7;  is pending at > and x(y;,¢) is x-sufficient, then y; ¢ > t2 — (x;(y;.0) + €5 4(t2)).

Proof. We use proof by contradiction. Suppose that ;(y; ¢) is z-sufficient, but

Yje <tz — (2j(y;e) + €5 0(t2)). (61)
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Then,

;‘774 < {By Definition 8}
Yo+ (Y50 + €5
< {By (61}
ty — (w5(yj0) + €5 4(t2)) + 25(yj0) +e€je
= {Simplifying, and by Property 1}

to + 6575(752) . (62)

If €§’Z(t2) = 0, then (62) contradicts the assumption that 7; is pending at Z3. Otherwise, (62)
contradicts the definition of e} 4(t2) in Definition 3. O

We now define a z?-sufficient choice of 2¥ (¢2) for ty € I,.

Lemma 30. Suppose that for each job 7; , pending at time ty € I,., if y;; € [t,,t2), then z;(y; ) =

2%(sr) + A (yj,0) is x-sufficient. Then, x'; (t2) = 2" (t2) is 2P -sufficient, where
" (t2) 2 @5(sy) + A (2 — p). (63)

Proof. By the definition of x?” (t2) in (63) and by Lemma 13 with t, = t5 — p, :Ué” (t2) > 0. To
P

show the remaining condition for z7; (t2) = a:?r (t2) to be xP-sufficient, we consider an arbitrary job

7;,¢ pending at to. By showing that y; , > to — (m?r (t2) + €§ ,(t2)) for such an arbitrary job, we

show that x? (t2) = :U?T (t2) is 2P-sufficient. We consider three cases, depending on the value of y; o.

Case 1: y;; € (—00,1,). We first bound the value of ¢, for this case to apply.

ta < {By the definition of “pending” in Definition 4}
c
3L
< {By the definition of &-sufficient in Definition 14}
tr + @5(tr) + €50

< {By Property 8, because 7; ¢ is pending at t, > t,.}
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tr + & (tr) + Cj
< {Because A’"(m — L; — 1) > 0}
ty +@j(t,) + AT (m — Lj — 1) + C;
= {Rearranging}
tr + 25 (s) + (&5(tr) — 25(sr) + AJ"(m — L — 1)) + C;
< {By the definition of \ in (40)}
tr +x3(sr) + A+ Cj
< {By the definition of p in (50)}

lr + p.
Therefore, to — p < t,, so by the definition of A (t2 — p) in (51),
Aty —p) =\ (64)
Thus, we have

x?r (ta) = {By the definition of xﬁ” (t2) in (63)}
z5(sr) + A(t2 — p)
= {By (64)}
z3(sr) + A
> {By the definition of A in (40)}
z3(sr) + (25(yj0) — 25(sr))

= {Cancelling}

(Yj,6) (65)

for some z-sufficient choice of z;(y;¢). Therefore, by Property 3 with ¢y defined to be that
choice and ¢; = a:?r (t2), zj(yje) = x?r (t2) is a-sufficient. Therefore, by Lemma 29, y,, >

ty — (27 (t2) + €5 (b))

57



Case 2: y; 4 € [tr,t2). Asin the previous case, we again bound the value of ¢ in order for this case

to apply.

to < {By the definition of “pending” in Definition 4}
(6]
j7£
< {By the definition of z-sufficient in Definition 8 and the statement of the lemma}
Yo+ 25(sr) + A(yje) + €5
< {By Property 8, because 7; ¢ is pending at t5 > ¢, }
Yje + x5 (sr) + A(yje) + Cj
< {By Lemma 20 with tq = t, and t; = y; s}
yje +a5(sr) + A(tr) + Cj
= {By Lemma 16}
Yje + l‘;(ST) + A+ Cj
< {By the definition of p in (50)}

Yie + p-

Rearranging,

l2 = p < Yje (66)
Thus, we have
CC?T (t2) = {By the definition of x?r (t2) in (63)}
zi(sr) + A (t2 — p)

> {By Lemma 20 with ¢ty =t — p and ¢; = y; ¢, and by (66)}

w5 (sr) + A (yje) -

Therefore, by Property 3 with co = 3(s;) + A (yix) and e1 = 28" (t2), xj(y;e) = 2} (t2) is

x-sufficient. Therefore, by Lemma 29, y; , > t2 — (.T?T (t2) + €5 ,(t2))-
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Case 3: t5 < y; . In this case,

Yje = t2
> {By Lemma 13 with ¢, = t2 — p, and because e;,z(tZ) >0}
t — (@5(t) + A (2 — ) + ¢54(12))
= {By the definition of :rﬁ” (t2) in (63)}

ty — (x?’“ (t2) + €5 o(t2))- (67)

O]

In Lemma 32 below, we will bound an expression that occurs in Lemma 3 and in the definition
of W . in (16). Observe in Lemma 28 that virtual times are used, in the form of v(y;¢) and v(y; 1 ).
However, in Lemma 30, actual times are used. In order to combine the results of these two lemmas,
we will need to characterize as Lemma 31 the behavior of v(t), using Property 2. We will consider
v(t1) — v(to) for arbitrary ¢; > to, as Lemma 31 will also be used elsewhere in our analysis.

If we were only concerned with the analysis when ¢y > t; and ¢; € I, then by Property 5 we
could assume that s(t) = s, for ¢ € [tg,t1). However, Lemma 32 is general enough to be used in
Section 4.5 in analysis that involves I,,, during which s(¢) = 1. Therefore, we instead define as s,
(upper bound) an upper bound on s(t) for ¢t € [tg, t1). In this section, we will use s, = s, for the

just-noted reason, and in Section 4.5 we will use s,;, = 1, which is always valid by the definition of
s(t).

Lemma 31. Ift; > tg and S(t) < syp fort € [to,tl), then U(tl) — U(to) < Sub - (tl — tg).

Proof. We have

v(t1) — v(tp) = {By Property 2}

/t " st)dt

< {By the statement of the lemma}

t1
/ Sub dt
to
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= {Rearranging}

Sub * (tl — to).

O

We now provide a result that allows us to upper bound expressions that appear in Lemma 3 and
in the definition of W; j in (16). We use the general x? (t2) in place of l‘?T (t2) so that we can reuse

this lemma in Section 4.5.

Lemma 32. If7; is pending at t2 € [t;,yix], sup € (0,1], s(t) < sy fort € [y; e, t2), and 24 (t2)

is xP-sufficient, then
€ o(t2) + Dj(bje,t3) < Cj + U - syp - @ (t2) + UJ - (v(t3) — v(t2)).
If furthermore j = i and k > ¢, then
e o(ta) + D5 (bje,t3) < ejp + UL - sup - @) (t2) + U - (v(t3) — v(ta)).

Proof. We first provide reasoning that will address both the cases present in the statement of the
lemma, which correspond to the two cases present in Lemma 26. We will then apply specific

reasoning for each case. We have

e} o(ta) + D (bj s, t3)
< {By Lemma 28}
e o(t2) + max{0, U} - (v(t3) — v(yje))}
= {Rearranging}
€jo(t2) + max{0, Uy - (v(t2) — v(y;e)) + Uj - (v(t3) — v(t2))}
< {Because t3 < t3}
€j¢(t2) + max{0,Uj - (v(t2) — v(yje))} + Uy - (v(ts) — v(t2))
< {By Lemma 31 if y; ; < to, or by the 0 term in the “max” otherwise }

e o(ta) + max{0, U} - sy - (t2 —yj0)} + U - (v(t3) —v(t2))
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< {By the definition of zP-sufficient in Definition 16 with ¢ = t2}

¢ o(t2) + max{0, Uy - sy - (27 (t2) + €§,(2))} + Uy - (v(ts) — v(t2))
= {Because 2% (ta) > 0 (by Definition 16) and 5 ,(t2) > 0}

e o(t2) + U7 - sup - (2] (t2) + €5 4(t2)) + UJ - (v(t3) — v(t2))
< {By Property 1, and because U} < 1 and s, < 1}

ejo+Uj - sup - 2f (t2) + U - (v(t3) — v(t2)). (68)
Furthermore,

ejo(t2) + D5(bjet3)
< {By Lemma 26, because 7; ¢ is pending at to > ¢, }

¢ o(t2) + DY (bje:t3)
< {By (68)}

ej0 + UJ - sup - @ (t2) + UJ - (v(tz) — v(t2)) (69)
< {By Property 8, because 7; ¢ is pending at to > t,.}

Ci + U - sup - x? (t2) + Uj - (v(t3) —v(t2)).
We divide the more specific case, when j = i and k& > £, into two subcases. If k = /, then

e o(t2) + D5 (bje, t3)
< {By (69) with j =i and ¢ = k}

eik+ UL - sup -2 (t2) + U - (v(t3) — v(t2)).
If £ > £, then by the definition of b; ; in Definition 5, r; 5, > b; ». Therefore,

€ie(t2) + D (biyg, t3)
< {By Lemma 26, because ;¢ is pending at 5 > t,.}

e; o(t2) + Dio(bi,fa t3) + e — C;
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< {By (68) with j = i}

€io + UP -+ sup - a7 (t2) + U7 - (v(ts) — v(t2)) + eip — Ci
< {By Property 8, because 7; ¢ is pending at t5 > t,.}

Ci + UL - sup - ag (B2) + U - (v(ts) — v(t2)) + ei — Ci
= {Simplifying}

eik + UL - sup -t (t2) + U - (v(ts) — v(t2)).

We first use Lemma 32 to bound ei . when y; o >t
Lemma 33. Suppose 7; ¢ is the earliest pending job of 7; at y;, > t,. If s(t) < sy, for all
t € [WieYik)s Sup € (0,1], and 2 (y; 1) is aP-sufficient, then e, < UY - syp, - ¥ (yi 1)
Proof. We consider two cases.

Case 1: 7; ;, is the earliest pending job of 7; at y; ;, or there is no pending job of 7; at y; ;.. In

this case,

ei » = {By the case we are considering}
0

< {Because =¥ (y; 1) > 0 by the definition of 2P-sufficient in Definition 16}

U - sup - 22 (yig) -

Case 2: 7; , with ¢ < k is the earliest pending job of 7; at y; .. By Lemma 3 with ¢y = y; 1, the

total remaining work from 7; at y; ;. is at most

e (i) + Di (bie, Yik)
< {By Lemma 32 with ¢ty = y; , and t3 = y; 1, }
ik + UL - sub -2 (Yir) + UP - (v(in) — v(¥ik))

= {Rearranging}
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eik + UL sup -2 (yig) - (70)

Of this work, e; j units are from 7; j, itself. Thus, subtracting e; ; yields the lemma. ]

When we upper bound e?, for a 7; , with t? < tr, we will need to consider z” (¢). Furthermore,

2y

Dr

we will need a general upper bound on z;" (t). The next lemma provides such an upper bound.

Lemma 34. Forall 7; and t < t,,, 2" () < 25(s,) + .

Proof. We consider two cases, depending on the value of ¢.

Case 1: ¢ < t, 4+ p. In this case, t — p < t,.. Therefore,

x;(sr) + A = {By the definition of A (¢) in (51)}
2(s0) + At p)
= {By the definition of z!" (¢) in (63)}

" (t).

(2

Case 2: t > t, + p. In this case, t — p > t,.. Therefore,

x;(sy) + A = {By Lemma 16}
i (sr) + A(ty)
> {By Lemma 20 with ¢y = t, and t; =t — p}
#3(0) + At = p)
= {By the definition of z%" (¢) in (63)}

2P (t).

1

O

We will next consider the remaining terms that appear in the definition of z}} in (23). We
will continue to need to translate between differences in virtual time and differences in actual time.

Lemma 31 above provided an upper bound on v(¢1) — v(tg) when ¢; > t(, but sometimes an exact
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value is needed. The next lemma provides an exact value instead of an upper bound when ¢y € [ts,t,,)

and t1 € [ts, t,).
Lemma 35. Ifty € [ts,tn) andt; € [ts,tn), then ’U(tl) — U(to) = Sy (tl — to).

Proof. We have

v(t1) — v(to) = {By Property 2}

/t st dt

= {By Property 5}

t1
/ sy dt
to

= {Rearranging}

Syt (tl - tO)'

O]

We will first consider in Lemmas 36—40 the case that t? & € 1o, and then in Lemmas 41-48 we
will consider the case that tg x € Ir. In Lemma 49 we will prove that z;(t,) = x{(s,) + A (t4) is
z-sufficient for either value of té’ e

First, we upper bound W; ,, when tf i € Lo
Lemma 36. Ifté”k € I, and y; ), € I, then
Wik < Wik + Z Ui - (yig —tr).
T;ET
Proof. We have

Wee+ > U7 - (yig — tr)

T;ET

= {By Lemma 35 and the definition of U] in (27)}

Wi+ > UF - (v(yin) — o(tr)

T;ET
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= {By the definition of W, in (42)}

zk_ZD (trs Yik) +ZS +ZUU v(Yik) — v(tr))

T;ET T;ET T;ET

= {Rearranging}
ZD br, Yik +Z yzk —v(tr ))+S])
TjEtr T;ET

> {By Lemma 26}

Wz,k_ZDj rayzk +Z y’Lk (t ))+S])

TjEtr T;ET

> {By Lemma 27}

Wi,k-
(71)
O
In a similar manner, we next consider the value of I?; ;, when tf’ i € ILo.
Lemma 37. Ift?,k € I, and y; 1 € I, then R + uor - (Yig —tr) = Ri.
Proof. We have
Ry o+ wtot - (Yik — tr)
= {By the definition of RY, in 43)}
Utot * (tr - ti'),k;) + Utot (yi,k - tr)
= {Rearranging}
b
Utot * (yi,k - ti,k)
= {By the definition of R; ;, in (20)}
R; .
O
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We now provide an upper bound on O; ;.. This lemma uses Property 9, which does not depend

on s(t), so it can also be applied in a straightforward manner in Section 4.5 where y; ,, € I, as well.
Lemma 38. Ifté”k €1y, y; 1 €1, U, and tf’k > y; k» then O,ﬁk +O0™ > O .

Proof. We first observe that, by the definition of 3, (o, t1) in Definition 7,

Bo(t? ks t5 1) = Bp(t) g tr) + Bp(tr, t5 1) (72)
We have

07\ + O™ = {By the definition of 07, in (44) and the definition of O™ in 39)}

E zka E upop

PPEP PyeP

> {By Property 9}

Z Op(t?,katr) + Z op(tr, i)

PyeP PpeP
= {Rearranging }
b
Z (op(ti g, tr) + op(tr, t;‘ik))
PyeP

= {By the definition of o, (t¢,?1) in (8)}

> (max{0,Gp(ty — t7) — Bp(th s tr)} + max{0, up(t5 ), — t,)

P,eP
- ﬁp(tﬁ yl,k)})

> {By the definition of “max”

Z (max{0, u,(t, — t?,k) - 5p(t?,k’ )+ Up(Yi ke — tr) — Bp(tr, Yik)})

PpeP

= {Rearranging, and by (72)}
Z (maX{O up(yzk ) ﬂp( ik Yi, k)})

PyeP

= {By the definition of 0, (¢}, yi 1) in (8)}

Z Op(t'li),kv yz,k)

P,eP
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= {By the definition of O; ;, in (19)}

Oi,k‘

O

When considering tﬁ? 1. in I,, we will consider the value of A\. We now provide a lower bound on

A that closely resembles the bound we desire.

Lemma 39. For arbitrary 7; j, such that tf}k €l,andy; ), € I, UI,,

\ s W — RYp+ (m —wor — Ve + OF, + O™ + Li - Ul - (z(sr) + A)
o Utot '

Proof. By the definition of X in (40), we have

Wik = B+ (m = wior = Deij + OFy + O™ + Li - Uj - 27(sy)

A >
- Ugot — Ly - U]

Adding X - % to both sides yields

Utot > Wz?k — Rf,k + (m — Utot — 1)6¢7k + O‘?k + orm + Lz . UZT . (.%'s(j) + )\)

1, i

. - > m
Ut — Li - U Ut — L - UZ'

By Property 11, the definition of U;" in (27), and the restriction that s, < 1 in Property 5, L; - U] <

Utot. Therefore, wot=Lili ), Thus, multiplying both sides by Utor =Ly U, yields the lemma. [J

Utot Utot

We now consider the té’ . € 1o subcase of Case E.

Lemma 40. Ift, € I., t, = y; for some k, 7;} is m-dominant for L;, and t}, € I,, then

zi(te) = xi(sy) + A (t,) is z-sufficient.

Proof. We have

i (sr) + A (ta)
> {By Lemma 20 with ty) = ¢, and t; = tq = y; 1}

i (sr) + Altr) + & (Yir —tr)
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= {By Lemma 16}
zi(sr) + A+ ¢ (yik —tr)
> {By Lemma 39}

W — R+ (m—wor — Ve + OF, + O™ + Li - U] - (z5(sr) + A)

7

#(s,) + — 3(s)
Utot
+ ¢ (Yik — tr)
= {Rearranging}

Wik + By g+ ttor - &+ (Yik — tr) + (M — ugor — L)€ + 07 + O™
+ L - U] - (25 (sr) + )/ uor
> {By Lemma 34}

VV;k + Rf,k’ + Ugot * (;5 . (yi’k — tr) + (m — Utot — 1)62‘7k + Ozo,k +O™+L;- UZT . CC?T (ylvk)

Utot

> {By Lemma 38}
VVi(?k + R;'),k: + Utot * (;5 . (yi’k — tr) + (m — Utot — 1)6i,k + O@k + Li . UZT . Scfr (ym)

Utot

> {By Lemma 33 with 2% (y; 1) = 2" (yi k), Sup = $r, and the definition of U] in (27)}
W+ R+ ot - & (Yik — ) + (M — weor — L)€ + O + L - eﬁk

(2

(73)

Utot

For simplicity, we now consider some of the terms separately.

Wi — Ry g+ tiot - ¢ (Yik — tr)

> {By the definition of ¢ in (46)}

Wfi?k - Rf?,k + ( Z U; - utot) . (yi,k - tr)

T;ET

= {Rearranging}

Wi + Z Ui - Wik —tr) — B — ot - (Yik — tr)

T;ET
> {By Lemmas 36 and 37}

Wik — Ri . (74)
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Combining, we have

x5 (sy) + A(tg) > {By (73) and (74)}
Wik — Rir+ (m — upor — 1)€i,k + O+ Li - eﬁk
Utot

= {By the definition of z7} in (23)}

m
xi,k‘

(75)

By Theorem 5, x;(t,) = ) is x-sufficient. Therefore, by Property 3 with ¢cg = ]}, and ¢; =

i (sr) + A(ta), zi(te) = z3(sr) + A (t,) is z-sufficient. O

In Lemmas 41-48, we now turn our attention to the case when tf, & € Ir. In order to facilitate use
in the next subsection, some of these lemmas also apply when t?} i € In. Observe in the definition of
;) in (23) the presence of the term (m — ugor — 1)e; 1. This term was previously accounted for by
its explicit inclusion in the definition of A in (40). However, the value of A is only directly relevant
for 7; ;, with t?’ & € Ir. In most lemmas in this section, terms with e; ,, can be upper bounded by using
C; instead. However, depending on the size of usot, m — uzr — 1 can be as small as —1 or as big
asm — 1. If (m — ugor — 1) € [0,m — 1), then (m — ugor — 1)Cy > (m — ugor — 1)e; 1. However,
if (m — wor — 1) € [—1,0), then (m — uor — 1)C; could be smaller than (m — ugor — 1)e; i, by as
much as C; — ¢; ..

As we will show, we can use the less general cases in Lemmas 26 and 32 while bounding W; ;.
in order to cancel out this discrepancy. Our reasoning will depend on whether 7; has a job in 0; ;,
orisin ﬂ To handle these cases, in the next lemma we define an indicator variable €2; ;(j) that
will be used for all tasks in either case, but that will be nonzero only when 7 = ¢. We first consider
how to handle a 7; with a job in 6; 1., based on the expression that appears in the sum for 6; ;. in the

definition of W; j in (16).
Lemmad4l. If7;, € 0;, t?k € I,Ul, sy € (0,1] fort € [yﬂ,tfk), and:r? (tfk,) is zP-sufficient,
then

(120 DS by i) < G+ UF - san- o (182) + U5 - (o) — o(t80)) + D),
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where
A ei,kz_Ci Ifj:i
Qir(j) = (76)
0 Ifj #1.

Proof. We consider two cases, depending whether j = 1.

Case 1: j = i. In this case, by the definition of 6; ;, in Lemma 4, y; < ¥; .. Therefore, k > /.

Thus,

e o(t2 ) + D5 (bje, yik)
< {By Lemma 32 with ¢t = t?,k and t3 = y; 1}

i+ UY - sup-at (1) + U7 - (0yi) = v(th))
= {Rearranging}

Cit Uy - sup- (1) + UF - (0lyie) = 0(t24) + oo = Ci
= {By the definition of €; ;,(j) in (76)}

Ci +Uj - sup - 5 (tfkr) HUP - (vlyie) = v(thp) + Qig(h)-
Case 2: j # 4.

el o(t21) + D5 (bjie, yik)
< {By Lemma 32 with t, = t?’k and t3 = y; 1}

Cit UP s a? (#3) + UP - (i) = 0(th)
= {By the definition of €; ;.(j) in (76)}

Cit UP - sup o (#3) + UL - (i) — v(ty)) + Q).
O

The next lemma is similar, but handles the expression that appears in the sum for m in the

definition of W; x in (16).
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Lemma42. If7; € 0, t2, € I, UL, and t{, > y; 1., then
DS, yin) <UL (0(yi) —v(t2) + 55 + Qik(4)-

Proof. We consider two cases, depending whether j = 1.

Case 1: j = i. In this case, because ¢

k> Yik = t?,k’ 7; ), must not be complete at té”k. Ifr;p < t?,k’
then by the definition of ; ;, in Lemma 4, 7; ;, or some predecessor of 7; ; must be in 0; ;.. By the
definition of 6; ; in Lemma 4, this contradicts the precondition that 7; = 7; € 6, ;. Therefore,
Tigy 2 1.

Thus, we have

D;(tf,k, Yi k) < {By Lemma 26}
DS (11, yik) + €k — Ci
= {By the definition of ; 1.(j) in (76)}
DS () 1 yin) + Qi)
< {By Lemma 27}

Ui - (v(yik) — U(t?,k)) + 85 + Q5 k()
Case 2: j # 4. In this case, we have

Dj-(ti-”k, Yi k) < {By Lemma 26}
ch(t?,k? Yi k)
= {By the definition of €; ;.(j) in (76)}
DS (821, i) + Qi)
< {By Lemma 27}

U7 (i) = 0(t50)) + S5 + ()
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We now combine these results to provide a bound on W; j, when y; . € I,. U I,. This bound is

valid both when t? & € I and when t? i € In.

Lemma 43. Ift5, > vy, ti-”k € I, U, sy € (0,1], and s(t) < sy, fort € [y]g, ) for each 7j ¢

in 0; 1, and each x? (t’g k:) is xP-sufficient, then

Wi,k; < Z (Cg + U " Sub " Ty (tl k) ‘|‘ Z S + Z UU yz k (ti),k))

m—1 largest T;ET TjET

+ €k — Cz
Proof. We have
W; 1. = {By the definition of W; j in (16)}

> (€t ) + D5 b vin) + > DS 4 vik)

75,6€0i & 7; €0k

< {By Lemmas 41 and 42}

S0 (U s af () + UF - (0lig) = 0(th) + Qi)

T;,0€0; k

+ > (U (wlyin) — v(t24) + S5 + Qi (k)

Tjeel,k

= {Rearranging, and by the definitions of 6; ;. and 6; ;. in Lemma 4}

Z (Cj+Uj - sup - @ ( ) —i—ZS —l—ZUU (i) = v(tly))

Tj,éeei,k T;ET T;ET

+ Z Qi x(4)- 77)

T;ET

By the definition of 0; ;, in Lemma 4, any 7; with a 7 € 6, ;, must be executing immediately before

t? . because 7, ; was released before t° ,, 7, ; is still pending at ¢, , and there is an idle processor
ik Js i,k s p g i,k p

just before té’ i~ Therefore, there can be at most m — 1 tasks with jobs in 6; ;.. Furthermore, it is more

pessimistic to assume that a task has a job in ¢; ;, than that it is in m because

Ci+UY - sup- 2 (tk)

> {Because U. ;> 0, and by the definition of z”-sufficient in Definition 16}
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Cj
> {Because Y; > 0and 7; > 0}
Y;
c..(1- 22
(1-7)
= {By the definition of S; in (38)}

S;.
Therefore,

Wi < {By (77) and the above reasoning }

Yoo+ subx< ) DAY S+ > UP-(v

m—1 largest T;ET TjET

+ Qi (k)

T;ET

= {By the definition of ; ;(j) in (76)}

Y (Ci+Uy- subx( ) DAY S+ Uy (v

m—1 largest T;ET T;ET

+ e — Ci.

(78)

(t?,k»

(tz‘,k))

O]

We now offer a bound that accounts for the —e; j, term that occurs as part of the (m —wir —1)e; i

term in the definition of «}; in (23). This lemma plays a similar role to Lemma 36 above, but for the

case that tfk el,..

Lemma 44. Ift¢, > y; . 0, € I, and y; j, € L, then

Wztk_‘_ZU]T Yik — ) C>vvzk_ezk

T;ET

where

Wi, 2 (Ci+ U ol () = )+ 3 85

m—1 largest T;ET
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Proof. Consider arbitrary 7; o pending at tf - By Property 7, y; o > ts. Therefore, if y; » < t?j &> then
for all t € [y;¢,t%,), s(t) = s,. Because 7, was arbitrary, we can use Lemma 43 with s,;, = s,..

Furthermore, by Lemma 30, we can use x (tf k) = J: ( ) We have

Wie+ Y Uf - (yin — t93) — Ci

T;ET

= {By Lemma 35 and the definition of U] in (27)}

Wi+ > UP - (o(yin) — 0(t25)) — Ci

T;ET

= {By the definition of Wi} in (79)}

Z (Cj+ UL - xé?r (t?,k) )+ Z S;+ Z Uj - (v(Yik) (tfk)) -G

m—1 largest TjET T;ET

> {By Lemma 43 with :):? (tﬁ k) = :r?T (tf k) and s,5 = sy, and by the definition of U7 in (27)}

Wi,k — ei,k-

O
We next bound O; ;.. This lemma plays the same role as Lemma 38, but for the case that
t2), € LU I,

Lemmad45. Ift?, € I, U1, then O™ > O, .

Proof. We have

= {By the definition of O™ in (39)
y

E : UpOp

PyeP

> {By Property 9}

Z Op(t?,k’ Yisk)

PyeP
= {By the definition of O; ;, in (19)}

Oi,k:~
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O]

Many previous lemmas in this section were based on Lemma 20, which essentially states that
A (t) decreases sufficiently slowly in an additive sense. In Lemma 47 below, we will bound the value
of xf(s;) + A (tfk) by using the fact that A (t) decreases sufficiently slowly in a multiplicative
sense. In Lemma 48, we will then use Lemma 20 to bound the value of z}(s,) + A (y; ).

The next lemma shows that A () decreases sufficiently slowly in this multiplicative sense, in a

similar manner to how Lemma 20 shows that A (¢) decreases sufficiently slowly in an additive sense.

Lemma 46. For all to, A (t2) > q - A (ta — p).

Proof. We will consider a function

gt) 2 A(t2)-q » . (80)

(Recall that, by Lemma 11, p > 0.) Observe that

g(t2) = {By (80)}

ta—tg

A(t2)-q »

= {Simplifying}

A(ty). (81)

Also,

g(t2) = {By (81)}
A (t2)
= {Rewriting }

ta—p=ty —totptiy

A(ts)-q o -q »

= {By the definition of g(t2 — p) in (80)}
—to+p+ig

glta—p)-q 7

= {Simplifying }
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q-g(t2 —p).

Therefore, we prove the lemma by establishing that g(to — p) > A (t3 — p). In order to simplify the
analysis in one case, we will prove the more general result that g(tg) > A (tg) for {9 < 2. In order

to do so, we consider the derivative of g(t), denoted ¢'(t), for ¢ € [to, t2). For such ¢, we have

g'(t) = {By (80) and differentiation}

t—to

Ingq
5 (t2)

< {Because t < t2 and 0 < ¢ < 1 by Lemma 10}

lnpq (A (1), (82)

By the FTC with f(t) = A (1),

A (ty) = A (to) + . A’ (t) dt.

to
Rearranging,

A(ty) = A (tz) — : A’ (t) dt. (83)

to

By identical reasoning,

o(to) = g(tz) - / gt dt

= {By 8D}

Alts) - / Y (84)

to

We consider three cases, depending on the value of to. We use intervals closed on the right in

order to reduce the number of edge cases we must consider.

Case 1: ty € (—o0, t,]. In this case,

A (t2) = {By the definition of A (¢) in (51), or by Lemma 16}
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A
> {By the definition of \ in (40)}
0.

(85)
Therefore, by (82), because 0 < ¢ < 1 by Lemma 10, and because p > 0 by Lemma 11,
g(t) <0 (86)
for t € [to,t2). We have

g(to) = {By (84)}

s~ [y a

to

> {By (80)}
to
A(tz)—/ 0dt

to

= {By the definition of A’ (¢) in (56)}

A (tg) — . A (t) dt

to
= {By (83)}

A (to).

Therefore, by the reasoning at the beginning of the proof, the lemma holds.
Case 2: ty € (tr,t.]. (tr,t.) cannot be empty, because it contains to. Thus, ¢, < t.. Therefore, by

the definition of . in (48), A > ¢ - ﬁ. Thus,

A (t2) > {By Lemma 20 with t) =ty and t; = t.}
A (te)

= {By Lemma 12}
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Therefore, by (82),

Jg(t) < ¢ (87)

fort € [to,t2). We have

g(to) = {By (84)}

to
A(ty) - / § (1) dt
to
> {By (87)}
to

Atz) = | odt

to

> {By Lemma 19}

Aty — [ A () at
to
= {By (83)}
Ato).

Therefore, by the reasoning at the beginning of the proof, the lemma holds.

Case 3: ty € (., t,). In this case, for all ¢,

g(t) = {By the definition of g(¢) in (80)}
t=to
Afta)-q *
= {By the definition of A (¢2) in (51) and the definition of A® (¢) in (47)}

to—te t—to

Ab(t) g7 -q»

= {Simplifying}

Al(te)-q 7 . (88)

We consider two subcases, depending on the value of ¢y < ¢5 considered at the beginning of the

lemma.
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Case 3.1: {3 < t.. For arbitrary ¢, we have

g(t) = {By (88)}

t—te

Af (te) - q »

= {By Lemma 12}

t—te

Ate)-q 7 .

Therefore, by the reasoning in Case 1 (if t. = t,) or Case 2 (if t. > t,), g(to) > A (to), and the

lemma holds by the reasoning at the beginning of the proof.

Case 3.2: tg > t.. We have

g(to) = {By (88) with t = to}
At g
= {By the definition of A€ (¢) in (47) and the definition of A (¢) in (51)}

A (to) .

Therefore, by the reasoning at the beginning of the proof, the lemma holds. O

We now bound the value of z{(s,) + A (tf k) using Lemma 46 when tf & € Ir. Applying this
result and Lemma 20 will allow us to prove Lemma 48, which is similar to Lemma 40 for the case

that ti?k e I,.

Lemma 47. Ift?, € I,, then

Wi+ (m =t = 1)Ci + O g + Li - Ul - " (tfk>

HORINCAE

Utot

Proof. We have

zi(s) + A (#4)

> {By Lemma 46}
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(sr)+A(tZk—p)~q

= {By the definition of ¢ in (49)}

T TV .
P) Zm—l largest Uj + maXr,cr LJ Uj Sr

wi(s) + A (1, -
Utot
> {By the definition of “max”

p) ) mel largest U]T + Li - Uzv " Sr

Utot

xi(sr) + A (tgk —

> {By the definition of z; (s,) in Definition 13}

< Z (CJ+U ©Sp - (E +ZS + —utot—l)C’i—i—Om
m—1 largest TiET
1 lareest Ui +Li - U[ - s
+Lz"Uiv'Sr'xi(sr)>/utot+A(tgk_p>’Zm 1largest j : . -
’ Utot
= {Rearranging}
(T @ropsme-sit Y wa(t)
m—1 largest m—1 largest

+ > S+ (m = uger = D)Ci + O™ + Li - Uy - s, - (23 (57) + A (tfk - p)))/uwt- (89)

T;ET

For simplicity, we now consider part of this expression separately.

Y. (G U seaf(s) =S+ Y UJ'A<t?,k_P)+ZSj

m—1 largest m—1 largest T;ET

= {By the definition of U7 in (27)}

S CGHU i) =S+ > U A(t—p)+ Y08

m—1 largest m—1 largest T;ET

> {Rearranging. Although the set of tasks in the new first sum may differ from either

corresponding sum in the previous expression, that can only produce a smaller result.}

> (U @)+ A (B p)) = S)+ DS

m—1 largest T;ET

= {By the definition of =" <t§’7k) in (63)}

S (U al () =S+ DS

m—1 largest TjET

= {By the definition of W/, in (79)}
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W7, (90)

1y

Thus,

HCORIN (Y
= {By (89) and (90)}
Wi+ (m—upe —1)Ci + O™ + L; - U - 51 - (mf(ST) +a <tfk _ p))
Utot

> {By the definition of U] in (27) and by Lemma 45}

Wi+ (m —upor —1)Cs + Oy, + L - U] - (xf(sT) + A <t§”k — p))
Utot

— {By the definition of a?" (1£,.) in (63)}

)

Wik + (m — tgor — 1)C; + O + Ly - UT - 2" (tgk)

Utot

The next lemma is identical to Lemma 40, but for the case that t*, € I,,.

Lemma 48. Ift, € I., t, = y; for some k, 7; ) is m-dominant for L;, and t?k € I, then

zi(te) = xi(sy) + A (t,) is z-sufficient.

Proof. We have

23(50) + A (i)

> {By Lemma 20 with ¢ty = té”k and t; = y; 1}
wi(s) + A () + 6 (i — th)

> {By Lemma 47}

Wiy + (m —wot = 1)Ci + Oip + Li - U - 27" (tf,)

(2

+ ¢ (Yik — t?,k)

Utot

= {Rearranging}
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W,Zk + Ugot - ¢ . (yiyk — t?,k) + (m — Utot — I)CZ + Oi,k + L; - UZT . xfr (t?,k)

Utot

oD

For simplicity, we now consider two parts of this expression separately. For the first,

Wi+ ot - ¢ - (Yik — t?,k) -G

> {By the definition of ¢ in (46)}

Wi + ( Z Uj — Utot) “(Yik — t?,k) -G

T;ET

= {Rearranging}

Wi + Z UT - Wik — t08) + ot - (Wi — t04) — Ci

T;ET
> {By Lemma 44 and the definition of R; ;, in (20)}

Wik —Rip — €. (92)
And for the second,

a? (t4) = {By the definition of 7" (¢, ) in (63)}
ri(sr) + A (tfk - P)
> {By Lemma 20 with ¢y = té”k and t1 = y; 1}
zi (sr) + A(yir — p)
= {By the definition of " (y; 1) in (63)}

T (Yik) - 93)
Putting it all together,

i (sr) + A (yik)

> {By (91D)—(93)}
Wik — Rig + (m —wor)Ci — i + Oip + Li - UF - 2] (yix)

Utot

> {By Property 8, because t{, > v; > ti?k >t}
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Wik — Rig + (m —utor — V)ei g + Op g+ Li - UL - 27" (yig)

Utot
> {By Lemma 33 with =¥ (y; 1) = 2" (y; k), Sup = sr, and the definition of U] in (27)}
Wik —Rig+ (m—uor —1)e;p+ O + Li - eﬁk

Utot

> {By the definition of z]" in (23)}
x;nk
By Theorem 5, x;(t,) = ) is x-sufficient. Therefore, by Property 3 with ¢cg = ]}, and ¢; =
i (sr) + A (te), i(te) = xi(sr) + A (t,) is z-sufficient. O
We now combine the results of Lemmas 40 and 48 into a single lemma that addresses Case E.

Lemma 49. Ift, € I,, t, = y;, for some 7, , and T;}, is m-dominant for L;, then x;(t,) =

xi(sr) + A (t,) is z-sufficient.

Proof. 1f ti? i € Lo, then the lemma follows from Lemma 40. Otherwise, it follows from Lemma 43.

O]

We finally combine the lemmas previously proved in this section to show that x;(t,) = z}(s,) +

A (t,) is z-sufficient for arbitrary ¢, € I,.

Theorem 6. For arbitrary t, € I, z;(t,) = z5(s,) + A (tq) is z-sufficient.

Proof. The lemmas referenced in Figure 9 exhaustively consider all possible cases for ¢,. Further-
more, for each each lemma that requires that z;(tg) = «(s,)+A (¢o) is z-sufficient, each considered
to is y; ¢ for some 7; , with y; o € [t,,t,). Therefore, the z-sufficiency of z;(t,) = z}(sr) + A (t4)
follows by strong induction over all times ¢o such that ¢y = y; , for some 7, and y; , € [tr,ta) OF

ty = . O

4.4 Determining ¢,

In this subsection, we provide a condition that the system can use to determine when to return the

virtual time clock to normal speed, as our definition of ¢,,. We then provide a bound on when that
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condition must occur. Then, in Section 4.5, we will prove that z;(t) = x(1) is z-sufficient for
tq € In.
Definition 17. t, is the earliest time after ¢, such that some CPU is idle and, for each 7; ;. pending
and incomplete at tq, x;(y; ) = «(1) is z-sufficient.

We will later show that such a time must exist. The results in this section are actually correct for
any time that satisfies the stated condition. However, for the smallest dissipation bounds, the earliest

should be selected.

Definition 18. If there are no pending jobs at ¢4, then ¢, = t4. Otherwise, t,, is the last completion

time of any job pending at .

We will prove that, if the system continues to operate without new overload with s(¢) = s,
it will eventually achieve a state where x;(y; ;) = «(1) is z-sufficient for all new 7; . We will
then prove that, in this state, a CPU will eventually become idle. Such a point in time satisfies the
conditions in the definition of ¢4 in Definition 17, unless an earlier time satisfying the same conditions
exists. Therefore, by providing a bound on that time, we provide a dissipation bound.

We first provide analysis of a key time, which we will denote ts, such that z;(t,) = (1) is

x-sufficient for ¢ € [ts, 00). The following lemma considers the value of A (¢5).

Lemma 50. A (ts5) = J, where

t, 4 =2 If6 > ¢ &
ts £ ? e (94)
te + by (In(d) — In(A*(t.))) Otherwise.
Proof. We first note that, by the definition of A in (40),
A >4 (95)

We consider two cases.

Casel: § > ¢ - ﬁ. We have

ts = {By the definition of ¢5 in (94)}
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d—A

o+ ==
< {Because 6 > ¢ - ﬁ, and ¢ < 0 by Lemma 9}
(25 . P
u+—4%——
= {Simplifying}
p A
t - _—
rt Ing ¢

= {By (48) and (95) and because § > ¢ - £}

to.

Additionally,
ts = {By the definition of 5 in (94)}
g 02
' ¢
> {By (95), and ¢ < 0}
ty.
Thus,

(96)

o7

A (t5) = {By the definition of A (t5) in (45), the definition of A (t5) in (51), (96), and (97)}

¢-(ts—tr)+ A

= {By the definition of ¢5 in (94)}

¢<n+5;A—u>+A

= {Simplifying }
J.
Case 2: § < ¢ - 2. In this case,

Ing*®

ts = {By the definition of 5 in (94)}
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te + ﬁ (Ind — In(A’ (t.)))

> {Because A’ (t.) > & by Lemma 12 and (95), and because ¢ < 1 by Lemma 10}

te.
Thus,

A (ts) = {By the definition of A (¢5) in (51) and the definition of

A° (t5) in (47))

ts—te

Af (te)-q 7

= {Rewriting}

Ae (t lrl7(;{(t5_te)

e)-ep

= {By (94)}

AL (1) - €5 (et g (n6—In(A%(te)))—tc)

= {Simplifying}

Al (te) - €1n(5—1n(Af(1te))
= {Simplifying}
0. (98)
]

We next provide a sufficient condition to ensure that x;(y; ) = «(1) is z-sufficient for any job

7;.k pending at ¢,.

Lemma 51. Ift, > t0'¢, where

the £ t5 + p, (99)
T; k. is pending at t,, and t§, < t,, then x;(y; ) = x; (1) is z-sufficient.
Proof. We have
to — p > {By the statement of the lemma}
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tf]/’re _ p
= {By the definition of t5"° in (99)}

ts. (100)
By Lemma 30, 2¥ (¢,) = 2! (t,) is 2P-sufficient. Therefore,

yi k> {By the definition of zP-sufficient in Definition 16}

ta — (27" (ta) + €f(ta))

= {By the definition of z!" (¢,) in (63)}
ta = (27 (sr) + A (ta — p) + €i 1 (ta))

> {By Lemma 20 with ¢ty = t, and t; = t, — p, and by (100)}
ta — (27 (sr) + A(tr) + €] (ta))

= {By Lemma 16}
ta = (@7 (sr) + A+ i (ta))

> {By Property 8 because 7; j is pending at ¢, > t,, and by the definition of ef, (ta) in
Definition 2}
to — (i (sr) + A+ Cy)

= {By the definition of p in (50)}
la—p

> {By the definition of ¢, in the statement of the lemma}
e =p

= {By the definition of t5"° in (99)}

ts. (101)
Therefore,

x; (1) = {Rearranging}
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i (sr) + 27 (1) — a7 (sr)
> {By the definition of “min”

27 (sr) + min(z3 (1) — x3(sr))

Tjer
= {By the definition of § in (41)}
xi(sp) + 9
= {By Lemma 50}
23(50) + A (t)
> {By Lemma 20 with tq = t5 and ¢; = y; 1., and by (101)}

i (sr) + A (Yik) -

If ¢ ;. < yi k., then by Theorem 2, Lemma 13, and Property 3 with co = O and ¢; = 7 (sr) + A (Yik),
zi(Yik) = () + A (yi 1) is z-sufficient. Otherwise, by Theorem 6, z;(y; 1) = x;(sr) + A (yi k)
is z-sufficient. In either case, by Property 3 with ¢y = 2(s,) + A (y; ) and ¢; = 25(1), zi(yix) =

xf (1) is x-sufficient. O

We will now show that an idle instant must occur after 5. To do so, we will examine an
interval over which more time is available to level C than is used by level-C tasks. We first bound in
Lemma 52 the time available to level C in an interval starting at ¢}, ©, with the ending point being
arbitrary. Then, in Lemma 53, we bound the work executed at level C in an identically defined
interval. In Lemma 54 we combine these results to show that idleness must occur in a sufficiently

long interval.

Lemma 52. Ift; > t2'°, then at least

e
Ugor - (1 — tB7) g Upop
PyeP

units of processor time are available to level C over [t} t1).
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Proof. By the definition of 3,(¢5,“, t1) in Definition 7, the total amount of processor time available

to level C over [t  ¢1) is

Z Bp tpre

PyeP
> {By 9)}

Y (- (=) — o, (th, 11))

PyeP

> {By Property 9, since t"° > t,.}

Y (@ (b — ) — Wpop)

PyeP
= {Rearranging}
_ pre
Z (tg — P E upap
P,€P PpyeP

= {By the definition of us, in (10)}

re
Ugor - (1 — tE7) g UpOp.
PyeP

O]

We now upper bound the amount of work completed by arbitrary 7; over an identically-defined
interval. By summing over all tasks, the total amount of work completed at level C over this interval

can be derived.

Lemma 53. Ift; > t2'°, then at most
2C; — S; + U] -z (1) + Ul - (t1 — t27°)

units of work execute from 7; over [t} t1).

Proof. 1f a job of 7; executes in [th"®, ¢1), then it must have 7; ;, < t1. Thus, we have

v(yi k) = {By the definition of Y; in (6)}

’U(TZ'JC) + sz
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< {Because r; ;, < t1}
v(t1) + Y.

(102)

We therefore define ymax as the time such that v(ymax) = v(t1) + Y;, so that y; < Ymax for all 7;
executing in [t t1).

We consider two cases.
Case 1: 7; has no pending job at #},°. In this case, all jobs of 7; that run in [t} ¢1) have ¢}, © <
ik < Yik < Ymax. Therefore, by the definition of D¢ (¢, ymax) in Definition 6, the total work

from 7; that runs in [}, ¢1) is at most

Dy (8 Ymax)
< {By Lemma 26}
DiC’(thre7 ymax)
< {By Lemma 27}
Ui’ - (0(ymax) — v(t]7)) + Si
= {By the definition of y,,x above}
Uy - (v(t1) +Yi —o(t]€)) + Si
= {Rearranging}
UP ik S+ UL - (otn) — o(8))
= {By the definition of U} in (26) and the definition of \S; in (38)}

Y, Y;
- . _t v, — pre
Cz T,l + Cz <1 z_,z) + U?, (’U(t]_) ’U(tn ))

= {Simplifying }
Ci+ U7 (v(t1) — (7))

= {By Lemma 35 and the definition of U] in (27)}
Ci+Uj - (th — 1)

< {Because S; < C; by the definition of \S; in (38), and because U] > 0 and z{(1) > 0 by the
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definition of (1) in (37)}

20; — S; + Ul - 25(1) + UL - (t1 — t£7°).

Case 2: 7; ¢ is the earliest pending job of 7; at t},"°. We will use Lemma 32 with ¢, = 5", which

requires a zP-sufficient choice of z (¢1,). By Lemma 30, such a choice is

zl" (t27¢) = {By the definition of 2" (¢/"°) in (63)}
i (sr) + A (6 = p)
= {By the definition of " in (99)}
i (sr) + A (t5)
= {By Lemma 50}

xi(sr) + 6. (103)

In this case, the work in [t},°, ¢1) is at most €] ,(¢,“) plus the work contributed by jobs 7; ;, with
bie <7ik < Yik < Ymax. By the definition of DS (b; 1., Ymax) in Definition 6, the total work from 7;

that runs in [}, ¢1) is at most

eio(th°) + Di (6, Ymax)
< {By Lemma 32 with j = i, to =t °, t3 = Ymax> Sub = Sr, and a? (t77°) = z5(s,) + 4, by the
definition of U in (27)}
Ci+ Ui - (xi(sr) +0) + U - (0(ymax) — v(£77))
= {By the definition of y,,x above}
Ci+Uj - (2i(sy) +0) + Uy - (v(t1) +Yi — v(8]°))
= {Rearranging}
Ci+ U Yi+ U - (27(sr) +0) + Ui - (v(t1) — v(87))
= {By the definition of U} in (26)}
Ci+C;- g + U - (@i (sr) +0) + U7 - (v(t1) — (7))

= {Rearranging}
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20— G <1 _ g) L UT - (@2(5) 4 8) + U - (u(tr) — v(t77))

)

= {By the definition of \S; in (38)}
20 = S+ Uf - (23(sp) +6) + U - (v(ta) — v(t7))
= {By Lemma 35 and the definition of U] in (27)}
2C; — S + Ul - (x5(sy) +6) + U] - (1 — t27°)
< {By the definition of ¢ in (41)}
26 = Si + Uj - (@f(sr) +27(1) — 2i(sr)) + U] - (01 — 67°)
= {Simplifying }

2C; = Si + Ul - 2i(1) + U - (b = 17°).

O]

‘We now combine these results to show that idleness will happen in a sufficiently long interval

starting at ),

Lemma 54. Ift; > t?'° + F, where

o Dpyep W0+ 2 5e,(2C; = Si+ UL - ((s7) +6))

F
T
Utot = D ryer Uj

(104)

(oFfset), then some CPU is idle for a nonzero period of time in [th® t1).

Proof. We show that the difference between CPUs available to level C and level-C work that

completes in [t 1) is positive. Using Lemmas 52 and 53, this difference is at least

Upor - (1 — ) = Y Tpop — > (2C; — Si + UF - (x3(s,) + 6) + UJ - (11 — t577°))

Py,eP TET
= {Rearranging}
(Wm— ZU{) (b — tPT¢) — < > Upop+ Y (2Ci— S+ U] - (x (sr)+5)))
T ET PyeP T €T

> {By the statement of the lemma}

(utot -> UT> (e + F —b7¢) — ( > Upop+ Y (20 = Si+ UT - (5 (sr) + 5)))

Ti€T PyeP TET
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= {By the definition of F' in (104)}

0.

We now use this result, combined with Lemma 51 above, to bound ¢,.

Lemma 55. t; < t)/° + F.

Proof. By Lemma 54, there is a time in [t‘ffe, e+ F ] such that at least one CPU is idle. Furthermore,
by Lemma 51, x;(y; ) = «7(1) is x-sufficient for all 7; ;, pending and incomplete at this time.

Therefore, the lemma follows by the definition of ¢4 in Definition 17. O

Finally, we use the definition of ¢, in Definition 17 and our bound on it in Lemma 55 in order to

bound %,,.
Lemma 56. t, < + F + max,,e,(Yi/s, + 2 (1) + Cy).

Proof. 1f there are no jobs pending at ¢4, then

t,, = {By the definition of ¢,, in Definition 18}
tq
< {By Lemma 55}
e+ F
< {Because Y; > 0, s, > 0, 2{(1) > 0 by the definition of z{(1) in (37), and C; > 0}

ty© + F 4+ max(Ci/sy + x7 (1) + Cy).

Otherwise, let 7; ;. be the pending job at ¢4 with the latest completion time, so that £, = t7,. We

have

v(yi k) — v(tq) = {By the definition of Y in (6)}
v(rig) +Yi — v(ta)

< {Because 7; j is pending at ¢4}
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v(ta) +Yi — v(ta)
= {Rearranging }

Y. (105)
By Lemma 35 and (105), s, - (y; 1 — tq) < Y;. Rearranging,
Yik <ta+Yi/sr. (106)

Because 7, is pending at ¢4, by the definition of ¢4 in Definition 17, z;(y; 1) = (1) is

x-sufficient. Thus, we have

i < {By the definition of z-sufficient in Definition 8 and the definition of ¢4 in Definition 17}

Yik +27(1) + eik

< {By Property 8, because 7; j, is pending at tg > t,.}
Yik + 27 (1) + C;

< {By (106)}
ta+Yi/sr +2i(1) + C;

< {By Lemma 55}
e+ F+Yi/sy +xi (1) + C;

< {By the definition of “max”

e+ F + I}.léf(yi/sr + i (1) + Cy).

4.5 Proving that z;(t,) = z;(1) is z-sufficient for ¢, € I,

In this subsection, we demonstrate that z;(t) = z(1) is z-sufficient for ¢, € I,,. Observe that unlike
in Section 4.2, our choice of x;(t,) does not depend on the specific value of ¢,. We will consider the
same cases that have been considered in previous sections, as now depicted in Figure 10.

We first consider Case A in Figure 10, in which ¢, < ;0.
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ta < yi,0 (Lemma 57).
tq = y;  for some k and ¢, < y; » + €; 1, (Lemma 58).
ta € (Yik» Yik+1) for some k (Lemma 60).

ta = y; i for some £, tf’k > Yik + €k, and 7; i, is f-dominant for L; (Lemma 61).

m Y QO w »

. ta = y; ) for some k, tf’k > Yik + €k, and 7; 1 is m-dominant for L; (Lemma 63).

Figure 10: Cases considered when proving that z;(t,) = «7(1) is z-sufficient for ¢, € I,

Lemma 57. Ift, < y; ., then x;(t,) = x{(1) is xz-sufficient.

Proof. If t, < y; 0, then by Theorem 1, z;(t,) = 0 is z-sufficient. Furthermore, by the definition of
xf(1) in (37), xf(1) > 0. Therefore, by Property 3 with co = 0 and ¢; = z7(1), z;(t,) = x;(1) is

x-sufficient. O

The analysis of Case B in Figure 10 is simple, as was the case when analyzing the analogous

case for t, € I,.

Lemma 58. Ift{, < ;1 + e, then x;(y; ) = x; (1) is z-sufficient.

Proof. By Theorem 2, z;(t,) = 0 is z-sufficient. Furthermore, by the definition of x{ (1) in (37),

x7(1) > 0. Therefore, by Property 3 with co = 0 and ¢; = (1), zi(ts) = (1) is a-sufficient. [

We will next consider Case C in Figure 10, in which t, € (yix,¥ir+1) for some k. For
many of the results in this section, including our analysis of Case C, we will inductively assume
that x;(y; ¢) = «(1) is x-sufficient for jobs with y; € [t4,t,). Furthermore, the definition of
tqy in Definition 17 allows us to make the same assumption about any job pending at ¢, with
Yix € (—00,tq). This assumption will be used in many places in our proofs, so we state it as a

separate lemma.

Lemma 59. Ift; € [tq, 00) and, for all 7; o with y; ¢ € [tq,t2), xi(yie) = «(1) is z-sufficient, then

xi(yie) = x; (1) is z-sufficient for all jobs pending at ty withy; ; € (—00,t2).

Proof. We consider an arbitrary 7; o with y; o € (—00, t2). We consider two cases, depending on the

value of 7; 4.
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Case 1: 7,y € (—o00,t4). In this case, because 7; ¢ is pending at to > t4, 7; ¢ is pending at t4.

Therefore, the lemma follows from the definition of ¢4 in Definition 17.

Case 2: 7 ¢ € [tq,t2). In this case, because y; ¢ > 1, Yis € [ta,t2). Thus, the lemma is true by

assumption. 0

We now address Case C directly.
Lemma 60. Ift, € [ty,00), tq € (Yik,Yik+1) for some k, and, for all 7, o with y; ¢ € [tg,t4),
xi(yie) = x; (1) is x-sufficient, then x;(t,) = x(1) is z-sufficient.
Proof. We consider two subcases, depending on whether 7; ;. is still pending at ¢,.

Case 1: 7; 1 is no longer pending at ¢,. In this case,

tir <ta
< {Because z(1) > 0 by the definition of 2{(1) in (37) and e; ;, > 0}

tqg + $ZS(1) + €k

By the definition of z-sufficient in Definition 8, x;(t,) = (1) is z-sufficient.

Case 2: 7, is pending at t,. By Lemma 59 with to = t,, z;(y;x) = (1) is z-sufficient.
Furthermore, by Theorem 3 with ¢ = ¢,, x;(t,) = max{0,z;(1) — (to — vik)} is z-sufficient.

Additionally,

zi (1) > {Because z{(1) > 0 and t, > y; 1}
max{0, z7(1) — (ta — yix)}-
Therefore, by Property 3 with ¢g = max{0,z;(1) — (to — yik)}, and ¢; = (1), 2;(tq) = z5(1) is
z-sufficient. U

We now address Case D, in which ¢, = y; ;. for some % and 7; ;, is f-dominant for L;.

Lemma 61. Ift, € I, t, = y; ) for some 7, j, T; ), is f~-dominant for L;, and x;(y; ¢) = x; (1) is

x-sufficient for all T; o such that y; o € [tq,v; 1), then x;(t,) = x (1) is z-sufficient.
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Proof. Lemma 23 describes the relationship between y; 1 and y; . in virtual time. We now bound

their difference in actual time.

(Yik — Yik—1) > {By Lemma 31 with s, = 1}

v(¥Yik) — v(Yik—1)

> {By Lemma 23}

V(WYik—1) +Ti — v(Yik—1)

= {Rearranging}
T;.
Rearranging,
Yik—1 < Yik — Li. (107)
We have

x; (1) = {Rewriting}

Yik—1 +27(1) + Ci —yip—1 — C;

> {By Property 8 and the definition of f-dominant for L; in Definition 10}
Yik—1 +2;(1)+eip—1—Yir—1—Ci

> {By Lemma 59, (107), and the definition of z-sufficient in Definition 8}
tik—1— Yik—1— Ci

> {By (101}
tik—1 —Yik +Ti—C;

> {By the choice of L; in Definition 12}
tik—1 —Yik + A" (m—L; = 1) = C;

> {By Lemma 8}
tik—1 — Yik + Aip(m — Ly —1) — e,

= {By the definition of z, in (15)}
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f

Furthermore, by Theorem 4, because 7; j, is f-dominant for L;, z;(t,) = xi(yix) = x{ p 18

x-sufficient. Therefore, by Property 3 with ¢y = a:{ e and ¢p = z5(1), 2i(ty) = x3(1) is -

sufficient. UJ

We finally consider Case E in Figure 10, in which ¢, = y; ;. for some k and 7; j, is m-dominant
for L;. We will reuse many of the lemmas from our analysis of the same case with ¢, € I,.. However,

we will show in Lemma 62 below that in some circumstances we can use 2% (£) = x$(1) in place of

z (t) = 2" (t). The proof of Lemma 62, like the proof of Lemma 30, is based on Lemma 29 that

considers z;(t) for certain values of ¢.

Lemma 62. Let 7; be arbitrary. If ty € [ty,00) and for all 7; o such that y; ; € [tq,t2), ;(yje) =
z3(1) is z-sufficient, then a;? (t2) = x3(1) is 2P-sufficient.
Proof. We consider an arbitrary 7; , pending at t5. We consider two cases, depending on the value of

Yje-

Case 1: y;, € (—o0,t2). In this case, by Lemma 59 with i = j, x;(y; ) = x3(1) is 2-sufficient.

Therefore, by Lemma 29, y; ¢ > t5 — (25(1) + €5 ,(t2)).

Case 2: y; / € [t2,00). In this case,

Yo = T2

> {Because z;7(1) > 0 by the definition of (1) in (37), and because €5 ,(t2) > 0}
tg — (23(1) + €fo(t2))
Because 7; ¢ was arbitrary, the lemma holds by the definition of z-sufficient in Definition 16. [

We now provide the analysis for Case E in Figure 10.

Lemma 63. Ift, = y, , for some k, t, € [tq,0), ;(y;¢) = x;’(l) is z-sufficient for all 7; o with

Yje € [td,ta), and 7; i, is m-dominant for L;, then x;(t,) = x; (1) is x-sufficient.
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Proof. Because some processor is idle at t4, by the definition of tf s té’ i = tq. We have

x; (1) > {By the definition of z$(1) in (37)}

< Z (C; + U - x3( +ZS + (m —ugor — 1)C; + O™
m—1 largest TiET
+L;- Uzv . ZL‘f(l)) /utot. (108)

For simplicity, we separately consider a subset of this expression.

S (Ci+Up (1) =S+ Y, 85— Ci

m—1 largest T;ET
= {Rewriting}
S (CHU a5 =S+ DS+ YUY - (ulyie) — v(thy)
m—1 largest T;ET TiET
= UY - (0(yir) —v(tlg) + ein — Ci — eip
T;ET

> {By Lemma 43 with s,;, = 1 and by Lemma 62}

Wik = > UP - (v(yir) — v(tly)) — €in

TET
> {By Property 11}

Wik — ttot - (v(Yik) — U(tf,k)) — €k
> {By Lemma 31 with s, = 1}

Wik — Utot - (Yik — t?,k) —€ik
= {By the definition of R; ;, in (20)}

Wik — R — €. (109)
Putting it all together,
x(1) > {By (108) and (109)}

Wz‘,k — R@k -+ (m — utot)Ci — €kt o™+ L;- UZ»U . xf(l)

Utot

> {By Lemma 33 with s,;, = 1 and Lemma 62}
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Wik — Rig + (m —uor)Ci — e + O™ + L - €7

Utot
> {By Property 8, because t$, >y, > t0, >t}
Wik — Rig + (m —ugor — Ve + O™ + L; - €],

Utot
> {By Lemma 45}
Wik — Rig + (m — ugor — )ej + Oip + Li - €],

Utot

= {By the definition of 7} in (23)}

. (110)

Because 7;  is m-dominant for L;, by Theorem 5, z;(t,) = x}y is z-sufficient. Thus, by

Property 3 with ¢ = 2}, and ¢; = §(1), z;(t,) = §(1) is a-sufficient. O
We finally combine the lemmas previously proved in this subsection to show that z;(t,) = (1)
is x-sufficient for arbitrary t, € I,,.

Theorem 7. For arbitrary t, € I, z;(t,) = x$(1) is x-sufficient.

Proof. The lemmas referenced in Figure 9 exhaustively consider all possible cases for ¢,. Further-
more, for each lemma requires that z;(tg) = x{(1) is x-sufficient for some ¢y, the considered ¢
is y; ¢ for some 7; o with y; ¢ € [t4,t,). Therefore, the z-sufficiency of z;(t,) = (1) follows by

strong induction over all times ¢ such that ¢y = y; , for some 7 and y; ¢ € [ta,tq) O tg = tq. O
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A Notation

A; i(v) Function used to account for completion time in the Few Tasks Case
(See (13))

AT (v) Upper bound on A; 1, (v) for I, U I, (see (31))

bi 1 Earliest time such that v(b; 1) = v(r; 1) + T; (see Definition 5)

C; Worst-case execution time of 7; in the absence of overload

D (to,t1) | Upper bound on D¢(to,t1) when to > t,. (see Definition 6)

D§(to,t1) | Total execution cost from jobs 7; j, with tg < r;, <y <t
(see Definition 6)

€ik Actual execution of 7;

e x(t) Work completed by 7; ;, before actual time ¢

ei i Work after y; . for jobs of 7; prior to 7; ;. (See Definition 9)

e x(t) Work remaining for 7; ;, after actual time ¢

F Constant that guarantees idleness in [t} £ + F| (see (104))

I, Interval after the system has recovered from an overload and is
operating at normal speed

1, Interval during which overload occurs, (—o0, ,-) (see (28))

I, Interval during which the system is recovering from overload

L Arbitrary integer parameter with 0 < L <m

L; Selection of L for 7; in Section 4 (see Definition 12)

m Number of CPUs in the system

n Number of level-C tasks in the system

Oik Term to account for supply restriction overload (See (19))

Og & Term used to bound the contribution to O; j, from I,

o™ Term used to bound the contribution to O; j, from I, U I,

op(to, t1) Supply restriction overload over [to, t1) (see (8))

P Set of all processors
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Processor p

q Base of the exponential function in A° (¢) (see (49))
Tik Release time of 7; .
R; ;. | Term to account for work completed in [tﬁ o yi.k) (See (20))
Z | Term to account for the contribution of I, to R;
S; Term used to account for Y; < T; (see (38))
s(t) | Speed of virtual time at actual time ¢
Sy Speed of virtual time during recovery interval
T; Minimum separation time between jobs of 7; in virtual time
ta Actual time under immediate analysis
;?7 i Completion time of 7; j,
tq Time at which some processor is idle and z;(y;¢) = #73(1) for all pending 7; ¢
(see Definition 17)
te Time at which A (¢) switches from linear to exponential (see (48))
tn Time at which the virtual clock can return to normal speed, because all jobs
pending at ¢4 are complete (see Definition 18)
th'“ | Time after which z;(y; ;) = 2$(1) is z-sufficient for all pending jobs (see (99))
t, Time at start of recovery interval 1.
ts Time at which virtual clock actually slows to stable value
ts Time at which A (t5) = J (see (94))
ﬂ; Nominal utilization (of availability) of P,
Ut | Sum of nominal utilizations over all processors (see (10))
U;r Utilization of 7; in I,, (see (27))
U? | Utilization of 7; in virtual time (see (26)
v(t) | Virtual time corresponding to actual time ¢ (see (4))
Wi k. | Term to account for work (See (16))
W;’k Term to account for the contribution of I, to W j,
W[k Term to account for part of W; ;, when tg i € Ir
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Upper bound described in Definition 8

Upper bound described in Definition 14

o (t) Bound described in Definition 16

2 (1) Particular choice of z% (¢) defined in (63)

xi(sr) Asymptotic bound on x;(t) in the absence of overload when s(t) = sy

x{ & x-sufficient choice of x;(y; x) in the Few Tasks Case

xi”k x-sufficient choice of x;(y; x) in the Many Tasks Case

Yik PP of 7; 1,

Y; Relative PP of 7; in virtual time

Bp(to,t1) | Total time in [to, t;) when P, is available to level C (see Definition 7)

5 min, e, 25(1) — 23(s,) (defined in (41))

A(t) Function such that z;(t) = «(s,) + A (t) is x-sufficient for ¢ in I,.
(see (51))

A (t) Exponential component of A (t) (see (47))

AL (1) Linear component of A (t) (see (45))

0; 1 A set of jobs pending at ti{ i (see Lemma 4)

0; 1 Set of tasks without jobs in 6; ;, (see Lemma 4)

K Jobs with y; 1 € I, and tf,k el,Ul,

A Constant value of A (t) in (—o0, t,) (see (40))

p Upper bound on amount of time that a job is pending after ¢, or its PP in I,
(see (50))

op Constant used to characterize supply restriction (see Property 9)

T Set of all level-C tasks

T Task 2

Tik Job k of 7;

10) Slope of A* (t) (see (46))
Jobs with ¢}, € I, and y; € I, U I,

Qi k(4) Indicator variable to account for pessimism in W; ;, (see (76))
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B Computing and Analyzing x}(s;)

Recall that 2} (s) is defined in (37). As promised in Section 4, we now describe how to use linear
programming to compute z(sy) and prove several results mentioned in that section.

Our technique for computing z{(sy) involves formulating a linear program very similar to that
described by Erickson et al. (2014) in the absence of restricted supply.

The formulation of our LP is based on the following theorem, which corresponds to Corrollary 1

in (Erickson et al., 2014).

Theorem 8. IfVi,u;y — L; - U/ - sy > 0 and

. s+ (m —ur — 1)Cy + O™
Vi, 2§ & 0 111
Z? x’L max { ? 'U/tot _ LZ . Ulv . SI ) ( )
(choice), where
52 § (Cj+U;-sl-z§—Sj)+§ S;, (112)

m—1 largest TjET
then x}(sy) = «§ satisifies the definition of x{(sy) in (37).

Observe that s is independent of the task index 7.

Proof. Let 1; € 7 be arbitrary. We consider two cases, one for each term of the max in the definition

of z{ in the statement of the lemma.

Case 1: z§ = 0. In this case, by the definition of x§ in the statement of the lemma and the condition

that ugor — L; - U - 51 > 0,
s+ (m—wue —1)C; + 0™ < 0. (113)
Therefore,

(X @rusa-s)4 S 0w - 1G4 O™

m—1 largest T;ET

+L;- U;-’ - ST - mf)/utot

= {By the definition of s in (112)}
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s+ (m—upr —1)C; + O™ + L - U - sy - af§

1

Utot
= {By the case we are considering}
s+ (m—ug —1)C; + O™

Utot

<{By (113)}

0.

Thus, z7(s7) = «¢ satisfies the definition of x(sr) in (37) for ;.

Case 2: x5 > 0. In this case, by the definition of x{ in the statement of the lemma we have

S + (m — Utot — ].)CZ + O™
Ut — Lj - UZ-U © ST .

We manipulate this expression to the form in the definition of (sy) in (37). Multiplying both sides

b Utot—L; U sy
Utot

yields

utot—Li-Ufs]' s+ (m—ur — 1)C; + O™

Utot Utot

Adding

LZ"U;)'S[
Uto

t

- ¢ to both sides yields

s+ (m—upr —1)C; + O™ + L - U - sy - af

Utot

c _
xi =

Finally, substituting the expression for s in (112),

xfz( Z (Cj+U}’-51-x§—Sj)—|—Zsj—l—(m—utot—l)C’i—l-Om

m—1 largest T;ET

+L;- Ul sr- xf)/utot.

By the case we are considering, both sides of this expression must be greater than zero. Thus,

xi(sr) = x¢ satisfies the definition of x(sy) in (37) for ;. O

Our LP has, for each 7;, a variable x{ as in Theorem 8, corresponding to (sr) and an auxilliary

variable z;. Our LP also has task-independent variables s (as in Theorem 8), G (corresponding to the
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first sum in the definition of s in (112)), Sgum (corresponding to the second sum in the definition of s
in (112)) and auxilliary variable b. All other quantities that appear are constants.
We will present constraint sets for determining z in the same order as the constraint sets in

Section 4 in (Erickson et al., 2014). The first constraint set ensures that

s+ (m —ugr — 1)C; + O™
¢ > 0, . 114
T _max{ Ut — Li - U - 81 (114

It corresponds to Constraint Set 1 in Erickson et al. (2014) that defined x;, but provides only an
inequality. Although Theorem 8 requires equality, this discrepancy will be handled in Lemma 66

below.

Constraint Set 1.

s+ (m—upr —1)-C; + O™

[ [
Utot i'Lf‘SI

)

Vi:ai > 0.

Because we consider S; to be a constant, we do not require a constraint that corresponds with
Constraint Set 2 in (Erickson et al., 2014).

The next constraint set is used to determine the value of the first sum in the definition of s in
(112). This sum corresponds with G(Z, 37) in (Erickson et al., 2014), so the constraint is almost
identical to Constraint Set 3 in (Erickson et al., 2014). As discussed there, this constraint actually
ensures that G provides an upper bound on that sum, rather than an exact value. In other words, it

actually guarantees that

G>= Y (Ci+Uf-s-a5—85). (115)

m—1 largest

Although Theorem 8 requires equality, this discrepancy will be handled in Lemma 65 below.

Constraint Set 2.

G:b(m—1)+Zzi,

T, ET

Vi:z; >0,
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ZiZCi—}—UZ)-S['xf—Si—b.

Rather than having a constraint that corresponds to Constraint Set 4 in (Erickson et al., 2014),

we define a constant

Seum = Y _ Sj. (116)

TET

The next constraint provides a bound on the value of s. This constraint differs from the definition
of s in (112) because it is an inequality. However, we will show in Lemma 65 below that for an
optimal solution to the LP, it reduces to an equality. This constraint corresponds to Constraint Set 5

in (Erickson et al., 2014).

Constraint Set 3.

5 > G+ Ssum-

We must show that, for some appropriate optimization function, an optimal solution to Constraint
Sets 1-3 can be used to compute the values of s and z described in Theorem 8. We will show below
that if we minimize s and an optimal solution is found, we can use the resulting s in the definition of
2§ in (111), and (112) must be satisfied as well with that choice of z.

To do so, we first characterize the value of s for any feasible solution, providing a lower bound
in Lemma 64 and a characterization relating to an optimal value in Lemma 65. Observe that the
expression in Lemma 64 is identical to the definition of s in (112), except that it replaces the equality

with an inequality.

Lemma 64. For any feasible assignment of variables satisfying Constraint Sets 1-3,

s > Z (CZ—FU;)S[:L‘S—SI)—FZSl

m—1 largest T;ET

Proof. We have

s > {By Constraint Set 3}
G + Ssum

> {By (115)}
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Z (Cj+U;}'31‘$;_Sj)+Ssum

m—1 largest

= {By the definition of Sg,n, in (116)}

> (Ci+UF s a5 —S)+ > S

m—1 largest T;ET

O]

The next lemma will be used to characterize the optimal value of s with an appropriate optimiza-

tion function.

Lemma 65. IfV is a feasible assignment of variables that satisfies Constraint Sets 1-3 and

s> Y (Cj+Uf-sp-a5—8)+ > S,

m—1 largest T;ET

then there is also a feasible assignment of variables V' (with variable assignments denoted with

primes) such that s > s'. In other words, s has not taken its optimal value upon minimization.

Proof. We use the following assignment for V”:

= > (Ci+U-sp-a5—S5) + Soum, (117)
m—1 largest

Vi, x = xf, (118)

G'= > (Ci+U}-sp-2§-8;), (119)
m—1 largest

V' = (m — 1) largest value of C;+U; - sp-a5— 55, (120)

Vi, z; = max{0,C; + Uj - sp-xf—Sj— b'}. (121)

By the statement of the lemma, the definition of Sgyyy, in (116), and by (117),

s> s (122)
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We will first show that Constraint Set 1 holds by considering arbitrary ;.

i = {By (118)}

C
Z;

> {By (114)}

ma. {0 s+ (m — Utot — 1)07, + o™ }
X 7
Ut — L - Uf © ST

> {By (122)}

e {07 s+ (m — ugor — 1)C; +Or”}'

Ut — L - UZJ © ST

Constraint Set 2 holds by (118)—(121).

To show Constraint Set 3 holds,

s' = {By (117)}

> (C;+UY s 25— S;) + Ssum

m—1 largest

= {By (119)}

G+ Ssum-

(123)

O]

By Lemmas 64—66, we can minimize s as our optimization objective, and the definition of s in

Theorem 8 must be satisfied by the resulting solution. However, the definition of z in (111) is not

guaranteed to hold, because Constraint Set 1 also guaranteed only an inequality. Fortunately, we

can use the resulting value of s in (111) to compute correct values of x{, as shown in the following

lemma.

Lemma 66. IfV is a feasible assignment of variables satisfying Constraint Sets 1-3, then there

is also an assignment V' (with variables denoted with primes, as before) such that s = s and

. e s+(m—utor—1)C;+0O™
Vi, x{ = max {O, oL, U751 .
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Proof. We use the following assignment for V”:

s =s, (124)
+ (m — Utot — 1)01 + 0™
Vi, z¢ = 0,2 , 125
1, T; max{ i — Ly UY - 51 (125)
G= > (C+U}-s-2§ -5, (126)
m—1 largest
b = (m — 1)" largest value of Cj + U} - 51 - 2§ — S}, (127)
Vi, z; = max{0, C;j + Uj-sp- 335’ -5, =V} (128)
Constraint Set 1 holds by (125).
Constraint Set 2 holds by (126)—(128).
To show that Constraint Set 3 holds, we first show that for arbitrary j,
2§ > {By (114)}
max 0’ s+ (m — Utot — ].)C] + o
Utot — L] . UJU ST
= {By (125)}
:r;?’ . (129)

Then, we have

s’ = {By (124)}
S

> {By Lemma 64}

Y (Ci+UP s a5 —S)+ > S

m—1 largest TjET

> {By (129)}

> (CiHU spad =8+ > S

m—1 largest T;ET

= {By (126)}
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G+> S

T;ET
= {By the definition of Sg,;, in (116)}

G/ + Ssum-

O]

We will next show that, if Property 10 holds, a minimum feasible s does in fact exist. While

proving this result, we will several times exploit the fact that S; is nonnegative, as shown now.

Lemma 67. Forall j, S; > 0.

Proof. We have

S; = {By the definition of S; in (38)}

Y;
c..- |12

o (7)

> {Because Y; < T;}

T
(1= 22

o (1-7)
= {Cancelling}

0.

O]

We now show that a lower bound on s exists for feasible assignments. We will later show that
feasible assignments do exist. Together, these results are sufficient to show that an optimal value of s

exists.

Lemma 68. For any feasible assignment of variables V satisfying Constraint Sets 1-3,

m—1 largest
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Proof. Now, we show that

s > {By Lemma 64}

Y (CHUY spaf—S)+ Y S

m—1 largest T;ET

> {By Lemma 67; observe that each .S; appearing in the first summation

also appears in the second }

> (CHUY s )

m—1 largest

> {By Constraint Set 1}

> G

m—1 largest

We now show that, given Property 10, the LP is feasible.

Lemma 69. If Property 10 holds, then a feasible assignment of variables V' for Constraint Sets 1-3

exists.

Proof. Let Clyhax be the largest C; in the system. For notational convenience, let

Usum é Z U‘]v 9

m—1 largest

Lt 2 maijU;-’

max
T;ET

(term). We use the following assignment for V':

Usum - (mcmax + Orn) + (utot - Lﬁnax) : ((m - 1)Cmax + Ssum)

$ = max {C’max,

Utot — Lﬁlax — Usum

s+ (m—up —1)C; + O™
Ut — Lj - Uiv © ST

)

G = Z (Cj—l-U;')'S['x;—Sj),

m—1 largest
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b= (m — 1)*" largest value of C; + U? - sy - 2¢ — S}, (135)
J 7 7 J

Vi, zi = max{0,Cj + Uj - sy - x5 — Sj — b}. (136)

To demonstrate that Constraint Set 1 holds, we first bound the expression that appears in the

denominator of the definition of x{ in (133).

utor — Lj - Uj - sp > {Because s; < 1}
Utot — Lj : Ujv
> {By the definition of “max”

Utot — max Lj - U
T;ET

> {By Property 10}

> Uy

m—1 largest

> {Because each U} > 0}

0. (137)

The first constraints in Constraint Set 1 hold by (133). We now show that the second constraint also

holds.

zi = {By (133)}
s+ (m—wu —1)C; + O™
Ut — L - U{U © ST

> {By (132) and (137)}

Cmax + (’/TL — Utot — 1)Cz + O™
Li . Uzv ST

> {By the definition of C',,x and by (137)}

(m — uor)Ci + O™
Li . UZU © ST

> {By (137), because C; and O™ are nonnegative }

0. (138)
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Constraint Set 2 holds by (134)—(136).
By (132),

) rn _ Tt . —
s Z Usum (mCmaX + O ) + (Utot Lmax) ((m I)Cmax + Ssum) ) (139)

Utot — Lﬁlax - Usum

To show that Constraint Set 3 holds, we start by multiplying both sides of (139) by Mﬂ#US“m,

Utot — L ax

resulting in

t
Utot — Lmax

— Usum s> Usum - (mcmax +0 )

Utot — Llax

+ (m - 1)Cmax + Ssum'

Ugot — Llax

Adding ﬂ_ig,; - s to both sides yields
Usum - (3 + mCmax + Orn)

utot - Lﬁlax

5> + (m - 1)Cmax + Ssum- (140)

Thus, we have

s > {Rewriting (140)}

Cmax + O™
Z (Cmax‘i‘UJp' srm ha ) + Ssum

Utot — Llax

m—1 largest

> {By the definition of L! ,_in (131), and because s; < 1}

max

s+ mChpax + O™
Crax +UY - S,
Z ( max & Utot—Lj'U;-’-sl>+ s

m—1 largest

> {By (137) and the definition of Ciyax }

s+mC; +0™
C;,+U?- J Ssum
Z <J+ J Utot_Lj'U;‘)'SI>+

m—1 largest

> {Because C’; > 0 and by (137)}

e — 1)C; + O™
/ Upor — Lj - U7 - sy

m—1 largest

= {By (133)}

Z (C]'FU;)l'f)‘i‘Ssum

m—1 largest
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> {Because 0 < s; < 1 and by (138)}

Z (Cj'i‘U;}’Sl'mf)'i_Ssum

m—1 largest

> {By Lemma 67}

Z (Cj-i‘U]p'S['l‘f_Sj)"‘Ssum

m—1 largest

= {By (134)}

G + Ssum--

O

The one promised result that remains to be shown is that a feasible solution exists for any s < 1

as long as one exists for s; = 1. We show that result now.

Lemma 70. If a feasible assignment of variables V' satisfies Constraint Sets 1-3 with s; = 1 and
Uot — Li - UY > 0, then a feasible assignment of variables V' satisfies Constraint Sets 1-3 for

arbitary s’ < 1.

Proof. We use the following assignment for V”:

s =s, (141)

Vi, 2§ = af, (142)

G'= Y (Ci+Uy-sp-a5-85)), (143)

m—1 largest
V' = (m — 1) largest value of C; + Uy - sp-x5— S, (144)
Vi, z; = max{0,C; + Uy - sh- r— S — b'}. (145)
Because uo; — L - U > 0and 0 < 57 < 1,

Ugot — Li - sp- U > 0. (146)

To show that Constraint Set 1 holds, we consider two cases for each 7;.
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Case 1: s + (m — ugr — 1)C; + O™ < 0. In this case,

i’ = {By (142)}

1‘?

> {By Constraint Set 1}
0

= {By (146) and the case we are considering}

{0 s+ (m—wur —1)Ci + Om}
max { 0, )
Utot — Lj - sy - UY

Case 2: s+ (m — usor — 1)C; + O; 1, > 0. In this case,

i’ = {By (142)}

C
€Ty

> {By (114) with s; = 1}
max{(), s+ (m —ugr — 1)C; + O }

Utot — Li - U/
= {By (141)}
{0 s+ (m — ugor — 1)C; + O"”}
max < 0,
Utot — LZ : UZU

> {By (146) and the case we are considering, because 0 < s; < 1}

ma {0 s'—l—(m—utot — 1)02_’_07‘71}
X , .
Ut — Lj - 81 - UZ-U

Constraint Set 2 holds by (142) and (119)—(145).

To show Constraint Set 3 holds,

s’ = {By (141)}
s
> {By Lemma 64 with s; = 1}

Y (C+U 25— 55) + Ssum

m—1 largest
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> {Because 0 < s} < 1}

> (Ci+UP st 25— S5) + Ssum

m—1 largest

= {By (142) and (143)}

G + Ssum-

O

Finally, we briefly discuss the use of LP to determine a choice of Y;. The value of Y; in our
analysis is assumed to remain constant when the virtual clock speed changes. Furthermore, during
the typical behavior of a system, s; = 1 should be used. Therefore, if using linear programming to
determine the best choice of Y}, it should be done using sy = 1.

Up to this point, ¥; has been assumed to be a constant. Similarly, S;, which depends on Y; by
the definition of .S; in (38), and Sgum, which depends on S; by the definition of Sqyy, in (116), have
also been considered to be constants. These can be changed to variables as long as the following
constraint sets are added. The first constrains the choice of Y; itself to match the assumptions used in

our analysis.

Constraint Set 4.

Vi, Y; > 0,

Vi, T; 2 Y;.

The next constraint set simply specifies the value of S; according to the definition of S; in (38).

Constraint Set 5.
Y;
Vi,S; =Ci- (1 —=].
i,8; = C, ( Tz)

The final constraint set specifies the value of Sy, according to the definition of Sguy, in (116).

Constraint Set 6.

Seum = Y _ ;.

T;ET
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Any optimization function can be used that ensures, under an optimal solution, the minimal
value of s with respect to the chosen values of Y;. If the optimization function has such a property,
then all of the reasoning in this appendix will continue to hold. Because each z{ cannot increase as a

result of an increase in s, such a property is easy to achieve for a reasonable optimization function.

120



	Introduction
	System Model
	Response Time Analysis
	Case D: ta= yi,k for some k and i,k is f-dominant for L.
	Case E: ta= yi,k for some k and i,k is m-dominant for L

	Dissipation Bounds
	Choosing L
	Defining xis(sI) and (t)
	Proving that xi(ta) = xis(sr) + (t) is x-sufficient for taIr
	Determining tn
	Proving that xi(ta) = xis(1) is x-sufficient for taIn

	BIBLIOGRAPHY
	Notation
	Computing and Analyzing xis(sI)


